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PREFACE 


The purpose of this book is to introduce the student to the 
analytic side of projective geometry. It leads him from the 
concepts and methods of elementary analytic geometry to the 
ideas of cross-ratio, triangle of reference, general projective trans- 
formation, etc. Very little mention is made of solid analytic 
geometry. Being introductory in nature, this book does not 
aim to give complete discussions of transformation groups and 
subgroups, of invariants, or of other advanced topics. 

This book is supposed to follow, a- first (iourse in plane analytic 
geometry, but it contains material for a more advanced course also. 
A semester course in general plane analytic projective geometry 
could be taught from this textbook by taking a few sections here 
and there in the first eight chapters and then going into the second 
half of the book. On the other hand, a more elementary course in 
advaiK^ed analytic geometry could be given by using the first half 
of the book almost exclusively. 

There are references in the second half of the book to the fol- 
lowing sections in the first half: §§3, 4, 9, 11, 12, 13, 14, 16, 18, 19, 
20, 21, 22, 23, 24, 25, 26, 27, 28, 31, 32, 33, 34, 35, 36, 37, 42, 43, 
44, 45, 46, 49, 50, 51, 56, 58, 60, 62, 63. Most of these references, 
however, are brief and can be looked up by the student when he 
comes to them in the text. In order to give a more advanced 
semester course using the second half of the book the teacher 
would probably have to assign for a hasty reading all or parts of 
the following sections from the first half: §§6, 7, 8, 9, 11, 12, 13, 
14, 18, 21, 23, 24, 29, 30, 31, 35, 40, 50. The first five of these 
sections could be read before undertaking §64, and the rest could 
be taken parallel with the text beyond §64. 

The author wishes to express his gratitude to Professor R. D. 
Carmichael for reading the manus(*Tipt and offering many valuable 
suggestions. The author wishes also to express his thanks to Mr. 
Joseph J. Eachus and to Mr. John E. Hart for their assistance 
with the manuscript and with the proof. 


Syracuse University 
Mat/, 1938 


A. D. C. 
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ADVANCED ANALYTIC GEOMETRY 


PART I 

INTRODUCTION TO AFFINE PLANE ANALYTIC 
PROJECTIVE GEOMETRY 

CHAPTER I 

VARIOUS COORDINATE SYSTEMS 

1, 2. Frames of reference. Definition. Any collection of 
points and lines (or other curves) that is made use of to set up a 
system of coordinates for the points of a plane is called a frame of 
reference for this plane. 

A pair of rectangular or oblique axes, their point of intersection 
(0,0), and the two so-called unit points on the axes, namely (0,1) 
and (1,0), constitute such a frame of reference. The pole, the 
unit angle, the initial line, and the point (1,0) on this line form a 
frame of reference for polar coordinates in the plane. 

For the sake of brevity we shall designate as the ordinary frame 
of reference in a plane the frame consisting of a pair of rectangular 
axes with the same-sized unit on each axis. 

The formulas for the distance between two points, for the angle 
between two lines, for the area of a triangle, also the equation of 
a circle, and many other formulas and equations in analytic 
geometry presuppose the use of an ordinary frame of reference. 

We shall call the unit on the a;-axis the x-unitj and the unit on 
the 2 /-axis the y~uniL In an ordinary frame of reference we take 
the X- and y-units of the same size. In fact, even when using 
oblique axes, more often than not we take (0,1) and (1,0) each 
at the same distance from the origin. 

However, let us note that we sometimes use units of different 
sizes. For example, to draw the curve y = 100 x^ we should 
probably take the t/-unit one-tenth the size of the x-unit. 

1 
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In analytic projective geometry, on the other hand, we use 
either oblique or rectangular axes; and we take any two arbitrary 
points on these axes (neither point at the origin) as (1,0) and (0,1). 
We sometimes take an arbitrary point not on the axes as (1,1), 
and from this point determine (1,0) and (0,1) by lines parallel 
to the axes. 

Also we free ourselves from the conventions of always labeling 
the horizontal axis as the a:-axis and the vertical as the y-axis, 
and always taking the positive direction on the horizontal axis 
to the right and on the vertical axis upward. We note that in 
the calculus we sometimes vary these directions. Thus in the 
study of a falling body and of hydraulic pressure, the x-axis is 
often taken vertical with positive direction downward. 

Later on (see §70), we shall introduce a still more general 
frame of reference for the plane called a triangle of reference. 
It will be seen that any triangle ABC can be used as a triangle of 
reference; and that if we join any point P in the plane to the 
vertices A and B of this triangle, the lines AP and BP will cut the 
sides CB and CA respectively in points whose coordinates are 
assigned to P. (Compare this with the fact that for rectangular 
or oblique axes we can determine the abscissa of a point P by 
drawing through P a line m parallel to the i/-axis and finding 
where m cuts the x-axis; similarly we can determine the ordinate 
of P by drawing through P a line I parallel to the x-axis.) 

Rectangular and oblique axes will turn out to be only special 
cases of a triangle of reference. 

Just as in a plane, so on a line and in space, when we assign 
coordinates to points we use a frame of reference. For example, 
when we attach to the points Pi, P2, P3, • • • of a line I the co- 
ordinates Xij X 2 j X 3 , • • • respectively, we utilize a frame of refer- 
ence composed of any two distinct points on I to which we give the 
coordinates 0 and 1. 


EXERCISES 

1. Plot the points (—7, 6) and (3, ~5) referred to oblique axes with dif- 
ferent-sized units and with the positive directions on the a;-axis to the left 
and on the ^-axis downward. 

2. Draw a figure and show that the formula for the coordinates of a point 
dividing a line-segment in a given ratio does not require rectangular axes or 
even the same length of unit for each axis. Hint: Note the derivation of this 
formula that is given in Fine and Thompson's “ Coordinate Geometry.” 
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T=f' X^X' 


3. Look through a book on elementary analytic geometry and find what 
formulas and equations do not require an ordinary frame of reference. 

4. Draw the following curves referred to rectangular axes with the 2 /-unit 
one-half the size of the x-unit: 

+ i/2 = 1, -f ~ = 1, y = X 
4 

3. Oblique axes. In order to free ourselves from the habit of 
looking upon the coordinates x and y as referred always to an 
ordinary frame of reference, we shall consider more in detail the 
use of oblique axes. We shall term as ordinary oblique axes those 
with X- and !/-units of equal length. 

We note first of all a simple way to draw curves referred to 
oblique axes by drawing them v- \rf 
first referred to rectangular 
axes (as in the adjoining fig- 
ure) having the same origin 
and x-axis, and then using a 
compass to lay off the oblique O 
ordinate corresponding to each 
abscissa. (In this figure the dotted circular arcs are to represent 
the path of the compass while constructing the primed points 
from the unprimed.) 

In oblique coordinates, V (xi — X2)^ + {yi — 1/2)^ longer 

nil — ^2 

gives the distance between two points,-— is not the for- 

1 + mim2 

mula for the tangent of the angle between two lines, y = niix + 61 
and y = m2X + 62, mi and m2 are not the slopes* of these two 
lines, dyidx is not the slope* of a tangent to a curve, 

x' cos a + y' sin a — p 

is not the distance from a line to a point, x^ + is not 

the equation of a circle. (We might prolong this list indefinitely.) 
However, x/a + y/b = 1 is still the intercept form for the 

A;iX2 ^2X1 

equation of a line in oblique coordinates, x = — - — — and 

ki + k2 

y = g^g rectangular coordinates) the 

A^i + /C2 

coordinates of the point dividing the segment of the line from 

* By the slope of a line we mean here the tangent of the angle the line 
makes with the positive direction of the x-axis. 
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{^uVi) to (X2fy2) in the ratio ki/k2, a first-degree equation still 
gives a straight line and a second-degree equation a conic — and 
all these facts are still true even for the case when the units on 
the two axes are not of the same length. (We leave the proofs 
of these facts for the reader to discuss, in the exercises.) 

EXERCISES 

1. Verify the statements made in the last paragraph of the text. Hint: 
Look up tile derivations of these formulas and equations in an elementary 
textbook. 

2. Prove that the slope of a line y = mx -f- h referred to ordinary oblique 

axes is m' = — ? — - — ^ where w is the angle lie tween the two axes. Hint: 
1 + m cos CO 

Draw a figure showing this line as joining two points mxi + 6) and 

P 2 {x 2 t 'mx 2 + fe), then draw a right triangle with P 1 P 2 as its hypotenuse and 
with its base parallel to the .r-axis; from this right triangle find in'. 

3. Find the tangent of the angle between two lines referred to ordinary 
oblique axes. 

4. Derive the distance formula 

d = V(xi - X 2 f -h (yi - 2 / 2 )^ + 2 cos CO {xi - X 2 ) ( 2/1 ~ 2 / 2 ) 

for ordinary oblique axes, where co is the angle between the two axes. Hint: 
Use the figure of Ex. 2, or use the trigonometric formula for the length of a 
side of an oblique triangle. 

5. Prove that a circle referred to ordinary oblique axes has an equation 
of the form 

x^ ^ jcy cos co-l-2aj;-f-2 6y+c = 0 

Hint: Use Ex. 4. 

6. Derive the formula 

xi yi 1 
A = ^ sin CO X 2 y 2 1 
X 3 yz 1 

for the area of a triangle (x 2 , 2 / 2 ), i^Zyyz) referred to ordinary oblique 

axes with co as the angle between the two axes. 

7. Draw roughly the curves 

2/2 = 4 X, xy = 1, x^ — y^ == 1, y^ = ^ 

referred to ordinary oblique axes, using the hint in the text. 

8. Show that the formulas and equations of Exs. 2, 3, 4, 5, 6 reduce to 
the corresponding formulas and equations for an ordinary frame of reference 
if we put CO = 7r/2. (This illustrates how rectangular axes may be looked 
upon as a special case of oblique axes. Note how much simpler all such 
formulas and equations for an ordinary frame of reference are. This, of 
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course, is one reason why we habitually use rectangular axes. Can you think 
of other reasons for preferring an ordinary frame of reference?) 

9. In the triangle (1,3), (-2,-4), (1,-2), where w = 60®, find the equa- 
tions of the sides and the lengths of these sides. 

10. If CO = 7p/4, find the equation of the line with 2 /-intcrcept 2 and with 
slope 3, also the equation of the line through (1,1) and perpendicular to 

2/ = 2 X. 

11. Find the equation of the parabola with focus (p,0) and directrix 
X — — p, where the coordinates arc referred to ordinary oblique axes with 
angle co. 

12. Using the foci F\{ciefS) and where ae = 

using the definition of an ellipse as the locus of a {)()int P such that FiP F 2 P 
— 2 a, derive the equation of this ellipse referred to ordinary oblique axes 
with angle ca. 

13. Taking ae — Va^ 52 _ p^p ~ 2 a, do the same for a 

hyperbola as in Ex. 12 for an ellipse. 

14. Show that for co = 7r/2 the equations of Exs. 11, 12, and 13 reduce to 
the typical equations of these conics that were derived in elementary analytic 
geometry. 


4. Transformations from rectangular to oblique axes. In 
Exs. 2, 3, 4, 5, and 6 of §3 we see that the equations of some well- 
known geometric loci and the formulas that give some familiar 
geometric properties are quite different when the coordinates refer 
to oblique axes from what they are when an ordinary frame of 
reference is used. We also note that some formulas and equations 
are the same both for an ordinary frame of reference and for 
ordinary oblique axes. 

We can discuss the question of such differences that arise when 
using various kinds of axes most readily by considering how we 
must modify formulas and equations when going from rectangular 
to oblique coordinates. Therefore we want to derive the equations 
that effect such a change of coordinates. 


We suppose first of 
all that the rectangu- 
lar and oblique axes 
have the same origin. 
(See the adjoining fig- 
ure.) For the case 
where the origins are 
distinct, see Ex. 13 in 
§6. We let OZ, OY 



be the rectangular axes and OX', OY' the oblique axes, we call 0 
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the angle XOX^ and w the angle X^OY'; then the angle Y'OY is 
7r/2 — w — 0, whether or not w + </> < 7r/2. We take any point 
P with coordinates x,y and we label the foot of each of the 
ordinates y and y' respectively M and M'. Projecting the broken 
line OM'P onto OX and then onto AfP, we get 

(1) ic = rr' cos <^ + y' cos (co + <^), y — x' sin <^ + y' sin (w + 0) 
Solving (1) for x' and y' in terms of x and y, we obtain 

- f sin (w + <l>) cos (oj + 0) 

(1 ) X = X : y : , 

sin 03 sin 03 

, sin 0 . cos 0 

y = -X- h y — — 

sin 03 sin 03 

We note that if OX' is the same line as OX with the same 
positive direction, then 0 = 0, and the above transformation to 
oblique coordinates reduces to 

(2) X — x' + y' cos w, y — y' sin w 

(2^) x' — X — y cot 03j y' — y esc w 

(See also Ex. 7 in the exercises.) 

Definition. We call (!') and (2') the inverses of (1) and (2), 
respectively. We also call (1) and (2) the inverses of (!') and 
( 2 '). 

These inverse transformations change hack from oblique to 
rectangular coordinates (or vice versa). Thus if we perform 
(1) on the circle we obtain the equation x'^ + y'^ + 

2 x'y' cos 03 = r^; and if we perform (l') on the second equation, 
we come back to the first. 

Equations (1) and (2) are useful for transforming a formula or 
equation from rectangular to oblique coordinates, but (l') and 
(2') are better adapted than (1) and (2), respectively, to finding 
the oblique coordinates of a point given in rectangular coordinates. 
For example, if w = 0 = 30®, then (!') becomes x' = Vs x — y, 
y' — a: + Vs y, and the point (V3,V3) referred to an ordinary 
frame of reference has now the oblique coordinates (3 ~ Vs, 
-V3 + 3). 

The transformations (1), (!'), (2), (2') are all of the first degree 
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in the variables x, i/, x\ y* and so cannot raise the degree* of the 
equation of a locus. Also no one of these transformations can 
lower the degree* of any such equation, for then its inverse would 
have to raise the degree of the transformed equation in order to 
return us to the original equation of the locus. This argument 
proves the following 

Theorem. In oblique coordinates ^ as well as in rectangular, every 
line has a first-degree equation and conversely every firsUdegree 
equation is the equation of a line; every conic has a second-^degree 
equation and conversely every second-degree equation is the equation 
of a conic, (See also Ex. 6 in §G.) 

Illustrative Example. If we apply (2) to the formula 


XI 

yi 

1 

^•2 

y2 

1 


2/3 

1 


for the area of a triangle referred to an ordinary frame of reference we get 


A=^ 

f 1 ' 

•q T" yi cos w 

Xg 4 - i/2 cos W 

yi sin <0 

1 



Vi 

1 

^2 «in w 

1 

= 2 sin <0 

CO 

i/2 

1 


a’a -f- i/3 cos w 

7/3 sin w 

1 


y'z 

1 


which is the formula for the area of a triangle referred to ordinary oblique 
axes. (To simplify this determinant we remove the factor sin w from the 
second column, then multiply the second column by cosw and subtract it 
from the first.) 


EXERCISES 

1. Show that the derivation of (1) is valid even for co + 0 > 7r/2. 

2. Obtain (!') from (1) and (2') from (2), carrying through the details 
omitted in the text. 

3. Show that, for w = 7r/2, equations (1) and (!') reduce to the ordinary 
rotation of axes and its inverse. Compare (7) and (7') in §6. 

4. Find the forms that (1) and (I') take if ^ = x, i.e., if OX' is the same 
line as OX only with a different positive direction. 

5. The points (1,0), (0,1), (1,1), (3,5), (—6,0) are referred to rectangular 
axes. Find the coordinates of these points referred to oblique axes that are 
obtained from the rectangular axes by (1) with a> = </> = 30°. 

6. If the points of Ex. 5 are given as referred to the oblique axes of this 
example, find their coordinates referred to the rectangular axes. 

7. Derive the transformation (2) directly from a figure. 

* We remind the student that the degree of the equation of a locus 
4- + * ' * — 0 means the larged value of the numbers = ai + fi\t 

^2 = «2 + /32, etc. Thus xy = I in & second-degree equation; y^x = — 2, 

a third-degree equation. 



8 


VARIOUS COORDINATE SYSTEMS 


8. Obtain the results in Exs. 2, 3, 4, 5, 6, 11, 12, and 13 of §3 by using the 
transformation (2) on the corresponding equations and formulas for an 
ordinary frame of reference. 

9. Subject the equations ^ Xy xy — \ to the transfor- 

mation (1) with la — 4> — 7r/4. 

10. In ordinary oblique* coordinates with co = 60° find the tangent of 
the angle between the two lines y — x 2 anti y = — rc + 2; find the 
distance from (1,1) to (2,2); find the area of the triangle with vertices 
(0,0), 1,1), (3,4): find the equation of the eirtjle through the three points 
(0,0) (1,0), (0,1). Note that we here use unprimed variables for oblique co- 
ordinates. 

11. Find the center and radius of the circle in Ex. 10, also of the general 
circle in Ex. 5 of §3. 

12. If CO = 45°, find the equation of the circle with center (1,1) and radius 

13. If CO = 120°, draw y = and y — x^. See note in Ex. 10. 

14. Derive the formula in ordinary oblique coordinates for the perpen- 
dicular distance from a line ax hy c = 0 to a point P'{x',y'). Hint: 
Use (2') on this line, apply the corresponding formula for rectangular axes to 
this transformed equation of the line, then apply (2) to the result to return to 
oblique coordinates. Note that x^y now are oblique coordinates (compare 
Ex. 10), so in (2') and (2) we should replace x'y' by x,?/ and x^y by some such 
variables as x",y" before we use these transformations in this problem. 
Check your answer by putting co = 7r/2 in the formula you obtain and seeing 
if it then reduces to 

ax' + 6?/' + c 
“ ±Va2 ^ 52 

Why does this check the answer? 

15. If <^ = 30°, CO = 60°, change 3 x^ — y^ == 1 to oblique coordinates by 
means of (1). Interpret your result geometrically. Also change x'y' = 1 to 
rectangular axes by (1') with 0 = 30°, co ~ 60°. 

16. Consider the hyperbola x^ /16 — 2/^ /9 = 1 with asymptotes xl4: ^y /3 
= 0. Using these asymptotes as x'- and //'-axes, find sin0, cos0, sin 
(co 4* 0), cos (co 4" 0), and by means of (1) change the above equation into 
oblique coordinates. Note that the coefficients of (1) must satisfy the equa- 
tions sin^ 0 + cos‘^0 = sin^ (co + 0) + cos^ (co + 0) = 1. 

17. In rectangular coordinates the equation 

ax^ 4- ^y^ 4- c 4- 2fy + 2 gx 2 hxy ^ 0 

a h g 

where h b f 0 is that of an ellipse, parabola, or hyperbola according 
0 f c 

as — ah <0, //^ — ah = 0, hr — ah > 0, respectively. Find the corre- 
sponding conditions for oblique coordinates. Hint: Use (2') on this equation 
as in Ex. 14. Check your answer by putting co = 7r/2. 

* By ordinary oblique coordinates we mean, of course, coordinates referred 
to ordinary oblique axes; and similarly for ordinary rectangular coordinates. 
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5. Tangents to curves in oblique coordinates. In order to 
find the geometrical meaning of dyjdx in ordinary oblique co- 
ordinates, we note from the figure below that 


tan ^ = 


Ay sin a> 

Ax + Ay cos 0 ) 


where 9 is the angle between the secant P 1 P 2 to the curve C and 
the x-axis. (We use unprimed variables for oblique coordinates, 
as in Ex. 10 of §4.) 



Dividing numerator and denominator of this fraction by Ax 
and letting Ax — > 0 (which makes At/ — ^ 0), we get the slope* of 
the tangent to a curve in ordinary oblique coordinates, namely 

dy . 

— sin 0 ) 
dx 


1 1^2/ 

1 + — cos w 

dx 

(Compare Ex. 2 in §3.) 

However, we show now that the equation of the tangent to 
a curve y = f(x) in oblique coordinates at a point Pi(xi,^i) is the 
same as in rectangular coordinates, namely 


(3) 


2 / - 2/1 = 


dx 


(x - Xi) 


Proof: From the above figure we see that the equation of the 
secant P 1 P 2 is 


y - Vi ^ X - xi 

2/1 - (2/1 + ~ (^1 + 


* Here the slope is understood as the limit of tan 0 as Aa; — ♦ 0. 
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since this equation is of the first degree in x and y and so must 
be the equation of a line (compare the theorem in §4). Also this 
equation is satisfied by the coordinates of Pi and P2 and so must 
be the equation of the secant P1P2. (Note this type of argument; 
it is used frequently.) Rearranging the equation of P1P2, we 
obtain y — yi = (x — xi) Ay/ Ax, Letting Ax — ^ 0 (and so Ay — > 0), 
we obtain the equation of the tangent to the curve y = f(x) at Pi, 
namely (3). 


EXERCISES 

1. Find the equation of the tangent to the curve y^ — 4: x (referred to ordi- 
nary oblique axes with co = 60°) at the point (1,2), and find the slope of this 
tangent. 

2. Show that the equation of the tangent to the so-called general conic 

(4) ax- + + c -f- 2fy -f 2 grj: -f- 2 hxy = 0 

at the point {x\y') can be arranged in the form 

(5) axx' -f hyy' + c -i-fiy + y') + g(x + x') + h(x'y -f- xy') = 0 

Compare the derivation of (5) that is given in Fine and Thompson's “ Coordi- 
nate Geometry." 



CHAPTER II 


PRELIMINARY DISCUSSION OF LINEAR 
TRANSFORMATIONS 

6. Translations and rotations. In elementary analytic geom- 
etry we studied what were called translations and rotations of 
axes, using an ordinary frame of reference. 

Definition. A translation is a linear transformation of ordi- 
nary rectangular coordinates given by equations of the form 

(6) X = x' + a, y = y' + /3 

(6') x' = X - a, y' = y - ^ 

Note that we omit the word axes from the above definition, and 
compare §11. The derivation of equations (6) and (6') is valid 
also for oblique axes. We leave this fact for the student to prove 
in the exercises. 

Definition. A rotation is a linear transformation of ordinary 
rectangular coordinates given by equations of the form 

(7) X = cos <l> — y' sin <^, y — x' sin <i> + y^ cos 0 
(7^) x' = X cos <l> + y sin <l>j y' = — x sin </>+ ?/ cos 0 

In the derivation of (6), a and P are the coordinates of the 
new origin referred to the old x- and t/-axes. In the case of (7), 
<t> is the angle between the x- and the a;'-axes, but the origin is not 
changed. In Ex. 3 of §4 we see that (7) and (7^) are the special 
cases of (1) and (1^, respectively, where co = t/2. 

We call attention here to the fact that such equations as (1), 
(l'), (2), (2'), (6), (6'), (7), and (7') are type forms such that the 
variables* x^y or x'^y' or all the variables x, y, x ^ y' may be re- 
placed by other sets of variables and yet the transformations be 
considered as unaltered] but different values of a, jS, w, <t> give 
different transformations. Thus x = x' 2, y = y^ — 3 is the 
same translation as x" = x'" + 2, y'' = y'" ~ 3 but is a different 
translation from x = x' + 3, y = y' — 2, 

* When no ambiguity will result we use the word variables as well as the 
word coordinates as the name for x and and y', etc. 

11 
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In fact when we follow one transformation by another we must 
perforce replace x^y in the type form of the second transformation 
by (with which variables the first transformation leaves us) 
and replace x\y' in the type form of the second transformation by 
some other pair of variables, such as x'',y'\ 

Illustrative Example. As an illustration of the last paragraph, sup- 
pose we wish to follow x — x' y = + fiihy x = x' a 2 i y — ^ 2 - 

We write the second translation as x' = x" -f a 2 , y' = y" + /32, then sub- 
stitute these values for x'^y^ in the first translation, and we have 

X = x" + ai + a2, ^ = Z/" + /3i + ^2 

This last translation can be written in the type form (6) as 

(8) X = X* {a\ ot2)y 2/ = y' -1- (/3l + ^ 2 ) 

(8') x' = X - (ai + «2), ?/' = 2/ - (/3i -h ^ 2 ) 

EXERCISES 

1. Derive (6), (6'), (7), (7'). 

2. Show that the derivation of (6) and (6') is valid also for oblique axes. 
Compare the derivation in Fine and Thompson’s “ Coordinate Geometry.” 

3. Rotate the axes so as to rid xy — \ oi the j-y-term. 

4. Translate the axes so as to rid x^ -f- 2 /^ + 2 ax + 2 6// -f- c = 0 of the 
X- and 2 /-terms. 

5. What are the coordinates of (1,1) after subjecting the axes to (7) 
with 0 = 7r/4? A point has the coordinates (1,1) after applying (7) with 
tj) = Trl4i. What were its original coordinates? 

6. Prove that (6) and (7) cannot lower or raise the degree of the equa- 
tion of a locus. Compare the theorem in §1. 

7. Derive the equations for the rotation of oblique axes, namely, 

X = (x' sin (w — 0) — y' sin </») esc co, y = (x' sin + y' sin (w -}- </>)) esc w 

Hint: Apply (2) to both sides of (7), simplify the results, and put them into 
type form. Check this answer by putting co = ,r/2. 

8. Show that the relative sizes of the x- and y-units do not affect the 
validity of (6) but do affect the validity of (7). 

9. Put (!'), (2')» (b')» and (7') into type forms resembling (1), (2), 
(6), and (7), respectively. Hint: Write (6') as x' = x" -f- (—a), y' = y" -|- 
(— /8). Then (6') has the form of (6), only with ot replaced by —a and jS 
by —jS. We can even write (6') as 

a; = x' + (-a), y = y' + (-^) 

if no confusion with (6) results therefrom. Similarly (7') can be put in the 
form (7), only with 4> replaced by —0. 

10. Derive (1) by first rotating the axes by (7) and then applying (2). 

11. Derive the equations of Ex. 8 directly from a figure. 
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12. Look up in such a book as Fine and Thompson’s “ Coordinate Geome- 
try ” the reduction of the general conic (4) to a typical form by (6) and (7). 

13. Obtain a general transformation from rectangular to oblique coordi- 

nates by following (6) by (7) and then by (2). Compare §4. Check your 
answer by putting w = 7r/2, then a = = 0. 

7. Products of transformations. Definition. A transforma- 
tion obtained by following one transformation by a second trans- 
formation is called the product of the two transformations. 

Thus (8) is the product of two translations (6) with constants 
aifPi and 0:2, 1^2, respectively. To get (8) we can take these trans- 
lations in either order. Hence (8) is said to be a commutative (or 
permutahle, or abelian) product of transformations. 

It is easy to show (we leave this for the exercises) that the 
rotations (7) are commutative with one another, that is, if we 
perform two such rotations with angles and 02 in either order, 
we get the same resultant of the form (7) with 0 = 0i + 02- 
However, we see that a combination of a translation of the 
origin to a new point {afi) followed by a rotation about this new 
origin through an angle 0 has the equations 

(9) a; = x' cos 0 — y' sin 0 + a, y = x' sin (l> + y' cos <!> + 0 

(9') X ^ X cos 0 + ?/ sin 0 — a cos 0 + jS sin 0, 
y — —X sin 0 + ?/ cos 0 + a sin 0-/3 cos 0 

On the other hand, if we perform (7) first and then (6), we 
arrive at the transformation 

(10) X — X cos — y' sin 0 -f- a cos 0 — jS sin 0, 
y = X sin <1) + y' cos 0 + a sin 0 + jS cos 0 

(10') x' = X cos 0 + 2/ sin 0 — a, i/ = —x sin 0 + ?/ cos <t> — P 

Since (10), (lO') are not the same as (9), (9^), we see that it 
makes a difference whether we translate our axes first and then 
rotate them, or rotate our axes first and then translate them. 
Since (9) is the product of (6) by (7) and (10) is the product of 
(7) by (6) in the sense of the preceding paragraph, we find that 
the products of translations and rotations arc non-commutative 
{non-permutdble or non-abelian). It is evident from the following 
figure why (9), (9') are not the same as (10), (lO'). 
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1. Prove analytically that translations are commutative. 

2. Prove analytically that rotations around a point are commutative. 

3. Derive (9), (9'), (10), (10'). 

4. Show geometrically why translations are commutative, why rotations 
around a point are commutative. 

5. Show that the products of (1) and (6) arc non-commutative, also the 
products of (2) and (6). 

6. Do with (1) and (7), also with (2) and (7), as in Ex. 5 you did for (1) 
and (6). 

7. Show that we can never have a translation commutative with a rotation. 
Hint: Equate the constant terms in (9) with the corresponding ones in (10), 
and show that we must then have either 0 = Oora=/J = O. 

8. Inverses of transformations and the identical transformation. 

We saw in Ex. 9 of §6 that (60, the inverse of (6), can be written 
as a distinct transformation of a type like (6), namely 

(6'0 x = x' + (~a), t/ = y' + (-iS) 

We can look upon (6^0 as a translation by its own right and not 
merely as the inverse of (6). 

Similarly, we can write (70 as 

(7'0 X = X cos (— 0 ) — i/ sin ( — <l>), 

y = X sin (-0) + y' cos (-0) 

and we can look upon (7^0 as a rotation that has nothing in 
particular to do with (7). In fact we can consider (6) as the 
inverse of (6'0 and (7) as the inverse of (7'0* Similar remarks 
apply to dO, (20, (80, (90, and (lOO. 

If we follow any transformation by its inverse, we shall obtain 
X = x'\ y = y'', which may be written 

( 11 ) X = x',y = 7 / 
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We call (11) the identical transformation or the identity ^ since it 
does not alter the coordinates of any point or change any equation 
or formula except to replace unprimed variables by primed 
variables (but we consider such a replacement as really not a 
change at all). We leave for the exercises the proof of this state- 
ment that (11) arises from the product in either order of a trans- 
formation by its inverse, in so far as the transformations (1), (2), 
(b), (7), (9), and (10) are concerned. 

EXERCISE 

Prove the statement made in the last sentence of the text. 

9. An algebraic notation for transformations. We often rep- 
resent a transformation of axes (coordinates, variables) by the 
letter T, its inverse by the product of T into itself by 
the identity by /. If 7\ and T 2 are two transformations whose 
product in the order given is T3, we write this fact as a sort of 
algebraic equation 

T 1 T 2 = 7^3 

(where the sign = means is the same transformation as Ordi- 
narily we have 

T 2 T 1 = 

Compare §7. We have also 

T~^T = = yrl— 1 _ JiO _ j 

The algebraic expressions Ti + T 2 and T 1 /T 2 have no meaning 
for transformations. The algebra in the last paragraph is purely 
formal and we must not treat it like ordinary algebra. However, 
the products of transformations are associative, just as are the 
products in ordinary algebra, i.c., 

Ti(T2Ts) = (TrT2)Ts 

This fact will be proved more generally in §13. 

For translations and rotations this associative property is 
evident analytically from the identical equations 

(oil + 0 ^ 2 ) + «3 = «1 + («2 + a3)> 

{01 + 02) + ^3 = + (02 + 0s)} 

(</>l + <#> 2 ) + 03 = 01 + (02 + 03) 

Therefore by the product T 1 T 2 TS we mean either (TiT 2 )Tz or 
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Ti(T2Ts)y i.e., we obtain the same resultant transformation if we 
first take the product of Ti by T2 and follow this by Ts as we do 

if we first take Ti and follow 
this by the product of T2 by 
^3 Tg. Geometrically, if we rep- 
resent the path of the origin 
in a translation by an arrow, 
the adjoining figure will show 
why translations are associative, since we obtain the translation 
T1T2TS either by using TxT2 and then T3 or Ti and then T2TS. 

If 7^3 = T2~^ in the product TiT2T2T4y we have 

TxT2T2~^T^ = TxIT^ = ^ 1^4 

since Til == ITi — Ti. Therefore the inverse of T1T2T3 is 
(TiT^Ts)-^ = 

since 

(TiTarg) (TyT^T-s)-'- = = 

TiT2lT2~^Tr^ = TiT2T2~^Ti-^ = TJTr^ = TiTf^ = I 

EXERCISES 

1. Show geometrically that rotations around a point are associative. 

2. Show geometrically by arrows (like the figure in the text) that transla- 
tions are commutative. 

3. State fully how the equations ai (a 2 + as) = (ai + a 2 ) + as, etc., 
show that rotations and translations are associative. 

4. Prove analytically that (1), (2), (6), (7), etc., are associative. 

5. Prove that the inverse of T\T^^TI is where by and 

we mean the inverses respectively of T\ and T\. 

6. Prove that no matter what positive or negative integers 

are represented by a and /3. 

10. A slightly more general transformation of coordinates. In 

the previous sections we have studied translations, rotations, and 
changes from rectangular to oblique axes. In all these trans- 
formations no alteration was made in the relative sizes of the x- 
and ^-units. In this section we shall consider some transforma- 
tions that actually change the sizes of these two units. The 
simplest case is 

(12) X = yx\ y = , where yb 9^ 0 

(12') x' =-x, v' =\y 

y 0 
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Thus X = y = 2y' gives a new a;-unit thrice the size of the 
old a:-unit and a new 2/-unit twice the size of the old one, because 
X = 1 gives X — l/3j y = 1 gives i/ = 1/2. The equation of the 
ellipse x^/a^ + y^/b^ — 1 can be reduced to the form x'^ + y'^ = I 
by means of (12) with y = a and 8 = b. 

Conversely, if we want, for example, to get a new a;-unit one- 
half as long as the old one and a new ^-unit twice as long as the 
old one, then x' = I on the x-axis must be the same point as 
X = 112 and i/ = 1 on the i/-axis must be the same point as ?/ = 2. 
Hence we must have in (12) 7=1/2 and 5 = 2. 

We note that (12) does not alter the 'position of the axes, but 
merely changes the sizes of the units. We call (12) a stretching 
(or contracting) of the axes. If we use (12) we cannot study 
lengths of line-segments or angles between lines, or many of the 
properties of conic sections, because the new x- and 2/-units are 
not the same as the old. 

If we combine (12) with the preceding transformations of 
coordinates, we obtain still more general changes of axes. Thus 
(12) followed by (6) gives us 

X = 7x' + ya, 7/ = 57/' + dp 

Since (6) followed by (12) gives 

X = yx' + aj 7/ = 57/' + 

therefore the product of (6) and (12) is non-commutative. 

On the other hand, we can analyze certain more general trans- 
formations of axes into products of those we have already studied. 
Thus 

x = 2x' + 3, 7 / = 3 7 /' + 9 

can be written 

X = 2(x' + I), y = 3(7/ + 3) 

and in the latter form we see that the equations are those of a 
stretching x = 2 x', 7 / = 3 7 /' followed by a translation x = x' + f , 
^ = 1^' 4. 3. Again we can analyze this transformation as a 
translation x = x' + 3, 7 / = 7 /' + 9 followed by a stretching 
X = 2 x', 7 / = 3 7 /'. 

EXERCISES 

1. Show analytically that the products of (12) with any of the preceding 
transformations are non-commutative. 
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2. Analyze in two ways each of the transformations: 

(o) j; = 6 x' + 4, y = 7 y' - 3 

(6) a: = 2 x' ~ 2 y' + 5, y = 3 a:' + 3 y' + 6 


Hint: Write (6) as 

Note that sin 45° = cos 45° = 1/^2. 

(c) a: = 2 - 2 V 3 y' + 6, y = V 3 x' + y' - 2 

3. Show that by rotations, translations, and stretchings the equation of 

a h g 


every non-degenerate conic, i.e., (4) with 
the form 


h b f 

(J f c 


9 ^ 0 , can be reduced to 

4 . y2 == or - y‘^ = 1 , or y'^ = 4j; 


Hint: What are the normal (or type) forms to which these equations were 
reduced in elementary analytic geometry by means of rotations and trans- 
lations? 

4. Analyze the transformation 

X = 2 x' cos <t> — 3 y' sin 4* 4, y = 2 x' sin <^ + 3 y' cos 4 > — 'S 

5. Determine y and 5 in (12) so as to reduce x“/4 — y^/9 = 1 to the form 

a:'V9 - y'Vlh = 1. 

6 . Choose y and 5 in (12) so that the new y-unit shall be 'J of the new x-unit. 

7. If 7 = 7, 5 = —6 in ( 12 ), find the new coordinates of the point (1,3). 

8 . Show that the equation of every line not through the origin can be put 
in the form x' + y' = 1 by ( 12 ). 


11. Two interpretations of transformations of coordinates. 

We call attention to the fact that we have been gradually changing 
our attitude toward the transformations we have been considering. 
We frankly derived (1) and (2) from a figure, looking upon them 
as changes from rectangular to oblique axes. But when we came 
to the discussion of translations and rotations in §6, we defined 
them analytically as transformations of coordinates (or of vari- 
ables). 

In elementary analytic geometry we studied translations and 
rotations from the viewpoint of changes of the axes of reference. 
Thus, if we found that a certain conic was an ellipse, we trans- 
lated the origin to the center of the ellipse, then we rotated the 
axes around this new origin until they coincided with the major 
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and minor axes of the conic, and its equation took on the simpler 
form /(J? + = 1. 

In analytic projective geometry we may adopt the same view- 
point as above toward transformations of coordinates; but more 
often we look upon such transformations as keeping the axes 
and their unit points where they were at first and changing the 
positions of the curves or other sets of points that are under con- 
sideration, i.e., X and y, x' and y' refer to exactly the same frame 
of reference. 

Definition. The name alias has been wittily and fittingly 
suggested for a transformation considered as a change of axes, 
and the name alibi for a transformation looked upon as altering 
the positions of points in the plane while keeping the frame of 
reference the same. To repeat, an alias changes the equation of 
a given locus to another form, but an alibi replaces the given locus 
by a new locus with another equation. 

The above-mentioned reduction of the equation of an ellipse 
to a so-called normal (canonical or typical) form can be described 
as an alibi in the following manner: If the center of an ellipse 
is at the origin and its major and minor axes lie on the coordinate 
axes, then it is shown in elementary analytic geometry that the 
equation of this ellipse has the form x^/a^ + y^/b^ = 1. Now 
if we take any ellipse in the plane, we can translate and rotate 
this curve in such a way as to make it coincide with one of the 
above specially placed ellipses for some pair of values of a and fe. 

We remark that under the aspect of an alibi a transformation 
of coordinates does not change the axes looked upon as a frame 
of reference but does change the axes looked upon as mere lines 
in the plane. Thus (6) sends a: = 0 to = —a. An illustration 
of this two-fold role of the axes is the way we might measure 
distances on the ground from two sticks sunk in the earth, then 
we might remove these sticks and measure the distances from the 
grooves that are left in the earth. Similarly, a transformation 
under the guise of an alias does change the axes looked upon as 
a frame of reference but does not change these axes looked upon 
as mere lines in the plane. 


EXERCISES 

1. Why are the names alias and alibi so fitting when applied to the two 
different ways of looking at a transformation of coordinates? 
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2. Show geometrically, looking upon the transformations as alibis: 

(а) Translations are commutative. 

(б) Rotations around a point are commutative. 

(c) Rotations and translations are non-commutative. 

(d) Rotations and stretchings are non-commutative. 

{e) Translations and stretchings are non-commutative. 

Hint: First draw a figure and describe rotations, translations, and stretch- 
ings geometrically as alibis. 

3. Describe as an alibi the transforming of any parabola into 2 /^ = 4 pjr, and 

of any circle into = r^. Describe these two reductions as aliases. 

4. Describe as an alibi^ then as an aliasj the reduction of 

-4-^=1 to + 7/2 = 1 

by means of (12). 

5. Go through the complete reduction of the general conic to a normal 
form by rotations and translations. 

6. Test and reduce to a normal form the conic 

x2-|-4x7/— 2 7/2-1-2x— 27/-I-10 = 0 

7. Derive the standard (or type) forms for the equations of the circle, 
ellipse, parabola, hyperbola. Do the ellipse and hyperbola in two ways: first, 
use the sum or difference respectively of the distances of a general point on the 
conic from the two foci; second, use a focus, its corresponding directrix, and 
the eccentricity of the conic. 

8. Describe a translation and a rotation as alibis. 
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INTRODUCTION TO AFFINE LINEAR 
TRANSFORMATIONS 

12. Affine linear transformations. The rotations and trans- 
lations and all the other transformations of coordinates that we 
have considered up till now in this book are special cases of the 
following: 

Definition. An affine linear transformation is one whose 
equations have the general form 

(13) X = aix' + a22/' + as, y = hix^ + b2y' + h, 

where A ^ ^ ® 

bi 62 

(13') ^ ^ ^ «2?>3)> 

y' = T (-M + «i2/ "" + cisbi) 

A 

For example, (6) belongs under (13) with ai = 1, a2 = 0, 
«3 = oij bi = 0, 62 = 1, ^3 = jS. Note that we do not let A = 0 
in (13), otherwise we have the relation between x and y that is 
given by 

b2X — a2y = (^2b^ 

for every pair of values of x' and y', which means geometrically 
that to every point {x\y') in the plane there would correspond 
a point {x,y) on this line. 

We call (13) linear because its equations are of the first degree 
in both the primed and the unprimed coordinates. Such a 
transformation as 

x' y' 

would not belong under (13). We call (13) affine because it 
sends points (i.e., points with finite coordinates) into finite 
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points. 


Such a transformation as 


X = 



is not affine because it sends into the point (0,1) a point with co- 
ordinates X = 00 , 1/ = 00 . (We shall see later that such a point 
will be assumed to lie at an infinite distance in the plane.) 


EXERCISES 


1. If A 


Ol <l2 

h\ h2 


= 0 in (13), show that we have 
hix — a\y — a^h\ — a\h^ 


and that this is the same line as the one found in the text. 

2. Obtain (13') from (13). 

3. Show that (1), (2), (7), (10), (11), (12) all fit under (13), and find A 
for each transformation. 

4. Show that x = l/x', y = sends = 1 intox'^ + 2 /'^ = 1. 

5. Show that (13) cannot raise or lower the degree of the equation of a 
locus. Compare §4; also Ex. 6 in §6. 


13. The matrix of an affine linear transformation. Definition. 
The matrix of the affine linear transformation (13) is the square 
array 




a\ 

U 2 U 3 

(14) 

D = 

bt 

1)2 



0 

0 1 


In reality D is the same sort of array of rows and columns as 
though it were an unexpanded determinant, but we use the word 
matrix since we do not look upon D as having an exparision. The 
determinant of Z) is A in §12, or A written as 


A = 


Ui 02 U 3 

61 ^2 ^3 

0 0 1 


The matrix D is uniquely determined by a transformation, i.e., 
there is one and only one matrix D for each transformation. 
Thus (6) has 



1 

0 

a 

D = 

0 

1 



0 

0 

1 
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On the other hand, D uniquely determines a transformation. 
For example 



3 

2 

1 

D = 

-7 

7 

3 


0 

0 

1 


clearly represents the transformation 

a: = 3a:' + 2?/' + l, y = -7 x' + 7 / + 3 

We define the product of two such matrices D and D' in the 
same way as we define the product of two determinants. 

Definition. For two matrices D and D' we mean by the 'product 
DD' a matrix with the same number of rows and columns as D 
(and D') and with the element in its ith row and jth column 
obtained by multiplying in order each element of the fth row of 
D by the corresponding element of the jth column of D' and 
adding together the resulting products. 

If we take another transformation like (13), namely 

(15) X = a[x' + a'^y' + y = + Hv' + K 


we have for (15) the matrix 



a'l 

«2 

«3 

II 

K 


K 

1 

0 

0 

1 


The product DD' is therefore 
diaj -|- ^2^1 


(16) DD' = 


bia[ 


+ b2bi 
0 


^1^2 ^2^2 
^2^2 


0 


Q'lCf's + ^263 + aa 
6 ia 3 + 6253 + ^3 

1 


But the product D'D is 

+ ^l2^1 


(17) D'D = 


b[ai + 62^1 
0 


(i[a2 + <^2^2 ®2^3 “h ^3 

6(a2 + 62^2 b[as + 6263 + bs 
0 1 


We leave for the reader to prove in the exercises that (13) 
followed by (15) gives an affine linear transformation with matrix 
D" s= DD', whereas the product of (15) by (13) is a transforma- 
tion with matrix D'" = D'D, Since (16) and (17) are ordinarily 
distinct (i.e., DD' 9 ^ D'D usually), we see that in general the 
afiSne linear transformations (13) are non-commutative. Also 
we shall find matrices very useful in finding products of such 
transformations. 
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Illustrative Example. The two transformations 
T\: x = 3 a;' — 2 2 /' -h 4, y = x' -\r 2 y' ^ with D\ 
and 

T 2 - a; = 2 x' — 3 ?/' — 1, 2 / = 3 x' + — 2 with 

can be combined to form the products TiT^ with 

0 -11 5 

D 1 D 2 = 8-1-8 and TtTi 

0 0 1 

with 

3-8 0 

D 2 D 1 = 10 -4 -15 

0 0 1 

We can show this either by actually forming these two products T 1 T 2 and 
T^Ti or by taking their matrices D 1 D 2 and D<iDi. 

In §9 we saw that rotations and translations are associative, i.e., {T\T 2 )Tz = 
TiiT^T^) if Ti, T 2 , T 3 are three rotations around the same point or are three 
translations. It is easily shown (we leave this for the exercises) that three 
matrices Di, 7 I 2 , Dz of the above form are associative when multiplied together, 

i.e., {D\Do)Di = Di(D 2 Ds); hence any three affine linear transformations 
(13) are associative as to multiplication. 

EXERCISES 

1. Prove that (13) followed by (15) gives a transformation of the form 
(13) with matrix DD\ whereas (15) followed by (13) gives one with matrix 
D'D. 

2. Carry out the details of the illustrative example in the text. 

3. Carry out the details of the last paragraph in the text. 

4. If D' is the matrix of (13'), show that 

1 0 0 

/)/)' = D'D = 0 10 

0 0 1 

Note that (13) (13') = (13') (13) = /. We can therefore put D' = 

5. Use matrices to find the product (a) of two translations, (6) of two rota- 
tions, (c) of a rotation and a translation (both orders of multiplication). 

6. Find the conditions on the coefficients of (13) in order that T 1 T 2 = T 2 T 1 
where Ti and T 2 are of the form (13). 

7. Find the conditions on the coefficients of (13) in order (a) that (10)^ = /, 
(6) that (10)3 = /. 

8. Make up numerical examples to illustrate Exs. 6 and 7. 

14. The number of points that determine an affine linear 
transformation. Definition. A pair of points (lines, or other 


3 

-2 

4 

1 

2 

-3 

0 

0 

1 

2 

-3 

-1 

3 

1 

-2 

0 

0 

1 
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geometric loci) that are transformed into one another by an affine 
linear transformation (considered as an alibi) are said to be a 
pair of corresponding (or homologous) points (lines, etc.). 

Definition. Two sets of homologous points (lines, etc.) 
are said to determine uniquely an affine linear transformation if 
there is one and only one such transformation sending one set 
into the other. 

We shall now consider how many pairs of homologous points it 
takes to determine uniquely the transformations so far studied. 
We see at once that there is one and only one translation that 
sends any given point Pi (xi.yi) into any other given point P[ {x[,y[) 
because, if we substitute these values of x^y and x^y' , respectively, 
in (6), we obtain unique values for a and ^ (namely a = Xi — x[ 
and /3 = 2/1 - Vi)- 

If now we take any three distinct points Pi(qji,/ 3 i), P 2(«2,i32), 
PsioLsjPs) and wish to determine a transformation (13) that will 
send Pi, P2, P3 other three distinct points P[((x'i,p'i), 

P2(^2iP2)> respectively, we get 

ai = aiQ!^ + a 2 ^[ + 03, = hia[ + h 2 fi[ + 63, 

0^2 = CLlOt2 + ^^2^2 + ^2 = b\0t2 + ^2^2 + ^3? 

as == aia3 + a2^3 + Ua, ^3 = bia ^ + 62)^3 + 63 

These are three linear (i.e., first-degree) equations in the three 
unknowns ai, a2, ^3 and three linear equations in the three un- 
knowns 61, 62, /?3. We learned in algebra that for these three 
equations in ai, a2, ^3 (or in hi, 62? ^s) to have a unique finite 
solution, we must have 

a( 1 

ag /52 1 5*^ 0 

^3 ^3 1 

Geometrically this means that the three points P\, P2, P3 must 
not be collinear (i.e., must not lie on the same line). 

If we use the transformation in the form (13') and consider 
the equations we obtain as containing the unknowns 62/A, — aa/A, 
and i—asb2 + a2bs)/Ay we find that for a unique finite solution 
we must have also 

«i Pi 1 

a2 P 2 ^ ^ 0 

«3 Ps 1 
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i.e., the three points Pu P2, Ps must not be collinear. Therefore 
we have proved the following 

Theorem. The general transformation (13) is uniquely deter^ 
mined by three pairs of homologous points Pi and P\j P2 and Pg? 
P 3 and P 3 provided that both Pi, P 2 , P 3 and P[j P 2 , P 3 are non-- 
collinear, 

(Of course special types of affine linear transformations require 
fewer pairs of homologous points to determine them, as we saw 
above for the translation.) In particular, we can send by (13) 
any three non-collinear points Py, P 2 , Ps into (1,0), (0,0), (0,1), 
respectively; i.e., looking upon (13) as an alias, we can change 
our rectangular or oblique frame of reference to any rectangular 
or oblique frame of reference we please by means of an affine 
linear transformation. 

In elementary analytic geometry we proved that we could send 
any ordinary frame of reference into any other ordinary frame 
of reference (if the units on the corresponding axes have the 
same sizes) by means of rotations and translations alone. The 
above result is much more general and of great use in what follows. 

Illustrative Example. As an illustration of the preceding theorem we 
note that, to send (0,0), (0,1), (1,0) into (1,1), (-1,-1), (0,1) by (13), we 
must have 

0 = ai + 02 + 03 > 0 = 61 -j- ^>2 0 = — Ol — 02“!“ R 3 > 

1 — —b\ — 1)2 bsj 1 = 02 + R3, 0 = 62 + 63 

Solving these equations we obtain 

03 = 0 , bs = J, 02 = 1 , 62 = Ol = — 1 , 61 = 0 

Hence 

X = -x' + y', y \y' + § 

is the unique transformation of the form (13) that we desire. 

EXERCISES 

1 . Fill in the details of the proof in the text that we must have 


ot\ 1 


a[ 1 

Q !2 ^^2 1 

7 ^ 0 and 

«2 ^2 1 

az ^3 1 


«3 ^3 1 


2. Prove the fact mentioned in the text concerning the equivalence of 
certain ordinary frames of reference under rotations and translations. (By 
equivalent we mean able to be transformed into one another.) 

3. Make up an example like the illustration in the last paragraph of the 
text. 
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4. Show geometrically that a pair of homologous points determines a trans- 
lation. Hint: As an alibiy a translation can be looked upon as moving the 
whole plane a given distance in a given direction. Prove this. 

5. Determine the coefficients of (13) so as to send (1,1), (2,3), ( — 1,--1) 
into (1,0), (0,0), (0,1), respectively. 

6. Prove analytically and geometrically that a rotation is uniquely deter- 
mined by single pair of homologous points P and P', provided P and P' lie 
on a circle with the origin as center. Compare Ex. 4. 

7. In order to study a conic C we often take on C a point P as (0,1), the 
tangent to (7 at P as a; = 0, another point P on C as (1,0), and the tangent 
at P as 2 / = 0. Show, from the next to the last paragraph in the text, why 
it is permissible to take C in this position. 

8. Prove the theorem in the text by sending Pi(ai,/3i), p2(a2,/32), PsiccsM 
into (0,1), (0,0), (1,0), respectively. How does this prove the theorem gen- 
erally? 

15. The equivalence of conics under affine linear transforma- 
tions. Definition. Two conies C and ( 7 ' are said to be equiva- 
lent under a transformation T if we can send C into C' (or C' into 
C) by means of T, 

Wc saw in §10 that the ellipse x^/a^ + ij^/b^ = 1 can be trans- 
formed into the circle by a: = ax\ y = hy\ We shall now show 
analytically that (13) will not send a circle or ellipse into a hyper- 
bola or into a parabola. (Geometrically, this is almost self- 
evident, because affine transformations send finite points into 
finite points, and a circle or ellipse is a closed curve whereas a 
hyperbola or parabola is not a closed curve.) We leave to the 
exercises for the student the task of showing that (13) cannot 
send a hyperbola into a parabola. 

Consider the circle x^ y^ = 1, to which every circle or ellipse 
can be reduced by (13). Subjecting this circle to the transforma- 
tion (13), i.e., substituting in the equation of this circle the values 
of X and y in terms of x' and i/ that are given by the equations of 
(13), we obtain the conic 

{a\ + h\)x^^ + (^2 + + 2(aia2 + bih2)x'y' 

+ 2(aia3 + bibs)x' + 2{a2as + b2bs)y' + <^1 + &§ = 1 

For this latter conic to be a hyperbola or a parabola we must have 
(aia2 + 6 i& 2)^ ~ (aj + fcf) («! + > 0 or == 0 

respectively. But this expression in the coefficients of (13) is 

n n ^ 

the same as— <0. Hence the theorem follows. 

bi 02 
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EXERCISES 

1. By using the equation xy = iy prove that (13) cannot send a hyperbola 
into a parabola. Why is there no loss of generality in taking the hyperbola 
as xy = 1? Compare the text. 

2. Since (13) cannot send a hyperbola into a parabola, how does it follow 
that (13) cannot send a parabola into a hyperbola? Hint: The inverse of 
(13) is a linear affine transformation and can be put in the same form as (13). 

3. Check the algebra in the text. 

4. Derive the test that discriminates between ellipses, parabolas, and hyper- 
bolas referred to an ordinary frame of reference, namely — ah < 0 or = 0 
or > 0, respectively, for the general conic (4). If necessary, refer to some 
book on elementary analytic geometry. 

5. We note that (3x + 22/ — 1)^ — (x — yY^ = 1 is a hyperbola because 
Sx + 2y — 1 — X yX ^ y = y reduces its equation to the form x^ — y'^ == 1. 
Now show that 

(x - 2/) (3 0? + //) = 1 

is a hyperbola, 

(3x-22/)2+ (5x-32/ + 1)2 = 1 

is an ellipse, 

(3x - 1)2 = 2(x - 3 2/ + 4) 

is a parabola. 

What theorems in the text and in a previous example justify this proof? 

6. Solve each of the transformations of Ex. 5 for x and y in terms of x' 
and y*, 

7. The discussion in the text looked upon (13) as an alibi. Reword this 
discussion from the viewpoint of (13) as an aliaa. 


16, 17. Degenerate conics. Definition. A conic; is said to be 
degenerate if its equation is factorable into a pair of real or im- 
aginary linear factors. Geometrically, the locus of a degenerate 
conic is a pair of real or imaginary lines, or a double line (i.e., a 
line taken twice, this case occurring when the equation of the 
conic has two real and equal factors). 

We shall now derive the test for the degenera(;y of the general 
conic (4), namely the vanishing of the so-called discriminant of 
this conic whose formula is 


(18) 


r = 


a h g 
h b f 
g f c 


(We shall treat only the case where 6 0 in (4), leaving the other 

cases for the exercises.) 
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Solving (4) for y in terms of x, we obtain 
/-.r^N ~ + /) ± V (te +/)2 - h{ax‘^ + 2gx + c) 

(19) y = 

If the equation (4) is to be factorable, the expression under the 
radical must be a perfecjt square, or a constant, or vanish iden- 
tically. But this quadratic expression in x can be arranged as 

(h^ — ab)x^ + 2{hf — h(j)x +/^ — 6c 
If this quadratic is a perfc^ct square we must have 
{hf — b(jY — — ob){p — be) = 0 

This last equation is in reality — 6r = 0. Since 6 5*^ 0, we see 
that r = 0 is the condition desired. 

If the expression under the radical is to be a constant or vanish 
identically, we must have 

— ab = hf — bg = i) and — be 9^ 0 or p — be = 0 

We leave it for the student to show that here again we have 
r = 0. Therefore we have proved that for all cases where 6 0, 

(4) is a degenerate conic if and only if F = 0. Note that 
r = abe + 2 fgh — af^ — bg^ — eh^ may have terms missing be- 
cause some of the coefficients of (4) are zero. 

We note here two ways to factor (4) if the conic is degenerate. 
Suppose the terms 

+ 2 hxy + b\/ 

are factored into 

{aix + ^i%j) {a 2 X + 1822 /) 

where ai, j8i, ^2, P2 are real or imaginary. If we equate (4) 
identically to 

{aix + ^iy + 1) {a2X + ^2y + m) 


we can determine I and m so that (4) is factored. Another way to 
factor (4) is, of course, to use (19). 

Illustrative Example. The conic 


-xy -2 + 10 y -12 =0 


is degenerate, because we have 

r = 



= 0 
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Now we can solve the equation of this conic for y in terms of x and so factor 
it. Or we can put 

^x^ - xy -2y^ -\2 ^ & x + 2y ^l) {X - y + m) 

and determine I and m from the equations 

— Z+2m = 10, Z-f-3m=0 
which gives us Z = — 6, m =2. 


EXERCISES 

1 . Check all the algebra in the text. 

2. Prove that, if P = 0, then (4) is a pair of real lines, a double line, or a 

> 0 

pair of imaginary lines according — ab — 0 

< 0 

respectively. 

3. Derive the condition F = 0 for (4) to be a degenerate conic when h ^ 0 

a 9 ^ 0; when a = = 0, /i 5 *^ 0; when a — h = h — 0. 

4. Show that in general a degenerate conic can be reduced by (13) to 

x^y' = 0, or .r'“ + y'^ = 0, or x'^ ~ 0 

5. Show that we cannot reduce by (13) a non-degenerate conic to a degener- 
ate conic or one of the types of degenerate conics to another. Hint: Lines 
go into lines by means of (13). 

6. Make up examples of degenerate conies, and find F for each such conic; 
also factor each such conic. 

7. Show that + 2 xy + 4 y — 4 = 0 is a degenerate conic. Factor this 
equation in two different ways. 

8. By equating (4) identically to {ccix + |8i.V + Z) (a 2 X + ^ 2 y + ^) as 
in the text, derive the condition F = 0 for (4) to be a degenerate conic. 

18. Preliminary di^ussiori of invariants of affine linear trans- 
formations. Definition. An algebraic invariant of a linear 
transformation T is an algebraic expression E, such that after 
operating with T on the variables in E the new expression E' has 
exactly the same form as E (only with new variables replacing the 
old), or E^ = aE where a is a power of the determinant of the 
matrix of T. (See §13.) In the first case E is called an absolute 
invariant, and in the second case a relative invariant. 

Definition. A numerical invariant of a linear transformation 
r is a number N associated intimately with a geometrical locus 
or an algebraic expression such that N is unchanged by T 

Definition. A geometric invariant of a linear transformation 
T is a geometric property (? of a locus (or loci) L such that G is 
still true for the locus (or loci) into which T sends L. 
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Illustrations. The degree of the algebraic equation of a 
curve is a numerical invariant under (13). (See the theorem in 
§4, also Ex. 6 in §6, also Ex. 5 in §12.) The geometric property 
of a locus being an ellipse is invariant (or sometimes called fixed) 
under (13). (See §15.) The algebraic expression is an 

absolute invariant under rotations, because we have 

x^ = {x cos — y' sin <^)^ + (x' sin </> + t/' cos <t>)^ 

= + 7/2 

(Note that for many geometric invariants we must presuppose an 
ordinary frame of reference, because otherwise such ideas as 
length of line segments, areas of triangles, etc., have no meaning.) 
If we rotate or translate the points of a plane, it is easy to see 
geometrically that lengths of line segments, angles between lines, 
and areas of triangles are preserved (i.e., kept invariant). 

Let us consider the analytic proofs of these facts. Under (6) 
we have 

- X2 )^ + (2/1 - 2/2)^ 

= v {x\ a - X 2 - of + ( 2 /'i + (8 - 2/2 - 
= V(xi - 4)^ + (y'l - 2 / 2 )^ 

Hence we see that if we translate two points Pi (xi,7/i) and P 2 (a^ 2 > 2 / 2 ) 
to P[(x[yy'i) and P'2(x2yy2)f respectively, then if we measure the 
distance d = P 1 P 2 and subject the variables in d to the translation 
(6), we get the same numerical result as though we had applied 
the formula for distance to the segment PiP^- 

Another way to look at this analytically is to measure the dis- 
tance d' by the formula and then use (6') to show that d' = d, 
thus 

d' ^ V(x[ - 4)2 + {y\ - 

= V(xi - a - X2 + a)^ -\r (yi - - y2 + jS)^ 

S d 

Analytic proofs of the invariance of geometric properties under 
other transformations are like the above discussion. 

In the preceding paragraph the transformations were looked 
upon as alibis, the axes were not changed, therefore the formula for 
distance remained unaltered. If transformations are looked upon 
as aliases, then of course distances, angles, etc., are not changed. 
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since all the points in the plane remain unmoved. In this case 
we prove the invariance of the formulas for distances, angles, etc. 

Next we shall consider the transformation (12). Applying (12) 
to any two points we find that 

dmy/{xi- X2)^ + (2/1 - 2/2)^ 

= V {yx'i — 7X2)^ + ( 52/1 ~ ^2/2)^ d' 

unless 7=±1, 5 =±: 1. Hence (12) does not in general leave 
distances invariant. 

Let us examine what (12) does to the angle between any two 
lines 

y = niix + bi and y = m2X + 62 


Performing (12) on the variables x and y, we obtain the two new 
lines 

hy^ = yrriix^ + 61 and hy^ = 71^2^' + 62 

If we measure the angle between these last two lines we obtain 

nt ^2 (7/5) Wi - {7/d)m2 , ^ ^ mi - m2 

tan B = — ^ — j = r- — 7—— — tan 0 = — ; 

1 + 1 / 11^2 1 + \y/S)mi{y/b)m2 1 + mim2 


except for 7 = 5. 

For certain pairs of points we do have under (12) the equality 

{x[ - x^)^ + (Vi - 1/2)^ = - 4 )^ + 5^(24 - 4 )^ 

and so d = d\ namely whenever 

(4 - Xz)^ ^ 1 - 5^ 

(2/'i - y'2)^ - 1 


But from the above equation in the form 

(x'l - X 2 ? ( 7 ^ ~ 1) + (2/'i - 2 / 2 )^ (5^ - 1) = 0 

we see that d 5*^ d' if (rri,i/i) and (x^,?/^) are any two points at 
all unless 7^ — 1 = 5^ — 1 = 0, i.e., 7 = ±1 and b = dbl as we 
saw above. 

Similarly for certain pairs of lines we do have tan B = tan B' 
~ 75 

if mi m2 = o ; but we see from this equation- that only if 

70 — 7 

6^ — 75 = 75 — 7^ = 0 or 7 = 5 (as we saw above) do we have 
tan B = tan B' for any and every pair of lines, since in this case 
mi and m2 are not connected by any relation because the equation 
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rtiim^ = (5^ — 'Y&)/{y5 — y^) then becomes miOTg = 0/0 (which 
is indeterminate). 

Geometrically we can show by the figure below that (12) 
does not in general keep lengths or angles invariant. We suppose 
the ellipse C{x^la^ + y^/b^ = 1) where > 1, 6^ > 1 has been 
sent by (12) into the circle C'(x'^ + y'‘^ = 1). The line segment 
PVi goes into P'V[, which is smaller than PVi, and PV 2 goes into 
P'Fa; also, the obtuse angle V 2 PV 1 goes into the right angle 
V'2P'V[. 



Next we show analytically that (6) leaves the area of any tri- 
angle invariant. Subjecting 


A = 


1 

2 


yi 1 

3:2 2/2 1 
X3 2/3 1 


to a translation we get 



+ « y'l + P 1 


Vi 1 

A - ^ 
^ — 2 

^2 + « 2/2 + 1 

1 

“ 2 

4 2/2 1 


4 + « 2/3 + /3 1 


4 24 1 


(the area of the new triangle), and this proves the invariance of A. 
On the contrary (12) gives us 


A = 


1 

2 


yx{ 1 

52/2 1 
y^3 ^ 2/3 1 


ydA' 9 ^ a' 


imless y = 1/5. 
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EXERCISES 

1. Show that for (12) to give d = d' we must also have 

(X, - X 2 )^ (1/y^ - 1 ) + (yi - Vi? (\/^ - 1 ) = 0 
Hint: Use (12') on d\ 

2. Derive the condition given in the text for tan 6 = tan 0' under (12), 
namely 

52 - 75 
mim2 = — — - 
yb - y^ 

3. Prove that, if two transformations T\ and T 2 have the same variant J, 
then their products T\T 2 and T 2 T 1 and their inverses TiT^ and also have 
/ as an invariant. 

4. Show that (13) sends a tangent to a curve into a tangent to another 
curve. Hint: Consider each tangent as the limiting position of a secant. 

5. Prove that rotations have the invariants d, tan 0, A, 


19. The discriminant and other invariants of a conic. If we 

translate the general conic (4) we obtain 

(4') + 6?/'^ + (c + aa^ + + 2 /jS + 2 (/a + 2 hafi) 

+ 2(/ +bfi + ha)y' + 2(g + aa + hfi)x' + 2 hx'y' = 0 

The discriminant of (4') is 


r' 


a h 

h h 

g + aa + hp / + 6/3 + Aa 


<7 + oa + /)j8 


a h g 

f + bp + ha 

= 

h b f 

c + aa^ + bp^ + 2fP + 2ga + 2 haP 


0 f c 


(We can show that P^ = P by subtracting from the last row the 
first row multiplied by a and the second row multiplied by /3, then 
subtracting from the last column the first column multiplied by 
a and the second column multiplied by /3.) From this result 
we see that (6) keeps invariant the discriminant of any conic. 

If we perform (12) on the variables of (4) we get a new conic 


(4") a'x'^ + h'y'^ + c' + 2fy' + 2 g'x' + 2 h'x'y' = 0 

where o' = ay^, h' = h5^, c' = c, /' = fh, g' = gy, h' = hS 

We find that r' = y^b^V 9 ^ F unless y = ±1/6. 

To discuss invariants under (13) we pursue a policy of divide 
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and conquer, that is, we write (13) as the product of the following 
transformations 

(20) Ti\ X = X as, y = y + ^ 3 ; 7^2- ^ ^ + 

y = y') '^3: X = x' , y = bix' + 62?/' 

02 

in the order TiT2T^. We have shown that Ti does not alter T 
of (4). 

If we subject the variables of (4) to a transformation of the form 

( 21 ) X ax' + fiy'j y = y' 

we obtain a conic (4^') with 

a' = aa^, h' = b + + 2 hfi, c' = c, /' = / + 

g' — ga, h' = aafi + ha 

and with discriminant 

aa^ aafi + ha ga 

T' = aa^ + ha h + 2 hp / + g /3 

(jot S + 9^ c 

a h g 

= O? h h f = a^r 

9 f c 

It is now evident that x = x', y = bix' + b^y' sends (4) into 
a new conic with = b^F. Therefore we see from (20) that 
(13) sends (4) into a new conic with discriminant 

ai 02 03 ^ 

(22) r' = (0162 ~ = 61 b 2 b's F 

0 0 1 


From (22) we have the 

Theorem. The discriminant of a conic is a relative invariant 
under linear affine transformations. 

As a numerical example of the last paragraph we note that 
X = 3 a:' — 2 ?/' + 1, j/ = a:' + J/^ — 2 sends x^ — 2 xy + Gy^ + 
4 X + 8y — 7 = 0 into a conic C' with discriminant 



(25) (-91) = -2275 
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EXERCISES 


1. Prove that rotations and translations have the absolute invariants 
h!^ — ab and a h for the conic (4). 

2. Prove the theorem in the text by using (13) in its unfactored form on 
the conic (4). 

3. Fill in the algebraic details of the discussion that led up to (22). 

4. Fill in the algebraic details of the numericial illustration in the text. 

5. Resolve (13) into the product (20), i.e , factor (13). Hint: Write 
(13) as 

X = X -jr as, 2/ = 2/' + &3 

followed by 

0 -' = aia:" + y' = y" 

then followed by 

x " = x '", 2/" = hix '" 4- 


and determine ai and so as to have this product the same as (13). 

6. Fill in the algebraic details in the discussion of the effect of (21) on P. 

7. Prove (what is stated as evident in the text) that of (20) sends 
r into hlr. How could we conclude from symmetry that this fact was 
evident, after discussing (21)? 

8. Resolve (13) into a product where Tj, 72, 73 are of the same 

type as Ti, Ts, respe(;tively, in (20). 

9. Resolve a; = Sx' — 2 y' iy y = x' y' ^ 3 into a product like (20). 

10. Show that x — 2x' y' — \y y — x' -{■ y' 3 keeps the discriminant 
of (4) and the area of any triangle absolutely invariant. 

11. Make up two numerical examples like the one in the text. 

12. Make up numerical cases of (13), not (6) or (7), that (a) keep P abso- 
lutely invariant; {h) keep A ai)solutely invariant; (c) keep — ab absolutely 
invariant. 

13. Prove that (13) sends the area A of a triangle into 


A' = 


U2 03 
6 I 62 63 
0 0 1 


A 


14. Show that (13) transforms — ab of (4) into 

— a'b' — {aib2 — 02^1)^ — ab) 

so that — ab is a. relative invariant under (13). 

15. Show how the fact that — ah goes into (01^2 — a2&i)^ — ab) 

under (13) proves that (13) cannot send a hyperbola into an ellipse or a parab- 
ola, or an ellipse into a parabola. Hint: Note that (ai52 — 025i)^ > 0. 

16. From the relative invariance of P under (13) show that (13) cannot 
send a non-degenerate conic into a degenerate conic, or conversely. 

17. Show that under (13) we have P' ^ 0 according as P — 0. 

18. From Ex. 17 show that if P > 0 for (4), then the conic is reducible to 
+ 2/^ + 1 =0 and so has no real points on it. 
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20. Transformations that have given invariants. Conversely 
to the discussions in §§18, 19 of invariants of given transformations, 
we shall now consider briefly the problem of how to determine the 
coefficients of the transformation (13) so that it shall keep invariant 
lengths of line-segments, or areas of triangles, or the like. 

If we perform (13) on the distance formula we obtain 

d = V{iat + bl) (x[ - 4)2 + (4 + bl) (4 - 4)2 + 

2 ( aia 2 + 6162) (4 - X2) (4 - 4 )} 

This algebraic expression is not the same as 

d' != ^{x\ - 4 )^ + (4 - 4 )^ 

i.e., distance is not invariant under (13) unless 

af + b? = ^2 + ^2 = ^1^2 + ^1^2 = 0 

(but as and 63 are arbitrary). 

From these equations of condition we see that we can consider ax 
and 61 as the cosine and sine of some angle 0, also a2 and 62 as 
the sine and cosine of some angle d. But then 

axa2 + bib2 = cos 0 sin 0 + sin <!> cos 6 = sin (^ + <^) = 0 

so 0 + </) = nTT (where n is any positive or negative integer) or 
e = mr — <t). Replacing Ui, a2, fei, &2 by their values, 

cos <f)j sin (riTT — <^) = ±sin <t>, sin </>, cos {mr — </>) = =Fcos 0 

respectively, we conclude that, for a transformation T of the 
type (13) to have d as an invariant, T must be of the form (9') 
or (9), or (lO') or (10), that is T must be the product of a rotation 
and a translation. (Note that T may also be either a rotation 
alone or a translation alone.) 

Next we observe that (13) sends (4) into a conic (4^^) with 

a' = aaf + 66? + 2 6ai6i, 6' = aa| + 661 + 2 ^262 
h^ = UU1U2 H“ 66162 + h{aib2 + ^261) 

Therefore 

a' + 6' = a(a? + a^) + 6(6? + 61) + 2 h(aibi + a2b2) = a + 6 
if, and only if, 

a? + a| = 6? + 6| = 1, ai6i + 0262 = 0 
By an argument exactly similar to that used in the last paragraph 
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we can prove that a' + 6 ' = a + 6 if, and only if, the transfor- 
mation is the product of a rotation and a translation. We leave 
the details of this argument to the student in the exercises. 

Let us find out what is the condition on the (*oefficients of a 
transformation T of the form (13) for T to leave the area of any 
triangle invariant. Using (13), we find that 



xi yi 1 


y'l 1 


ai bi 0 

II 

X 2 1/2 1 

_ 1 
^ 2 

4 y2 1 


(I 2 ^2 9 


X 3 Vs 1 


4 y'a 1 


CO 

CO 


the area of the new triangle if, and only if, aib 2 — ^261 = 1. 
Compare Ex. 13 in §19. 

We see that T may keep the area of every triangle invariant 
and yet not keep distances invariant. However, we see from §19 
that aih 2 — = 1 is also the condition for T to keep V and 

— ab of the conic (4) absolutely invariant. 

Illustrative Example. The transformation 

a; = Zx' - 5?/' + 1, 2 / = 2.r' - Zy' + 7 

which is evidently not the product of a rotation and a translation, has 
ai 62 — = ~9 + 10 = 1, and so keeps areas of triangles, T and — a 6 , 

absolutely invariant. 

If we submit the variables of the two lines 

y = m\X kif y — m^ix + ki 

to the transformations (13), we have two new lines with slopes 

, m\ai h\ . m2(ii — 61 

^ = 

02 — mia2 62 — m202 

m\ — 1712 

Hence for tan 0' = ; — j to be the same as ifctan 0 = ± 

1 + mini2 

we find we must have 

of -f- al == 61 -f- 62 ~ dr (0162 “ O2&1) 5*^ 0, ( i\hi “h ©2^2 “ 0 
We leave the details of this discussion for the exercises. 

EXERCISES 

1. Why can we use the words “ if, and only if,^^ in the text? In other words, 
show that the conditions on the coefficients that are derived in the text are 
both necessary and sufficient. 

2. Give the complete discussions for the invariance of a + 6, also for the 
invariance (except possibly for sign) of tan d. 
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3. Give numerical illustrations of transformation (13) that leave invariant 
r, — aby and A. 

4. Show that the conditions for (13) to preserve distance are necessary 
and sufficient. 


21. The effect of affine linear transformations on the equations 
of lines. It is worth while finding out what the effect is of (13), 
or of any one of its special cases, on the equations of lines. Thus 
(6) does not alter m in 

y = mx + h 


but replaces 6 by 6' = fe + ma — On the contrary (7) changes 
this line into 

I/' (cos <^ + m sin 0) = x\m cos 0 — sin 0) + 6 

Since Xy x\ i/, y' all refer to the same frame of reference, we can 
ignore the primes on the variables. Hence we can describe the 
change in the equation of the line by saying that (7) replaces 
the coefficient m by m cos 0 — sin 0, does not change the constant 
term, but replaces 1 (the coefficient of y) by b cos 0 + ^ sin 0. 

In general we note that (13) sends the line 


(23) 


ux + vy w = 0 


into 

(23') {aiu + biv)x' + (agM + b 2 v)y' + (03M + + w) = 0 


If we write (23') in the form 
(23") u'x' + v'y' + w' = 0 


we see that (13) sends the general line (23) with coefficients 
(this name is to include the constant term) u, v, w into another 
line with x',y' (which are the same variables as x,y) and u', v', w, 
where the following relations exist between u', v', w' and u, v, w: 


(24') pu = atu + biv, pv' = a 2 U + 631', pv>' = 03W + b^v + w 


(24) <m = b 2 U — biv', vv = — a2w' + aiv', <rw — 


U2 ^3 

&2 bs 


U 


+ 


as cq 

63 bi 


/ + 


Ul U2 

bi 62 


w 


where a = 1/p 


ai 02 

bi b2 


and p is an arbitrary non-vanishing 
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constant that is introduced because pu\ pv , pw' give us the same 
line (23") as u'j v\ w'. 

We may look upon (24) as a transformation of the coefficients 
of the line (23) caused (or induced) by the transformations of 
the coordinates of points given by (13). We must keep in mind 
that every transformation of the coordinates of points causes a 
transformation of the coefficients of lines. In the transformed 
equation of a line we can replace x' and if by x and y because 
the axes of reference are left unchanged, and we plot any line by 
finding two points (ordinarily the intercepts on the axes). 

We note that the matrix of (24^) is 

ai bi 0 

02 i>2 0 

U3 bs 1 

This fact gives us an easy way to find the transformation of the 
coordinates of lines that is induced by any affine linear transfor- 
mation of the coordinates of points. Compare (14) in §13. For 
example, (7) has the matrix 

cos —sin </!> 0 
sin cos(/) 0 

0 0 1 

hence it causes a transformation 

fyu' = u cos (f) + V sin <^, pv' = — w sin (j) + v cos <^, pw' = w 

EXERCISES 

1. Give the details omitted in the text, such as the derivation of (23') and 
(24). 

2. Find the effect of each of the transformations (1), (2), (6), (7), (9), 
(10), (12) on the line (23), first by actual substitution for the coordinates in 
the equation of the line and, second, by the method of the last paragraph in 
the text. 

3. Obtain (24) by performing (13') on the variables of (23"). 

4. What does the transformation 

X = 2x' 4- 2 /' - 1> 2 / = a;' + 2 /' + 3 

do to the line (23)? 

22. A first hint of plane duality. We saw in §14 that three 
pairs of homologous points Pi and P 2 and P2, P3 and P3 
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uniquely determine a transformation (13) so long as Pi, P 2 , P 3 
and also P\, P's non-eollinear. We shall now prove the 

Theorem. Three pairs of homologous lines li and l\, I 2 and I 29 
I 3 and 4 uniquely determine a transformation (24'), and hence (13), 
so long as ?i, ^3 also l[y I 2 , 4 are non-concurrent (^.e., do not 

all pass through the same point). 

Definition. Two such theorems as the above and the one in 
§14 that can be obtained from one another by the interchange of 
the words point and Zme, collinear and concurrent^ are called the 
plane duals of each other. 

To prove the preceding theorem we suppose Zi to have the 
coefficients Ui, vi, wi] l[ to have u[j v[y w[y etc. Since Zi, Z 2 , Z 3 
go into Zi, Z 2 , Z 3 , respectively, we must have from (24') 

Piu[ = aiUi + piv[ = a2Ui + 62 *^ 1 , Piw[ = a^Ui + hvi + Wu 

P 2^2 ~ “f“ Z)iV 2 > P 2^2 ~ ^ 2'*^2 ^2‘^2y P 2^2 ~ ^3*^2 “f" ^> 3^2 4" R^ 2 > 

P3^3 = 4“ bl*^3) P32^3 = ®2% 4" Z>2^3> = CISC'S 4~ Z>3^3 4“ ^3 

We use the three distinct constants pi, P 2 , ps because no two of the 

lines Zi, Zg, Z 3 necessarily have the same arbitrary multiplier for 
their equations. 

Let us take the three of the above equations that have w in 
them. We see they are of the following type : 

els'll 4" 4” 5i<;i = piWiy a2U2 4“ ^ 3^2 4” ^y^2 = P2^2> 

^^3^3 4“ 4" 8^2 = p3'*^3 

where 5^1. If we look upon these last three equations as having 
the unknowns 03 , 63 , 5, we see we must have 

Ui Vi Wi 
U2 V2 W2 5 ^ 0 
U 2 Vs Ws 

if these equations are to have a unique solution in aa, hsy 5=1. 
But this shows that the three lines Zi, I 2 , 13 must be non-concurrent. 
If now we use (24) instead of (24') and call 


^2 

as 

as 

ai 

Oi 

U 2 


h ’ 

P “ I. 

Z>3 

hi ’ 

" hi 

i>2 


the unknowns in the three equations that contain Wy we see (by 
an argument like the above, which we leave to the student in the 



42 


AFFINE LINEAR TRANSFORMATIONS 


exercises) that we must liave 


u[ 

v[ 

w[ 

f 

/ 


2^2 


W 2 

/ 

/ 

^ f 

2^3 

*’3 



i.e., the three lines l[,l2y A i^^^t be non-concurrent. 

Ili.ustrative Example. If we want to send x = 0 into x-{-y=Oyy — 0 
into X — y =QyX-\- 2 y — \ = 0 into x — 2 y — \ = 0, we see we have 

ui = 1, v\ — wi — 0; ui — v[ — 1, w[ =0; W2 = ^^2 = 0, i;2 = 1; 

U2 = —V 2 = 1| W2 — 0 ) 2 us = Vs = — 2 ws =2; 2^3 = —v^ = — 2 wz — 2 

Using (24') we get 

PI = fll, PI = 02 , 0 == 03; p2 = bi, — P2 =62, 0 = 63; 

P 3 = Oi -|- 2 foi, — 2 P 3 = 02 "h 2 62 , — P3 =03-}-2 63--1 = — 1 

Therefore (24') must have the form 

pu' — plU 4 - P2Vj pV* — piU — P2V, p?p' = w 

where pi -h 2 p2 = 1 , pi — 2 p2 = ~2, so pi = —J, p2 = f. Hence (24') can 
be written 

pu' = u pv — w — f v, pw' = w 

Since 01 = 02= —i, hi = --62 = f , 03 = 63 = 0 

we see that (13) takes the form 

X — —2 ^ 2 y t y — 4 ^ 4 y 

(We note here that the above theorem can be obtained geo- 
metrically from the theorem in §14 in the following manner. The 
vertices of the triangle whose sides are li^ Z2; I3 must go into the 
corresponding vertices of the triangle whose sides are l[y Zg? 4- 
From this fact follows the above theorem. Also we can use this 
note to solve the above illustrative example more readily.) 

Another solution of this problem comes from the hint that the 
vertices (0,0), (0,f ), (1,0) of the triangle with sides x = 0, 2/ = 0, 
x + 2y— 1 = 0 must go into the corresponding vertices (0,0), 
(|,— ^) ( — 1,-1) of the triangle with sides x + y = 0jX — y = 0, 
x — 22/ — 1 = 0. Using (13) directly we get the equations 

0 = 0 + 0 + O'Sy 0 = 0 + 0 + 63, 1 = — «! — a2 + ^3, 

0 = — bi — ^2 + 0 = J ai — J a2 + ^3, i = ^ ~ ^ ^2 + Z>3 

so as = bs = 0, hi = —62, ai = a2 = &2 = —f and the 

required transformation is x = x^ — ^ y\ 2/ = f x' — J 2/'. 
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We can solve the illustrative example in still a third way. 
Since a; = 0 is to go into y — 0, we must have x = a{x + y^). 
Since y = 0 is to go into x' — i/' = 0, we must have y = P{x' — y'). 
Since a; + 2 y — 1 = 0 is to go into a;' — 2 ?/' — 1 = 0, we must 
have 

x + 2y - I = a(x' + y') + 2 ^{x' - y') - I = x' - 2y' - \ 

From this last equation we have a ■}- = l,a— 2j3 = —2, whence 
a = and jS = f, and again we obtain the transformation 
X — — 2 ^'~’hy^ y — 4 “ f 2/^ (The logic of this solution 

is more easily seen if we look upon the transformation as an alias] 
because then, for example, such an equation as a; = 0 must give 
the same locus as x^ y = 0, hence we must have x = a{x + ?/), 
as above.) 


EXERCISES 

1. What coefficients muwst the equations in (13) have so as to send x = 0 
into .V = 0, X 'S !j — 4 = 0 into 2 x — z/ -f 5 = 0, and a: -f y — 1 =0 
into 3x — 2^-l-7=0? Do this problem in three ways, as was done in the 
last paragraphs in the text. 

2. Carry through the analytical proof sketched in the text that /J, / 2 » ^3 
must be non-concurrent. 

3. Fill in the details of the geometric derivation of the theorem in the text 
from the theorem in §14. 

4. If the point of contact of a tangent to a conic is the plane dual of the 
tangent, what is the plane dual of the figure formed by a hexagon circum- 
scribed to a conic and with its diagonals drawn? 

5. Explain the logic in the last paragraph of the text, looking upon the trans- 
formation as an alibi. 
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INTRODUCTION TO THE STUDY OF CROSS-RATIO 

23. Cross-ratio, an important invariant of afBne linear trans- 
formations. We have seen in §§18 and 20 that the general affine 
linear transformation (13) does not leave invariant lengths of line- 
segments, angles between lines, or areas of triangles. There is a 
very important invariant of (13) that we shall now consider, 
called a cross-raiio {anharmonic ratio or double ratio) of four 
collinear points. This invariant does not presuppose an ordinary 
frame of reference. 

We suppose there are given four distinct collinear points 

Pl(Xi,2/l), P2(X2,y2), 
^"3(^3, 2/3), 

on a line y = mx + b 
(see the adjoining 
figure). Through Pi 
take the line P1L2 
parallel to OX and 
the line P1M2 parallel 
to OF; construct the 
points X2, X3, 0:4, 
yu 2/2, 2/3, 2/4, P2, ^3, ^4, Af2, M3, M4 as in this figure. From 
plane geometry we have 

P1P2 _ P2P3 _ P3P4 _ P1P4 _ ^ 

P1L2 L2P3 P3P4 P1P4 
where c is a non-vanishing constant. But we have 

P 1^2 — ^2 — ^1, L2P3 ~ ^3 — ^2, P3P4: ~ ^4 — ^3, = ^4 — 

Similarly we have 

P\P2 ^ P2P3 _ P3P4 ^ P1P4 _ / , Q 
P1M2 M2M3 M3M4 M1M4 
Therefore we have 

(25) P3P4 ^ X2 - xi X4 - 0:3 ^ 2/2 - 2/1 2/4 - 2/3 

P3P2 P1P4 - Xs 0:4 - 2/2 - ^3 2/4 - 2/1 

44 
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P\P2 P3P4 

Definition. This product of ratios — - is called a cross- 

P3P2P1P4: 

ratio of the four collinear points Pi, P2, P3, P^- 

Definition. The product of the ratios in the abscissas (or- 
dinates) in ( 25 ) will now be defined as a cross-ratio. This is 
more general than the previous definition, because it contains no 
reference to lengths of line-segments. See §§ 77 , 106 . 

There are five other cross-ratios of these four points, namely, 
P1P3IP2PZ • P2P4/P1P4, PxPzjP^Pz • P4P2IPXP2. etc. We shall 
now prove the 


Theorem. Cross-ratio is an absolute invariant under affine 
linear transformations. 

Proof: We can write ( 13 ^ in the form 

( 13^0 = aiX + a2y + y' = + P2y + Ps 


Since rotations and translations leave invariant the lengths of 
line-segments and therefore surely leave ( 25 ) invariant, we can 
rotate and translate the line P1P2P3P4 into the position of y = 0 
before we consider the effect of ( 13 ) upon ( 25 ), and yet lose no 
generality in our argument. Hence these four points (now on 
y = 0 ) go by (13") into four points with the coordinates 

x[ = aiXi + « 3 , y[ = fiiXi + ^3; X2 ~ ?/2 “ ^1^2 + 

0:3 = aiXs + asj ^3 = ^1X3 + 03 ; ^4 ~ 2/4 ~ ^1^4 + 03 

respectively. If we take the corresponding cross-ratio of these 
four new points P[j P2, P3, P4, we get 

P\P2 P3P4 _ X2 — xj X4 — X3 _ aiX2 + 0:3 — — «3 

P3P2 P1P4 ^2 *^3 ^4 *^1 <^1X2 “h 0^3 <^ 1^3 ^3 

0'lX4 -j- OC^ — <^1X3 — 0^3 X2 — Xi X4 X3 P1P2 P3P 4 

OL\X/^ ”t“ CK3 — CKiXi — 0'3 X2 — X3 X4 Xi P 3P 2 P iP 4 

Hence we see that the corresponding cross-ratios of the two sets 
of points are exactly equal. 

Note that the invariance of cross-ratios means that if a cross- 
ratio of four given collinear points is 2, say, then the corresponding 
cross-ratio of the four points into which ( 13 ) sends the original 
four has the same value 2. 

Another way to interpret the proof given in the text is the fol- 
lowing, without supposing the line I to have been rotated and 
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translated into the position of ?/ = 0. Suppose we want to send 
the line I into a line l' by (13) and to show that cross-ratios are 
kept invariant. The discussion in the text shows that any trans- 
formation T sending y = 0 to Z (or i') keeps cross-ratios invariant, 
hence the inverse T~^ keeps them invariant. Therefore we can 
break up the transformation sending I to V into the product of a 
transformation Ti sending Z to y = 0 and a transformation T2 
sending y = 0 to l\ Since Ti and T2 keep cross-ratios invariant 
(by the proof in the text), the product T' = T1T2 does the same 
thing. 

There are twenty-four ways of arranging the four points when 
taking different cross-ratios; however, there are only six (or 
less than six) distinct values for these cross-ratios (as we leave 
for the student to prove in the exercises), namely (if one such 
cross-ratio has the value r) 


(26) 





r — 1 


r 


For example, the following cross-ratios are evidently equal to 
one another 


P1P2 PsPa ^ P2P1 PaPs ^ PsPa P1P2 P4P3 P2P1 
P3P2 PiPa PaPi P2P3 PiPa P3P2 P2P3 PaPi 

yet these cross-ratios correspond to four distinct ways of arranging 
the four points. 


Illustrative Example. The four points on the x-axis with abscissas 
1, 2, 3, 4 have the six cross-ratios 

2 - 1 4-3 ^ 3 - 1 4-2 ^ 3 - 1 2-4 

2-34-1 3-24-1 3-42-1 * 

2 - 1 3 - 4 _ ^ 4-12-3 4-13-2 3 

2 - 43 - 1 “^’ 4-32-1“ ' 4 - 23 - 1 “^ 


The four points (0,6), (1,9), ( — 1,3), (—2,0) on the line y = 3 a; + 6 have 


one cross-ratio 


1-0 -2 -hi 9-60 


1 -h 1 -2-0 
ratios 4 , 1, 1, -3, 


9-30-6 


= and the five other cross- 


EXERCISES 

1. Show why the cross-ratios in the next to the last paragraph in the text 
are equal to one another and also how these four cases arise when considering 
all the possible cross-ratios of four given collinear points. 
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2. Prove the fact that there are only at the most six distinct cross-ratios of 
four points, and that these six are related to one another as in (26). 

3. Prove by plane geometry that P\Pi!P\L^ — P^Pz/L^L^ = . . . , etc. 

4. The so-called inversion x' == x/{x^ + y^)y y' = y/ix’^ + y^) sends 
points on a line I through the origin into other points on the same line 1. 
Show that cross-ratio is preserved. Hint: Take Z as y = y' =0. Why is 
there no lack of generality in this choice of Z? 

5. Find all six cross-ratios of —1, 1, —2, 2; of —2, 1, 2, 4; of (0,0), (1,2), 
(-2,-4), (3,6) on the line y = 2x, For the points on y — 2 x find one of 
the cross-ratios in three ways: {a) using the abscissas of the points; (6) using 
the ordinates; (c) using the distance formula on P 1 P 2 , P 3 P 2 , P 3 P 4 , PiP 4 - Find 
all the cross-ratios of the points on y = 2 x, first by direct computation, 
second by using (26) on one of the cross-ratios. 

6. By using the distance formula prove analytically the equality in (25). 

7. Make up a numerical example of the six cross-ratios of four points on a 
line Z not passing through the origin. 

8. If the transformation T sending y = 0 to Z preserves cross-ratios (i.e., 
keeps them invariant), why then does do the same? 

24. Harmonic sets of points. If we try all possible ways for 
the cross-ratios in (2G) to be equal to one another for special values 
of r, we find there are just two distinct ways, namely, when 
r = 1/r and so r = —1 (we cannot have r == 1 for four distinct 
points, since then 1 — r = 0) and also when r=l/(l — r) and 
so r = (1 ± V3 i)/2 where i = V— 1. The second case is im- 
possible for four real points. The first case gives us: 

Definition. A harmonic set of four collincar points consists 
of four such points that have — 1 as one cross-ratio. (The other 
cross-ratios of these four points are then 2 and 

By all odds the most important sets of four collinear points 
are these harmonic sets. If the four points of a harmonic set 
are arranged from left to right in the order Pi, P2, P3, P4, we see 
that the cross-ratio P1P2/P3P4 • P3P4/P1P4 must be negative 
and so must have the value —1. We note that P1P3 can be 
looked upon as a line-segment divided internally by P2 and ex- 
ternally by P4 in the same ratio. 

The Greeks called this set of four points the golden section. The 
two pairs of points P1P3 and P2P4 arc said to separate one another 
harmonically. The point Pi(Ps) is called the harmonic conjugate 
of Ps(Pi) with respect to the pair of points P2, P4, and similarly 
for P2 and P4 with respect to Pi, P3. If we are careful to arrange 
our points and choose our cross-ratio as above, we shall always 
get —1 as the value of our cross-ratio if our set of four distinct 



48 INTRODUCTION TO THE STUDY OF CROSS-RATIO 


collinear points is a harmonic set. However, the values § or 2 
for a cross-ratio at once stamp four collinear points as a harmonic 
set as surely as does the value —1. 

Harmonic sets of points appear very frequently in analytic 
geometry. Thus for the ellipse -f 2/^/6^ = 1, where a > b 

and ae = Va^ -- we have on the x-axis the harmonic set 

(-a,0), (a6,0), (a,0), (a/e,0) 

^ ae + a a/e — a , i , , 

with a cross-ratio ;; — ; — = — I, and also the harmonic set 

ae — a aje + a 

(-a/e,0), (-a,0), (-ae,0), (a,0) 


. —a + ct/e a + ae 

with a cross-ratio ; ; — = — 1. 

— a + ae a + a/e 


Geometrically, we can say that on the major axis of an ellipse the 
two vertices, either focus, and the point where the corresponding 
directrix cuts the major axis form a harmonic set. Evidently the 
same theorem holds true for a hyperbola. 

Again, the line x + y — \ cuts the lines x = 0, y = mx, 
2/ = 0, 2/ = —mx in the points (0,1), (1/(1 + m), m/(l + m)), 
(1,0), (1/(1 — ^^), — m)) that have one cross-ratio 


1/(1 + m) - 0 1/(1 -m) -1 
1/(1 + m ) - 1 1/(1 - m ) - 0 


= — 1 and so evidently form a 


harmonic set for every value of m. 


EXERCISES 

1. Show why the cross-ratio r = § ( — 1 ± i) is impossible for four real 
points and also why r = 1 is impossible for four distinct points. 

2. Make up a numerical example of a harmonic set of four points on a line I 
not through the origin. 

3. Show that r = — 1 and r ~ H ~ ± VS t) are actually the only values 
of r that give cross-ratios that are equal in pairs. 

4. Show that there are only three cross-ratios for a harmonic set of points, 
namely, —1, and 2. 

5. Show that for a harmonic set P 1 P 2 /P 3 P 2 * P^Pa/PiPa must have the 
value —1. 

6. In the last paragraph of the text we took the ellipse in the form 
x^/a^ 4 - 2 /^/ 6 ^ = 1. Why was no loss of generality incurred thereby? Why 
was the proof valid also for hyperbolas? 

7. Prove that y = 0, ?/ = mxy x = 0, y = — mx cut any line y ^ ctx + ^ 
in a harmonic set of points. 
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25. A first hint of infinite points on lines. Let us consider 
the equations (4) and (5) again. We make the following 

Definition. If the point P\x',y') does not lie on the conic 
(4), then (5) is called the polar of P' with respect to (4) and P' is 
called the pole of (5) with respect to (4). 

We shall now prove the 

Theorem. Any line I through a point P' cuts a conic (4) and the 
polar (5) of P' with respect to this conic in three points that form 
with P^ a harmonic set of points. 

We take P' as (0,0) and I an y = 0. The polar of (0,0) with 
respect to (4) is gx + fy + c = 0. The line ^ = 0 cuts (4) in 
the points 

and 

and also y = 0 cuts the polar of (0,0) in the point ( — c/(/,0). The 
point (0,0) and the three above-mentioned points form a harmonic 
set, since one cross-ratio of these four points is 

g + Vg^ - ac —c ^ -g - Vg^ — ac 

a q a 

-1 

g — V g^ — ac —c —g+ ^g^ — ac 

a g a 

In the above paragraph, if c 5*^ 0 but g— >0, then (—c/gft) 
approaches the form (zboo,0) according as c^O and g—^0 
through positive or negative numbers. We interpret this peculiar 
situation by saying that y — 0 cuts the polar of (0,0) in a so- 
called infinite point. Our reason for this interpretation lies in 
the fact that, if g is made smaller and smaller without becoming 
zero, the two lines gx + fy + c = 0 and y = 0 cut one another in 

a point that goes farther and farther out in the plane. Note 

that as gf 0 these two lines become parallel lines. 

Again let us consider the four points Pi = —a, P2 = 0, P3 = a, 
P4 = x' on the x-axis, with one cross-ratio 

0 a x' — a 1 ~ a/x' 

0 — a x' + a 1 + a/x' 

As a:' — » GO, r — 1. To interpret this result we say that the 
two ends of a line^segment on a line Z, the midpoint of this segment, 
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and an infinite point on Z form a harmonic set. To make this 
interpretation more plausible we note that the farther out the 
point P4 = x' goes on Z, the more nearly do the two segments 
P1F4 and P3P4 approach equality in length, whereas P1P2 and 
P2P3 are already numerically equal in length but opposite in 
sign. With this interpretation, we say that the two vertices 
and the center of any ellipse or hyperbola form with an infinite 
point on the major axis a harmonic set of points. 

Finally we see that for the parabola 2/^ = 4 px we have the focus 
(p,0), the directrix x = —p, and the vertex (0,0). But the four 
points —p, 0, p, — > 00 form a harmonic set. Therefore, to keep 
this result in agreement with the similar theorem about ellipses 
and hyperbolas, we assume that parabola has an infinite vertex 
on its axis as well as the vertex (0,0). 

Mathematicians are continually making assumptions and inter- 
pretations like the above in order to take care of apparently ex- 
ceptional cases. We must be on the lookout for such cases in 
this course. 


EXERCISES 

1 . Find the cross-ratios of 1 , 0, 2, x as x — > 00 . 

2. Show why there is no loss of generality in proving the theorem because 
of choosing P' as (0,0) and Z as y =0. Hint: Rotate and translate P* and Z 
to these positions. 

3. Prove that (13) sends a point P, a conic C, and the polar of P with 
regard to C into P', C' and the polar V of P' with regard to C, Hint: Use 
cross-ratios. 

4. Prove that a focus and the corresponding directrix of a conic are pole 
and iK)lar with respect to this conic. Hint: Take the conics in the so-called 
normal (type or canonical) forms x^/a?' =h y^/6^ = 1 and = 4 px. 

5. Try to find the polar of the center of a conic. Hint: Take the center 
at (0,0) and the conic as ± y^/Z»^ = 1 or x^ + y^ = 

6. To interpret the result of Ex. .5 we note that the polar of P'(x',y') with 

respect to x^/a^ ± = 1 can be put in the form - f, - ± v ■: = 1. If now 

a^/x o^/y 

x' — > 0 and y' — ► 0, what happens to this polar? Hence how do we interpret 
Ex. 5? 

7. Why is it we do not lose generality in our proofs in Exs. 4, 5, 6 by taking 
the conics in the normal forms iiLstead of in the more general form (4)? 

8. Find the pole of3x + 2y — 4 = 0 with respect to the conic x^/9 4* 
p2/i6 = 1 . Check up on the theorem in the text for this pole, polar, and conic. 

26. A geometric construction for a harmonic set of points. 

We shall now derive a geometric construction for a harmonic set of 
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points on a line. First wc must prove a theorem due to an ancient 
Greek geometer, namely, 

Menelaus' Theorem. If DBF is a line cutting a triangle ABC 
in the points D on AB, E on AC, and F on BC, then we have 

AD • BF • CE = AE • CF • BD 

Let us take the figure below. We drop the perpendicular p 
(from B), q (from A), and r (from C) onto the line DEF, Then 



BD/AD = p/q (from similar right triangles), CEfAE = r/q, 
BF/CF = p/r. Therefore 


AD BF CE 
BD CF AE 


^ = 1 or AD-BF- CE = AE • CF ■ BD 

pr q 


as was to be proved. 

Let us now consider the following quadrilateral A', B\ C\ D', 
with its pairs of opposite sides produced until they meet, and 



with its diagonals drawn. We shall see later on that this completed 
figure is called a complete quadrangle, and is of great importance. 

We shall prove that the four points, A, B, C, D form a harmonic 
set (i.e., that AC /BC • BD/AD = —1). We do this by using 
Menelaus’ theorem four times for the triangle AE^B and the four 
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transversals B'A'D, D'A'C, C'E^C, C'D'Dj respectively. From 
this theorem we obtain 

(a) E'B'^AD -A'B^ E'A'-BD-AB' 

(b) E'D' •A'B-CA = E'A' • BC • AD' 

(c) E'B' - AC -BC' = E'C' -BC -AB' 

(d) E'D' • BC' • AD = E'C' • BD • AD' 

Dividing (a) by (c) we get 

ADA'B BDE'A' 

ACBC'^ BCE'C' 

Dividing (h) by (d) we get 

A'BAC E'A'BC 
BC' AD ~ E'C' BD 


Dividing (e) by (/) we get 



Hence we have 

V AC BD 

BCAD 


looking upon AC, BC, BD, AD as directed line-segments, since BC 
has its direction opposite to that of the other three segments. 

Note that dividing (a) by (6) and (c) by (d), or dividing (a) 
by (d) and (b) by*^ (c), gives us harmonic sets on the other two 
sides of the triangle AE'B, Also note that the two pairs of points 
AB and CD separate each other harmonically. (Compare §24.) 

From the above result there readily follows a method of con- 
structing a harmonic set of points given three of them arranged in 
a certain order. Suppose in the preceding figure we are given 
D, B, C in this order and wish to construct A as the harmonic 
conjugate of B with respect to C and D. (Compare §24. ) Through 
D we can draw two arbitrary lines DA' and DD'. Through C 
we can draw one arbitrary line cutting DA' in a point A' and DD' 
in a point D'. Then the line BA' cuts DD' in a point C', and CC' 
cuts DA' in a point B'. The line D'B' cuts the line DBC in the 
desired point A. 

Analytically we can see as follows that A is a unique point 
(if D, B, C are given in this order and A is to be the harmonic 
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conjugate of B with regard to C and D), Suppose D is (0,0), 
B is (1,0), C is (a,0). We wish to determine A{xfi) so that 

ACBD a — X 0 — 1 ^ 

1^AI>~~ a - \ Q - x~ ~~ 

This equation gives us the unique value a; = a/ (2 — a), so there 
is only one such point A (a/ (2 — a),0). 

We remark that if a —> 2 in the last paragraph, A approaches 
the form (oo,0). In this case B is the midpoint between D and 
C, hence (since BDJBC = —1) we must have AC /AD = 1. 
But no finite point A can satisfy this condition (since C 9 ^ D), 
Therefore we must either debar this case or assume the existence 
of an infinite point on the line DBG. (Compare §25.) If we 
draw the figure for this case 
we find that D'B' is parallel 
to DBC. 

From the last sentence 
above we have a method of 
bisecting a line-segment DC 
(see the adjoining figure). 

Draw any line V parallel to 
the line DC, Through D draw two arbitrary lines cutting V in 
the points D' and B\ Then D'C cuts DB' at A^ and CB' cuts 
DD' at The line C^A' bisects the segment DC at B, 

EXERCISES 

1. Explain fully why, in the last paragraph, (7 'A' bisects DC at B, 

2. In the analytic proof in the test of the uniqueness of the point A why 
is there no loss of generality incurred by taking the line DBC as 2 / — 0, also 
D as (0,0) and B as (1,0)? 

3. Give a construction for drawing through a point (say D') a line I' parallel 
to a given line I (say DBC) not passing through D\ 

4. Show that on the other two sides of the triangle AE'B in the first figure 
of the text there are formed harmonic sets of points. 

5. Given three collinear points DBC, find A as 

(а) the harmonic conjugate of C with regard to D and R, 

(б) the harmonic conjugate of D with regard to B and (7, 

(c) the harmonic conjugate of B with regard to D and C. 

6. Prove Menelaus^ theorem for a line DEF cutting the triangle ABC of 
the text (o) beyond B and C; (6) beyond B but between A and C. 

7. Taking JK' as (0,0), E'B as a; = 0, E'A as i/ = 0, A as (2,0), B as (0,2), 
C as (1,1), find the coordinates of the other points in the second figure in the 
text and the equations of the other lines. 
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8 . Use Ex. 7 to prove the results in the text analytically. Why is there 
no loss of generality in the choice of the coordinates of the points and the 
equations of the lines in Ex. 7? 

27. Harmonic sets of concurrent lines. In Ex. 7 of §24 we dis- 
covered that the four concurrent lines x = 0, 2/ = U — 
y — —mx (for m arbitrary) cut any line y = ax + pin a harmonic 
set of points. 

Definition. A set of four concurrent lines that cuts any 
arbitrary line in a harmonic set of points is called a harmo7iic set 
of lines. 

We prove next a more general theorem, namely, that if we have 
any two lines h = aix + hiy — Ci = 0* and I2 = a2X -f 622/ C2 
= 0 and take four lines of the pencil^ of lines 

h + Cl) + \(a2X + ^22/ — C 2 ) = 0 

with parameter si Xi, X2, X3, X4 such that 

^2 ~ ^1 ^4 ^3 _ _ 

^2 — \3 ^4 — ^1 

then these four lines form a harmonic set of lines. Also, conversely, 
if four lines of this pencil form a harmonic set, then one of the cross’- 
ratios^ of their parameters has the value — 1. 

Without loss of generality we can consider the points in which 
these four lines cut y = 0, namely ((ci + XtC2)/(ai + \ia2),0), 
where ^ = 1, 2, 3, 4. Calling these four points P^{x^,0) where 
^ = 1, 2, 3, 4 and taking a cross-ratio we find that 

X2 — Xi X4 X3 X2 Xi X4 X3 
X2 — X3 X4 — X\ X2 — X3 X4 — Xi 

(We leave the details to the exercises.) 

* The expression I ^ ax by — c = 0 is brief for “ the line / whose equation 
\s ax + by — c = 0.” 

t We carry over from elementary analytic geometry the notion of a pencil 
of lines (i.e., all the lines through the point of intersection of two given lines) 
whose equation h Xh =0 has an arbitrary constant X called the parameter. 

t Different values of X in b -f- XI 2 = 0 give different lines of the pencil. 

§ Note how we speak of the cross-ratios of four parameters Xi, X 2 , X 3 , X 4 , 
meaning thereby such expressions as (X 2 — Xi)/(X 2 — X 3 ) • (X 4 — X 3 )/ 
(X 4 — Xi) which in the sense of §23 would be cross-ratios of four points 
(Xi,0), (X2,0), (X3,0), (X4,0). 
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This result shows that (a) if the four points on y = 0 form a 
harmonic set with the above cross-ratio (say) equal to —1, then 
the corresponding cross-ratio of the parameters of the four lines 
also has the value —1; and (b) if the above cross-ratio of the 
parameters equals — 1, or 2, then the four points of intersection 
of these lines with y = 0 form a harmonic set. (Note that the 
four lines x = Oj y = 0, y = mx, y = —inx are lines of the pencil 
^ + Xx = 0 with parameters Xi = X2 = 0, X3 = — m, X4 = m, 
respectively.) 

Another way to prove the above theorem would be to reduce the 
pencil of lines to the form y' + \x^ = 0 by the transformation 
aix + biy — Cl = ?/', a2X + 62?/ — C2 = x\ By doing this we 
lose no generality because (13) preserves the cross-ratios of points; 
also the above transformation has no effect at all on the param- 
eter X (i.e., an old line li + \l2 = 0 goes into y' + Xx' = 0). 
If we cut any line y' = rnx^ + bhy four of these lines with param- 
eters Xi, X2, X3, X4, we get the points ( — i>/(Xi + m), b/(\i + m)) 
where z = 1, 2, 3, 4. Taking the same cross-ratio of these four 
points that we took in the preceding paragraph, we find its value 
is (X2 — Xi)/ (X2 “■ X3) * (X4 — X3)/(X4 — Xi). 

Note that we have proved furthermore that every line is cut by 
a harmonic set of lines in a harmonic set of 'points, and conversely 
that a harmonic set of points on any line I is joined to any point P 
not on I by a harmonic set of lines. These two converse] statements 
are also the plane duals of one another. (See §22.) Also, we 
have shown above that (whether or not we are dealing with a 
harmonic set) the cross-ratios of the above-mentioned points 
equal the corresponding cross-ratios of the parameters of the four 
lines of the pencil. 

Illustrative Example. As a numerical illustration of the preceding dis- 
cussion we note that the four lines (3.r + — 1) X(.r — 2 / — 2) = 0 

where X = 1, 2, 3, 4, cut ?/ = 0 in the respective points (f ,0), (1,0), (7/6,0), 
(9/7,0). We have one cross-ratio 

LulLii = 2 ^ = _i 

i-H-f 2 - 34-1 * 

* By the line with Xi = 00 we mean the line l/\iy -f- a; = 0 where Xi — > 
or putting Xi == X'/X" and clearing y -f X'/y'x = 0 of fractions we mean 
\"y + \'x = 0, where X" 0 but X' 5 ^ 0. 

t The statement and proof of converse theorems constitute an important 
and often difficult task. 
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EXERCISES 

1. li h ~ 0 and h — 0 are two lines, prove that the pencil consisting of all 
the lines through the point of intersection of these two lines is given by the 
equation -f XZ 2 =0. 

2. Prove Ex. 7 of §24 by using the idea of a pencil of lines and the cross- 
ratio of the four parameters. 

3. Why is there no loss of generality incurred in the first proof of the text 
by taking ?/ = 0 as the line containing the harmonic set of points? 

4. Fill in the details of the two proofs in the text. Why do these discus- 
sions prove so many more facts than the ones we started to prove? 

5. Dualize the figure formed of four lines of a pencil cut by two distinct 
lines in two sets of four points. 

6. Make up a harmonic set of lines, find the points in which they cut 2/^0, 
and take cross-ratios. 

7. Make up an example dual to Ex. 6, and solve it. 

8. Make up and solve examples like Exs. 5 and 6 for four concurrent lines 
that do not form a harmonic set. 


28. A geometric construction for a harmonic set of lines. In 

this section we shall dualize (i.e., give the plane dual) of the 
geometric construction given in §26 for a harmonic set of points. 
(See the adjoining figure.) Instead of the five points A\ C\ 

D', E' in §26, we have now five 
lines a\ b' , d! , e\ Instead 

of the four points C, D, B, 
A ill §26, determined as fol- 
lows — C by the intersection 
of the pair of opposite sides 
C'B', D'A' of the quadri- 
lateral A'B'C'D'; B by the 
intersection of the diagonal 
C'A' of the quadrilateral with the line ADBC; etc. — we have 
four lines c, d, 6, a, determined as follows — c as the line joining 
the pairs of opposite vertices c'b'; d'a'* of the quadrilateral 
a'b'c'd ' ; b as the line from the point of intersection of two opposite 
sides a',c' of the quadrilateral to the point adbc; etc. To show 
that the four lines c, d, b, a are really a harmonic set of lines we 
have merely to notice that these lines intersect the line e^ in a 
harmonic set of points C, D, 5, A determined thereon by the same 
quadrilateral a'b'c'd\ 



* Note how we specify the point of intersection of c' and 6' as c'6' and the 
point of intersection of the four lines a, dyh.coB adbc. This is the plane dual 
of the way we specify in §26 the line joining the points C' and B' as C'R', etc. 
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Just as for a harmonic set of points, so here we call the line a 
the harmonic conjugate of b with respect to c and d. If a^ and c' 
(say) are parallel lines, we must draw 6 parallel to them. We 
may assume here an infinite point B of intersection of and b. 
This special case need not arise in §26. (Why?) 

Note how the figure composed of the four sides b\ c\ d' (and 
the four vertices) of a quadrilateral, together with the two points 
of intersection A and B of the two pairs of opposite sides a',c' 
and yd\ is exactly the plane dual of the figure in §20. The 
figure in this section is called a complete quadrilateral, 

EXERCISES 

1. Describe completely the figure in this section as the dual of the figure 
in §26. 

2. Give the (iomplete description of the four lines c, d, a. 

3. Dualize Ex. 5 in §26 and solve this dual example. Hint: First dualize 
the construction given in the text of §26. 

4. Show that at A and B in the figure in the text we have two more har- 
monic sets of lines. This is the plane dual of Ex. 4 in §26. Hint: The four 
points on c form a harmonic set. (Why? ) 

5. Show that the lines joining C to a6, C to r/c', C to c'd', C to a'?/ form a 
harmonic set. Hint: The four points on d form a harmonic set. (Why?) 

6. Construct as in Ex. 5 a harmonic set of lines contmrrent at D, Prove 
these are a harmonic set of lines. 

7. Answer the query (Why?) in the next to the last paragraph of the text. 

8. Taking the point abed as (0,0), the line d as x = 0, the line c as ?/ = 0, 
the line e as x y =2, the line a as y — x^ find the equations of the other 
lines in the figure in the text and the coordinates of the other points. (This 
is the dual of Ex. 7 in §26.) 

9. Use Ex. 8 to prove the results in the text analytically. Why is there 
no loss of generality in the choice of the equations of the lines in Ex. 8? 

29. A first hint of projection and section. In §27 we dis(*ussed 
four concurrent lines of a pencil of lines li + Xi2 = 0 with param- 
eters Xi, X2, X3, X4 and four collinear points Pi, P2, P3, P4 that 
were so situated tliat P^(^ = 1, 2, 3, 4) lay on the line with param- 
eter X^. This leads us to a definition. 

Definition. If a set of collinear points Pi{i = 1,2, . . .) are 
such that each lies on a line li(i = 1,2, . . .) of a pencil of lines con- 
current in a point P (called the center of the pencil of lines), then 
the points Pi are said to be projected from the point P by the lines 
li. Conversely (and dually) the lines U are said to be cut in a 
section by the collinear points Pi, 

These ideas of projection and section are fundamental in the 
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purely geometric (syntheticj as opposed to analytic) side of pro- 
jective geometry* We shall deal with these ideas more fully later 
on. We merely call attention to them here where they arise for 
the first time. Since our approach is from the analytic side of 
projective geometry, therefore these ideas of projection and 
section do not appear at the beginning of our discussion. 

The above set of collinear points and set of concurrent lines 
are said also to be perspective with one another. Also (because of 
plane duality) the set of points = 1,2, . . .) on the line I are 
said to form a pencil (or range) of points with the line I as axis. 

Definition. A pencil tt of points (lines) with axis (center) 
Z(P)t is said to be projective with a pencil tt' of points (lines) with 
axis (center) V{P^) if tt' is obtained from tt as the result of a 
series of projections (sections) and sections (projections). Thus, 
if TT is a pencil of points and we have tt projected from a point Pi, 
then the pencil of lines with center at Pi is cut in a section by Zi, 
then the pencil of points on li is projected from a point P 2 , and 
the pencil of linos with center at P 2 is cut by l^ in the pencil of 
points ir' — we say that tt and w' are projective with each other. 


EXERCISES 

1. By using parentheses as in the text, give in one definition the definitions 
of a complete quadrangle and of a complete quadrilateral. See §§26, 28. 

2. By using parentheses as in the text, give in one description the geometric 
constructions of a harmomci set of points and of a harmonic set of lines. See 
§§26, 28. 

3. Prove that if a pencil tt of points (lines) is projective with a pencil r', 
then any harmonic set of points (lines) in tt must correspond to a harmonic 
set of points (lines) in 7^^ Hint: See §27. 


30. Parametric coordinates for collinear points; their cross- 
ratios. Suppose we have a line through two given distinct points 
jV^) and F"(x",t/"),t namely 


(27) 


X y I 
x' y' 1 


= 0 


* See §§31, 95 for definitions of affine projective geometry and general analytic 
projective geometry. 

t In this definition we use the parentheses in order to give two dual defini- 
tions at once. The terms inside the sets of parentheses are to go together and 
those outside are to go together. 

t Here x\y^ and x", 2 /" designate two distinct definite points and do not 
mean a change of variables. 
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In ( 27 ) we cannot have . == // . =0 because then 

x' = x”, y' = Ij", and P' = P” (contrary to the hypothesis that 

X^ 1 

P' and are distinct points). Suppose then that ^// ^ 5^0. 

We can now solve the two equations 

\x^ + [xx^' = ^) X + = 1 


for X and fi. If we multiply the second row of ( 27 ) by the value 
of X that we obtain and multiply the third row by the value of /x, 
then subtract these two rows from the first, we obtain 

0 y -W - 9 . x' i 

x' y' 1 = -(J/-X/-M2/") // 1 =0 

x!' h" 1 


Since ^ n , 5^ 0, we must have y — 'Ky' — yy" = 0 . 

X 1 

This result shows us that the coordinates of any point P{x,y) 
on the line ( 27 ) can be written. in the so-called parametric form 

( 28 ) a; = Xx' + txx'\ 2/ = X?/' + ixy'^ 

Since X = 1 ~ we can also write ( 28 ) as 


( 28 ') x = X + nix' - x'), y = y + m(2/" “ 2/') 

where /x is called a parameter, (Note that /x = 0 gives us P' and 
fjL = I gives us P".) 

If we take the cross-ratio (0^2 — Xi)/(x2 — X3) • (X4 — X3)/ 
(0:4 — Xi) of four points Pi(xi,2/i), P2(^2i2/2)i ^3(^3, 2/3), P4(*^4,2/4) 
on ( 27 ) with parameters /xi, /X2, M37 M4» respectively, we find that 
it has the value {p2 - Mi)/(m2 “ Ms) * (m4 M3)/(m4 — Mi)- 
Hence we see that the cross-ratios of four collinear points that have 
their coordinates expressed in the parametric form of ( 28 ') are the 
same as the cross-ratios of their four parameters. Compare the 
dual result in § 27 . 


Illustrative Example. Any point on the line joining (1,1) and (3,3) 
can be given by the parametric coordinates x = 1 + 2m, 2/ == 1 + 2 If we 
take the above-mentioned cross-ratio of the four points ( — 1,-1), (0,0), (2,2), 
(4,4) with parameters -1, -J, f, respectively, we obtain 

0 4- 1 4-2 ^ - 2+1 ^ - -2 
0 — 24+1 — ^ “ 2^+1 


--1 
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Another way to obtain the parametric coordinates (28') for the points on a 
line joining P\x\y') to P"(a;",y") is to write this line as 

y ~ ^ y"' ~ y' 

X — x' a;" “ X* 


We know from algebra that, if two fractions are equal, both their numerators 
and their denominators are proportional. Hence we have y y^ = v') 

and X — x' = — a;'), from which we get (28'). 

To bring out the dual relation between sets of points on a line and sets of 
lines through a point, we might obtain results similar to those in §27 in the 
following manner. We start with the fact (proved in elementary analytic 
geometry) that for three lines 

I ^ ux mj w = /' ^ u'x 4- v'y + w;' = 0, I" = + v''y + oj" = 0 

to be concurrent we must have 



a 

y 

w 


(29) 

a' 

y' 

ly' 

= 0 


a" 

y" 

ly" 



By an argument exactly similar to that in the preceding paragraphs of this 
section we find for the coefficients of any line in the pencil of lines through the 
point of intorse(!tion of Z' and Z" the parametric equations 

(30) TU = pa' + TV = py' + o-v", tw — pw* + ctip" 

(30') \u = a' 4- va", Xy = i;' 4- \w — w' -{■ vw" 


where r, X are arbitrary constants which appear because a line ux + vy w — 0 
is also given by kux 4- kvy -i- k tv ~ 0 where k is an arbitrary constant (not 
zero), also \ — r/ p^ v — a ! p. 

We can obtain results for lines like those in this section for points if we con- 
sider a pencil of lines through the point of intersection of two lines u' x v' y -{• 
1-0 and u''x v"y 1 = 0. Then (29) has the form 


and (30') has a form 


a 

a' 


V 

y' 


a = a' 4- o'(a" — a'), 


1 

1 

1 


= 0 


y = y' 4“ o-(?^" 


y') 


where ux vy \ = 0 is the equation of any line in this pencil. Note that 
this discussion debars lines through the origin because such lines cannot be put 
in the form ux vy \ — 0. (We leave the details of the discussions in the 
last two paragraphs for the student in the exercises.) 


EXERCISES 

1. Fill in the details of the discussions in the last two paragraphs of the 
text. 

2. Obtain (28') from the equation of the line in the form 

y - y' ^ X - x' ^ 

y' - y" “ 



PARAMETRIC COORDINATES FOR COLLINEAR POINTS 61 


3. Derive the parametric coordinates 

X = X* r cos y — y* r sin d 

for the points on a line through P'{x\y*) and making an angle d with the 
a;-axis. Show that 

X2 — x\ X4 — x^ ^ r2 — ri n — r-j 

X2 — xz X4 — xi r2 — rs ? 4 — ri 


What is the geometrical meaning of r? Why are these parametric coordinates 
valid only for an ordinary frame of reference? 

4. Why are the parametric coordinates (28') valid for any frame of 
reference? 

5. Derive the equation (29). 

6. In (28') where do the points lie relative to P' and P" if m < 0, if 
0 < jLi < 1, if /X > 1? Hint: 


X - x' ^ y - y' 
a:" — x' i/" — y' 


Vjx - x/y + {y - y')^ 
V{x" -x'y + iy" -y')^' 


(Prove this.) 


7. If P' is (2,3) and P" is (3,5), find four definite points on the line P'P" 
(in parametric coordinates) and find one of their cross-ratios. 

8. Do the same as in Ex. 7 for the line joining ( — 1, — 1) and (4,7). 

9. Derive (28) by means of the formula for the coordinates of a point 
P(Xyy) that divides the segment of the line joining P'(a;',y') and P"(a:", 2 /") 
in the ratio ix/\. Hint: In this formula you can take m and X so that /x -p X = 1. 
(Why?) 



CHAPTER V 


PRELIMINARY DISCUSSION OF GROUPS OF LINEAR 
TRANSFORMATIONS AND THEIR ASSOCIATED 
GEOMETRIES 


31. Introduction to groups of transformations. In §§7, 8, 9, 12 
we have already defined what is meant by the products of two linear 
transformations Ti and T2, namely T1T2 and T2Tiy and have 
shown that ordinarily T1T2 ^ T2T1 so that multiplication is in 
general non-commutative (non-permutable, non-abelian) for 
transformations. Also we have defined the inverse of a 
transformation and have proved that T~^T = TT'^^ = I (the 
identical transformation). We saw that {TiT2)T^ = Ti{T2T-^), 
i.e., the multiplication of transformations is associative. 

In the case of the translations (fi) we saw that if Ti and T2 arc 
two translations, then T1T2 = T2T1 = Ts and, also, is a third 
translation, i.e., a transformation that can be put in the type form 
(6). Besides, T~'^ (the inverse of a translation T) can also be 
classified under (6) with —a for a and for /3. Moreover, 
I{x = x'j ^ = 1/) can be looked upon as being of the form (6) 
with a = = 0. 

Again we saw in §20 that certain linear affine transformations 
keep invariant the areas of triangles. If and T2 are two such 
transformations evidently T1T2 and T2T1 are two other trans- 
formations that keep invariant the areas of triangles. Like- 
wise T{~^, 7^2”’^, and I preserve these areas. This is an example 
of a geometric way of describing certain sets (or collections) 
of transformations (by means of invariants). In this case the 
geometric condition gives rise to the corresponding analytic 


condition on (13), namely that 
Definition. A group of 


= 1 . 


ai a2 

hi 62 

inear transformations (defined* 
analytically) is a set of transformations whose equations have a 


* By “ defining ’’ we mean distinguishing or specifying what transformations 
belong to the group, i.e., giving criteria by which to decide whether or not a 
transformation is in the group. 


02 
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given type formy such that the products of any two transformations 
of the set are found in the set and, also, the inverse of any trans- 
formation of the set and the identical transformation are found 
in the set. If, moreover, T 1 T 2 = T 2 T 1 for any two transforma- 
tions Ti and T 2 of this set, the group is called a commutative (or 
abelian) group. 

Definition. A group of linear transformations (defined 
geometrically) is a set of transformations Ti(i = 1,2, . . .), each 
of which has a given geometric invariant associated with it, such 
that TiTj and TjTi belong to the set for all values of i and j that 
give transformations in the set ; also and I are found in the set. 

We note that ordinarily we seek to find analytic conditions on 
the coefficients of the transformations of a group defined geo- 
metricallyy so that we may also define this group analytically. 
Thus the group that preserves areas of triangles can be defined 

analytically by = 1. 

The translations (6) form an abelian group, so also do the 
rotations (7). The transformations (9) form a non-commutative 
group. The transformations (12) form an abelian group (as the 
student will prove in the exercises). The transformations (13) 
form a non-abelian group called the general affine linear group. 

The groups mentioned in the last paragraph are called infinite 
groups (or groups of infinite order) because each of them contains 
an infinite number of transformations. The group 

(31) X = ix', y = jy' 

where iyj = ±1 is a finite group of only four transformations 
(called terms or members of the group), and hence is said to be of 
order four. 

Sometimes it is very difficult to write down the equations of a 
group of transformations defined geometrically, as for example 
the group of those sending a certain curve into itself. Again 
two different geometric invariants may define the same group, e.g., 
the group leaving areas of triangles invariant and the group leaving 
r and — ab for the conic (4) invariant we saw (where?) were 
both the same, namely, the group with A = 1. 

We note that there are groups of transformations not considered 
in this book (since we shall confine our attention entirely to linear 
transformations). An important group omitted from our study 
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is that consisting of all the inversions with respect to circles with 
centers at the origin, with equations 

r^x r^y 

Finally, we call attention to the fact that certain sets of trans- 
formations do not form groups. For example, the equations 

X = a2y', y = hx' + 622 /' 
do not define a group. 

Illustrative Example. Suppose we want the group of linear affine trans- 
formations that leave the curve = 4x invariant (i.e., that send points on 
this curve into other points on the same curve). Performing (13) on = 4a; 
we have 

4 - hly'^ -f- 2 hib 2 x'y' + 2(6163 — 2 ai)x' 

+ 2(6263 — 2 a 2) y ^ + (63 — 403) = 0 

This equation must be of the form c(y'^ — 4a;') = 0 where c 5*^ 0, so we must 
have 

61 = 0 , 62 5*^ 0, a \ = h\j 6263 — 2^2 — 0 , 63 ■— 4 03 = 0 

Hence the required group has equations of the form 

X = h\x' + 5 + i fcl, y = hiy' + 63 

EXERCISES 

1. Prove that all the transformations of (13) that leave the origin fixed 
form a group, defined by 03 = 63 = 0. 

2. Show that x — y\y = x' and x = x\y — y' form a group of order 2 
(the order being the number of transformations in the group); similarly, 
X = —a;', y = — ?/' and a; = a;', 2/ = ?/' form a group of order 2. 

3. If we take <i> — -w/n (where n is a given integer) in (7), prove that we 
have a group of order 2 n. 

4. Prove that (12) gives an abelian group. 

5. Look up all the facts quoted in the text. 

6. Prove that (13) gives a non-abelian group. 

7. Prove that x — 02?/', y = 6ia;' + 62?/' do not define a group. 

8. Prove that the inversions quoted in the text form an abelian group. 

9. Prove analytically that the equations in the last line of the text actually 
form a group according to the first definition in the text. 

10. Find the linear equations that give the group leaving invariant (a) the 
curve — 2/2 = 1; (6) the curve a;?/ = 1. Hint: Compare the last paragraph 
in the text. 

11. Prove analytically that the equations obtained in Ex. 10 actually form 
a group according to the first definition in the text. 

12. Find the group of linear transformations (a) leaving the point ( — 1, — 1) 
fixed; (6) leaving the a;-axis fixed. 
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13. Show analytically that the equations obtained in Ex. 12 actually give 
us a group. 

14. Make up cases of sets of linear transformations that do not form groups. 


32. Subgroups of groups of linear transformations. Defini- 
tion. A group of linear transformations, all of whose terms 
belong to a larger group, is said to be a subgroup of this larger 
group. 

For example, the translations and rotations are subgroups of 
the group (9), whereas the latter group is a subgroup of the group 


defined by 


= 1, and this last group is a subgroup of the 


ai a2 

bi b2 

general linear affine group (13). 

Definition. A group that is made up entirely of the powers'^ 
of a transformation T is called a cyclic group. Here T is said to 
generate the group. 

Thus the group given in Ex. 3 of §31 is a cyclic group of finite 


order, whereas the group obtained by putting </> = 2 tt/ V 2 in 
(7) is a cyclic group of infinite order. 


EXERCISES 

1. Prove the statements in the text. Show that the set of powers of one 
transformation T actually forms a group (which is abelian). 

2. Prove that all the translations of (6) that have both ot and jS integers 
form a subgroup of (6). If we take the translations with a and jS both posi- 
tive integers, show that these do not form a subgroup. 

3. Make up some finite and infinite subgroups of (13). 

4. Make up some infinite subgroups of (13) defined geometrically and find 
their equations. Then show that these groups satisfy the first (analytic) 
definition of a group. 

5. Make up some sets of transformations of (13) that are not subgroups. 

6. Prove that (1), (2), (12) are subgroups of (13). 

7. Find all the transformations in the group formed of the powers of 

X = x\ y = x' - y'. 

8. Prove that all the transformations of (13) that are commutative with a 
given transformation T of (13) form a subgroup. Hint: If TTi = TiT, 
then T = TiTTC^) hence TC^T == TTi~^y and so the inverse of T\ is also 
commutative with T. 

33. Invariant points and lines of linear transformations. 

Every transformation (13) has invariant (fixed) points and lines. 
We prove this fact by actually finding these invariant points and 

* The powers of transformations were defined in §9. 
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lines. Any fixed point of (13) must have coordinates that satisfy 
the equations (since for these points x' = x, y' = y) 

X = aix + a2y + as, y = hix + 622/ + 63 
or 

x(ai — 1) + a2y + ua = 0, bix + yi}>2 1) + 63 = 0 

Hence the single fixed (finite)* point of (13) is 

ai — 1 -a3 

bi —bs 

tti — 1 a2 

bi 62 — 1 


From (24') we see that the fixed lines of (13) must have co- 
eflScients that satisfy the equations (since for these lines u = cu, 
y' = cv, w' = cWf where c is an arbitrary constant not zero) 

fpw = aiu + biVf pv = a2U + 62^, pw = a^u + b^v + w 
or 

w(ai — p) + biv = 0 , a2U + v{b2 ~ p) = 0 
asu + bzv + w(l — • p) = 0 


(32) a; = 


-03 

(I2 


-63 

b2 — 

1 

fll — 1 

bi 

02 

b2- 

1 


unless 


ai — 1 a2 
bi 62 1 


= 0 . 


These are three homogeneous linear equations in the three un- 
knowns Uy Vj w. For these equations to have a solution not all 
zeros we must have 


(33) 


Ui — p 61 0 

U 2 ^2 — P 0 

U 3 b^ 1 ~ p 


(p^ — (ai + b2)p + ^162 ^2&i) 

• (1 - P) = 0 


The equation (33) is a cubic in p, so there are three fixed lines 
of (13) given by the three roots. The value p = 1 gives an 
anomalous result because the three equations 

u(ai — 1) + biv = 0, a 2 U + v{b 2 ~ 1) = 0, a^u + bsv + Ow — 0 


can have no other solution than u — Oj v = Oj w arbitrary ( 7 *^ 0 ). 
We interpret the line Ou + 0?; + = 0 as consisting entirely of 

infinite points. (Compare Ex. 6 in §25.) 

* Later on (see §85), we shall see that we are led to assume the existence also 
of two fixed infinite points for (13). 

t Here p is really cp in terms of the p of (24') because u' = cu, etc. 
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The intercepts of a line ux + vy + w — 0 are a — w/Uy 
b = -^w/v. If u 0 and v 0 while w 9 ^ Oy we see that the line 
moves farther and farther out in the plane. This fact justifies 
our interpretation of the fixed line of (13) given by p = 1. 

Note that a transformation (13) may not only leave a line I 
fixed (as to 'position) but may even leave it pointwise invariant 
(i.e., leave every point on I fixed). Thus x = x' a 2 y , y = ?> 22 / 
leaves y = y' = 0 pointwise invariant. 

Illustrative Example. As an illustration we note that 
x = 3x' + 2 y' - I y =x' -y' + 2 

has the fixed point 



1 2 


2 1 


-2 -1-1 

1 

1 -2 

0* - n 

3-1 2 

- - 3, ^ 

2 2 


1 -1-1 


1 -2 


From (33) we get 

(p2 -2p -5)(1 -p) =0 

We leave to the student the finding of these invariant lines in the exercises. 

EXERCISES 

1. Find the fixed lines of the illustration in the last paragraph of the text. 

2. Find the subgroup of (13) that leaves the 2 /-axis pointwise invariant. 

3*. Find the subgroup of (13) that leaves the point (1,1) linewise invariant. 
Hint: Every line y - I = w(x - 1) must go into itself. 

4. Find the subgroup of (13) that leaves the origin linewise invariant. 
Hint: Every line y = mx must go into itself, 

5. Find the fixed point and lines of the transformation 

j; = a:' - y' + 3, 2 / = 5a:' - 3 y' + 1 

6. Find the fixed point and lines of the translation (6) and of the rotation 

(7). 

7. Explain the results of Ex. 6 for the translation (6). 

8. If T is any transformation of a subgroup of (13) and S is any transforma- 
tion of (13), if S-^TS = T' (another transformation of the subgroup) where 
S is allowed to run over all the transformations of (13), then the subgroup con- 
taining T is called a self-conjugate subgroup under (13). Prove that (6) is a 
self-con jugate subgroup under (13). Hint: See §§12, 13. Use matrices. 

34. The parabolic metric group. At the end of §20 we derived 
the conditions for (13) to keep the angles between lines invariant, 
namely 

a\^ al = h\ + hi = (ai 62 “ a2&i) ^ + " 2^2 = 0 
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From these conditions we get (since = ^i^i) 

afal + — bfa? — = 0 

or 

(af + a|) (a| - fe?) = 0 

Thus we infer that a 2 — it&i, Ui = ^^2 (since aibi + a 2^2 = 0 
and af + Ug 5 *^ 0). Hence the linear affine transformations 
that leave angles invariant can be written 

(34) X = ax' — Py' + 71, 2/ = + Oil/) + 72 

where e = ±1. These are called similarity transformations. 

The group (34) is called the parabolic metric group. This group 
is closely connected with the ordinary plane (Euclidean) geometry. 
For instance, the rotations, translations, and also (31) together 
form a subgroup of (34) given by 

(35) x^ ax' — 0y' + 71, 2/ = e(i3x' + ay') + 72 

where e = ± 1 , = 1 . 

The group (35) is called the group of displacements and sym- 
metries. This is the group of rigid motions of figures that are used 
in elementary plane geometry to prove figures are congruent or 
symmetric j etc. 

The larger group (34) gives figures that are similar to one 
another, because (34) preserves angles and gives d' — (a^ + j8^)(i 
where d is the distance between two points. 

EXERCISES 

1. Fill in all the details in the text, such as the complete proof that 02 = ±61 
and ai = T62; that (35) includes (6), (7), and (31) and no other transforma- 
tions; that (34) gives d' — {a^ -h /3^)d. 

2. Show that af -f- af = 5? + fel = ±(0162 — 02&1) ^ 0 follows from 
Ui “h ~ ^1 “h b2f U 161 " 1 “ 

3. Prove that (35) is a self-conjugate subgroup of (34). See Ex. 8 in §33. 

4. Prove analytically that (34) gives a group; that (35) gives a group. 

5. Show that, if A > 0, then (34) preserves also the sense of angles; but, if 
A < 0, then (34) changes 6 into 0' = —0. 

6. Show that (34) for A > 0 is a self-con jugate subgroup under (34). 
Hint: First show that (34) for A > 0 forms a group. 

7. Show that (35) for A = 1 is a self-con jugate subgroup both under (35) 
and under (34) with A > 0. Hint: First show that (35) with A = 1 forms 
a group. 
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35. Geometries associated with groups of transformations. 

Associated with each group of transformations we find certain 
invariant algebraic expressions or equations, or other invariants, 
some of them absolute invariants, others relative invariants. 
(Compare §§18, 19, 20.) Thus the group (9) keeps invariant 
distances between points, angles between lines, areas of triangles. 
The group with A = 1 keeps invariant the areas of triangles. 

Definition. An invariant is said to belong to a group G if 
there is no larger group G' containing G and also having this 
invariant. 

According to this definition the invariant distance belongs to 
(35), the invariant angle belongs to (34) with A > 0, the invariant 
area of a triangle belongs to the group with A = 1. We now can 
define a geometry as follows. 

Definition. A geometry is said to be associated with two groups 
G and G^ if it consists of the study of all the invariants that belong 
to this group G (as well as all other invariants under G) and if G' 
is the smallest group containing G and in which G is a self-conjugate 
subgroup* 

The most important geometry is the Euclidean geometry, which 
is associated with the groups (35) and (34). 

Similarly we can define an affine projective geometry associated 
with the general affine group (13), which consists of the study 
of the invariants (both absolute and relative) under (13). 

We have also a rotation geometry and a translation geometry, 
but these are of less importance for us. We might call Euclidean 
geometry a sub-geometry of affine projective geometry and rotation 
(translation) geometry a sub-geometry of Euclidean geometry. 

We have seen that (13) has fewer invariants than any of its 
subgroups; however, it has cross-ratio as an invariant. We wish 
to emphasize here the fact that any subgroup G' of (13) will have 
all the invariants of (13), plus some more invariants that are 
peculiar to any subgroups of (13) of which G' is a further sub- 
group, plus still more invariants that are peculiar to G' alone. 
Thus the group (9) will have the invariants of (13), also those of 
the subgroup of (13) that leaves areas of triangles invariant, 
also those of (34), those of (35), and finally invariants all its own. 

We saw (see §12, Ex. 5) that (13) sends a line into a line, a 
conic into a conic, etc. It sends, therefore, points of intersection 
* For a definition of “ self-conjugate subgroup ” see Ex. 8 in §33. 
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of curves (lines) into points of intersection of the same or of other 
curves (lines). Also (13) sends hyperbolas into hyperbolas, 
parabolas into parabolas, and ellipses into ellipses or circles. 

We can see, as follows, that (13) sends tangents to a curve into 
tangents to the same or another curve. We can define a tangent to 
a curve as a line whose equations, when solved with the equation 
of the curve, gives the coordinates of points (^ 2 ^ 2 / 2 ), etc., 

such that xi = X 2 and 2/1 = 2 / 2 - But (13) sends Xi = X 2 into 
x[ = X 2 Vi = 2/2 into y[ = 2/2 ^nd, therefore, sends a tangent 
into a tangent. (Compare Ex. 4 in §18.) 

We want to emphasize again the importance of relative invariants 
(as well as absolute invariants). For instance, F and — ah, 
connected with the conic (4), are relative invariants under (13), 
the first giving by its vanishing a degenerate conic and the second 
serving to distinguish the types of non-degenerate conics. 

In most of our discussion of invariants we had to presuppose 
an ordinary frame of reference; otherwise the algebraic invariants 
lacked geometrical meaning. (Moreover, we looked upon the 
transformations of coordinates as alibis.) However, cross-ratio 
remains invariant under (13), a hyperbola remains a hyperbola, 
a parabola remains a parabola, an ellipse remains an ellipse (calling 
a circle a special case of an ellipse), even though the axes of refer- 
ence should happen to be oblique with different-sized units on the 
two axes. 


EXERCISES 

1 . Find some invariants that belong to (9). 

2 . Give some invariants belonging to the subgroup of (13) that has 
0162 — U2&1 — 1* 

3. Show that (13) cannot send two curves that are tangent to each other 
into two curves that are not tangent to each other. 

4. Show that (13) sends a line h cutting a curve C in n coincident points 
at P into a line I cutting a curve C' in n coincident points at P'. 

6 . Show that (13) sends points of inflection* into points of inflection. Hint: 
Use Ex. 4. 

6 . Find the subgroup of (13) that sends y rrix hi and y — —xlm + 62 
into two perpendicular lines. 

7. Find the subgroup of (13) that sends circles into circles. 

* For a definition of points of inflection see any textbook on the calculus or 
§§43, 47. 
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PRELIMINARY DISCUSSION OF IMAGINARY ELEMENTS 
IN GEOMETRY 

36. Imaginary points. If we solve x = —I simultaneously 
with 2/^ = 4 a;, we find the two imaginary points of intersection 
(--l,2i) and ( — 1, — 2i) where i = V— 1. If we factor the 
equation + 2 xy + + I = Oy we obtain the two imaginary 

lines X + y + i = 0 and x + y — i — 0, If we factor the 
equation x^ + 2 x^y^ + + 1 = 0, we obtain the two imaginary 

conics y^ i = 0 and ^ z = 0. Finally, we note 

the imaginary conic + 1 = 0, whose equation is real but 

whose locus has no real points on it. 

In the previous paragraph we have given examples of so-called 
imaginary points, lines, and curves. Now we shall deal more 
systematically with these imaginary elements of geometry. In 
this section we shall take up imaginary points. 

Definition. An imaginary point is a point one or both of 
whose coordinates are imaginary numbers, e.g., (i,0) where 
i == V — 1 , and (I + 2 — Si). 

Each imaginary point lies on one and only one real line (it 
cannot lie on two real lines, because the intersection of two real 
lines must be a real point). We shall prove the above fact by 
actually finding the equation of the real line on which the imaginary 
point lies. {Note this method of proof.) Thus (i,0) lies on the 
a:-axis and (1 + 2 — 3i) lies on the line 3 a; + y = 5. 

To determine the real line on which any such imaginary point 
(a + iby c + id) lies (where a, 6, c, d are real numbers) we take 
the general equation of a straight line (23) and substitute in 
this equation the coordinates of the imaginary point, thus getting 

{ua + VC + w) + i{ub + vd) 0 

It is shown in algebra that (since a, fe, c, d, u, v, w are all real) 
from this equation follows 

ua + VC + 10 = 0 , ub vd — 0 
71 
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Solving for u and v in terms of w, we have 


— w 

c 


a 

—w 

0 

d 

, — 1 

b 

0 

a 

b 


a 

b 

e 

d 


e 

d 


if ad — he 7^ 0. If ad — be = 0, i.e., if a/b = c/d, we find w = 0 
and u/v = —d/b. In either case the real line through this im- 
aginary point (a + ih, c + id) has an equation of the form 

(36) —dx by ad — he = 0 

On any real line there lie an infinitely large number of imaginary 
points. For example, on ^ = 0 are all the points (a + ib, 0) where 
a and b are any real numbers. The real points on ?/ = 0 have the 
coordinates (a,0). Therefore we can say that there are in a sense 
more imaginary points ony — 0 than there are real, meaning thereby 
that we can take a fixed value b' for b and make correspond to 
each real point (ai,0), (a2,0), etc., an imaginary point (ai + ^V, 0), 
(a2 + ib', 0), etc., and still we have not exhausted the imaginary 
points on 2/ = 0 because b can be given any real value. (Since 
any real line I can be transformed into y = Oj the above discussion 
applies equally well to every real line.) 

If P(a + iby e + id) lies on a real line (23), then 
P' {a — c — id) lies on the same line, as is easy to prove. 

Definition. Any two points P and P^ are called eonjugate 
imaginary points if their abscissas (or ordinates) are conjugate 
imaginary numbers and their ordinates (or abscissas) are con- 
jugate imaginary numbers (or real and equal). 

The points P and P^ in the last paragraph are conjugate im- 
aginary points. So also are (2 + 1) and (2 — f, 1), also (i,0) 

and (~i,0), (3 -f- 2z, 1 — i) and (3 — 2i, 1 -f i), but not (1 + i, 
2 + 3z) and (1 -h ^ 2 — 3^). There are innumerably more pairs 
of imaginary points on a real line than there are pairs of eonjugate 
imaginary points; for instance, y — 0 has all such imaginary 
pairs as (i,0) and (2 — 7, 0), (3 + i, 0) and (2 — li^ 0), or, in 
general, (ai + ibi, 0) and (a2 + ib2, 0), where ai a2 and 
bi 9^ 62 or ai ~ a2 and 61 9^ &2 or ax 9^ a2 and 61 = 62- 

We cannot locate the exact position of an imaginary point on a 
real line because we use real points and lines in our frames of 
reference. Note also that there are pairs of imaginary points 
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that do not lie on real lines, e.g., the pair (z,0) and (0,^. If we 
allow the coefficients of our line (23) to be imaginary, we can see 
that a; + y — i = 0 is the equation of what we might call an imagi- 
nary line determined by (i,0) and (0/0- the next section.) 

EXERCISES 

1. Check all the algebra in the text. 

2. Prove that if a, />, c, n, y, lo are real, then from (ua -p + w) + 

iiid) -|- vd) = 0 follow the equations ua -f- vc + = 0 and uh + vd = 0. 

3. Fill in the details in the derivation of (36). 

4. Prove that if P(a -f- c -f- id) lies on (23), so also does P'(a — ib^ 
c — id). 

5. Find two pairs of conjugate imaginary points on the line 3 a; — 5 2 / -p 
2 =0; also two pairs of ordinary imaginary points. 

6. Make up two pairs of imaginary fioints that do not lie on real lines, and 
find the two imaginary lines determined by these pairs. Hint: Use the 
determinant form of the equation of a line. 

7. Find the points of intersection of — I and 2 y = x“ — 3. 

Hint: To find x ~ Va + hi we put a fit = Va hi where a and are 
real; hence 2 afti — = a + fn, so = a and 2 - h. Why? 

8. Review in an algebra textbook how to manipulate (jomplex numbers. 

Note that V —2 v /— 3 = ^2 V 3 = —v^O. Prove by induction that 

(x + iy)^ — [r(cos 0 i sin d)]^ ~ r”(cos n 6 i sin ?t 0). 

9. Find the real line tlirough (3 + 2 ^, 1 — 5 z); through (3 + f , 1 + 2 1 ). 

10. Find some imaginary points (and the tangents at these points) on the 

curves x^/\tS rt y^/^ == I, 2 /“ = 4 x, j'y == 1, + 2 /“ = 1, 2/“ = x^, 2/ = 

Hint: For finding the tangents, use (3). Show from the proof of (3) why 

you can use (3) for an imaginary point of contact. 

11. Find the six lines of the complete quadrilateral with vertices (3 + f, 
2 - f), (3 - i, 2 + i), (1+2 f, f), (1-2 i, -i). See §20. 

12. Prove analytically that the intersection of any two real lines is a real 
point, taking care of all possible cases. 

13. In the next to the last paragraph of the text, show that all possible types 
of pairs of ordinary imaginary points are covered by the cases given there. 

14. Find the conditions on a pair of imaginary points {a\ + z6i, ci + idy) 
and (02 + C 2 + id 2 ) that these two points lie on a real line. Hint: Ex- 
pand 

X y I 

ai + Cl + id\ 1 =0 

tt2 + ih^ C2 + id2 1 

and put in the conditions that the resulting equation have only real coefficients. 

15. Show why w = 0, in the first paragraph of the text, when ad — he = 0. 

37. Imaginary lines. We have introduced into our analytic 
geometry new entities called imaginary points. We shall now 
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define other new entities (dual to these points) that we shall call 
imaginary lines. 

Definition. By an imaginary line we mean a line whose equa- 
tion has as one or more of its constants an imaginary number, 
e.g., ix + (3 + i)y + 2 = 0. 

The line (aa + abi)x + (/3a + fibi)y + {ya + yhi) = 0 we call 
real because we can divide its equation through by a + bi and 
obtain the real equation ax + fiy + y = 0. 

We can make any one of the constants real in the equation of 
an imaginary line by multiplying this equation by the number that 
is conjugate imaginary to this constant; for example, we can 
make the coefficient of i/ in (2 — i)x + (1 + 2 i)y + (3 + 4i) = 0 
real by multiplying this equation by 1 — 2 i. 

Now we shall prove (what is exactly dual to the theorem about 
imaginary points) that there is one and only one real point on 
each imaginary line. (There is not more than one real point, 
because two real points determine a real line.) We can prove this 
fact for the general imaginary line 

(37) {a + i^)x + (y + i8)y + (e + i^) = 0 

where a, /3, y, 5, €, f are real, by solving simultaneously the equa- 
tions 

ax + yy -{- € = 0 and Px + 8y + ^ = 0 
and actually finding the real point with coordinates 


1 1 

7 

8 

, y' = 

a 

0 

1 1 

a 

7 

a 

7 

/3 

8 



d 


if ad — py 9 ^ 0. If a8 — fiy = 0, either — eS + = — af + 

fie = 0 or one or both of the coordinates x'^y' are infinitely large. 
In the former instance we have a/ fi = y/8 = e/f and, if we divide 
the equation (37) by a + ifij the line I proves to be real, contrary 
to hypothesis. In the latter instance the two lines ax + yy 
€ = 0 and fix + 8y + ^ = 0 are parallel; hence we can debar this 
case or else (which is preferable) assume the existence of an infinite 
point of intersection of these two lines, which point will be the 
one real point on (37). 
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Illustrative Example. The line (3 + i)x + (1 — i)y + ^ = 0 has the 
real point x' = —J, ?/' = f on it. The line (3 + i)x + (3 + i)y — i = Ohas 
an infinite real point. 

Through any real point there passes an infinity of imaginary 
lines. (Compare the dual theorem for real lines.) Thus through 
(0,0) we have all the lines 2/ = (m + iv)x^ where y. and v are any 
real numbers (v 9^ 0 ). 

If the line (37) passes through a real point P so also does the 
line 

(37') (a - + (7 - my + (« - m = 0 

as is readily shown. The lines (37) and (37') are called conjugate 
imaginary lines. If we multiply their equations together, we 
obtain the real quadratic equation 

(aa: + 72/ + e)^ + {fix + 5?/ + = 0 

whose locus is a degenerate conic consisting of the pair of conjugate 
imaginary lines. Conversely, if (4) is a degenerate conic it must 
be either a pair of real lines, a double line (i.e., a pair of real lines 
iX) whore I = T), or a pair of conjugate imaginary lines. 

Just as with imaginary fioiiits, a pair of imaginary lines may 
not be a pair of conjugate imaginary lines and still intersect in a 
real point, as for example y = ix and y — 2 ix. We can say that 
there are in a sense more imaginary lines through a real point than 
there are real lines ; compare the set of real lines y = ax and set of 
imaginary lines y = (a + i0)x through (0,0). We cannot draw 
an imaginary line because our frames of reference are real. Finally 
there are pairs of imaginary lines like y = ix and x = i + I that 
do not intersect in a real point. 

Illustrative Example. To show how imaginary points and lines arise 
when we are studying real points, lines, and curves we shall consider the two 
curves x^ — y‘^ = —3 and x^ y“ = 1 , which intersect in the four points 
Pi(i, 2 ), P2(-’^,2), PsC^,— 2 ), The line P1P2 is real (with equa- 

tion y = 2 ), P3P4 is real {y = — 2 ), P1P3 is imaginary {x = i), P2P4 is imagi- 
nary {x = PiP4 is 2/ = —2 XX, P2P3 is 2/ = 2 xx. 

Note that the pairs of points Px^P^ and Pz^Pa are pairs of 
conjugate imaginary points. There are also two pairs of con- 
jugate imaginary lines in this configuration* namely y = 2ix and 

* By a configuration we mean any collection of points, lines, etc., that are 
considered as taken together in any discussion. 
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y = — 2 and also a: = iando: = — the former pair intersecting 
in the real finite point (0,0) and the latter pair being interpreted 
as intersecting in an infinite real point. 

We call attention to the way in which the discussion of imag- 
inary lines parallels that of imaginary points. We can bring out 
this plane duality in the above paragraphs more clearly if we 
repeat some of the statements, enclosing in parentheses the words 
that refer to lines. An imaginary point {line) is a point {line) one 
or more of whose coordinates {constants) are imaginary numbers. 
An imaginary point {line) lies on {passes through) one real line 
{point) but cannot lie on {pass through) two real lines {points), 
because two real lines {points) intersect in {determine) a real point 
{line). If an imaginary point P {linel) lies on {passes through) 
a real line p {point L), then the conjugate imaginary point P' {line 
l') lies on p {passes through L). 

EXERCISES 

1. Fill in all the algebraic details omitted in the text, espet^ially in the 
illustrative examples. 

2. Prove analytically that two real lines intersect in a real point. 

3. Give the complete details in the pi’oof that an imaginary line (37) has 
one real point on it. 

4. Prove that if (37) passes through a real point P so also does (37') 

5. In the text, just before (37'), why \^v 9^ 0? 

6. Give an exact and complete definition of conjugate imaginary lines. 

7. Prove that if (4) is a degenerate conic, it must be a pair of real lines, a 
double line, or a pair of conjugate imaginary lines. 

8. Just as we did for points on y = 0, give a general formula (with all 
special cases) for all the pairs of imaginary lines through (0,0), distinguishing 
the pairs of conjugate imaginary lines. 

9. Give several examples of pairs of imaginary lines that do not intersect 
in real points. 

10. Find the conditions on the two imaginary lines 

(ai + -h (ti + ^^\)y + (ei H- ffi) == 0 

and 

{oL 2 H- 4- (72 -f- i^ 2 )y + (^2 + iS‘ 2 ) = 0 

in order that they intersect in a real point. Hint: Solve these equations 
simultaneously and put the conditions on the point of intersection that it 
have real coordinates. 

11. Prove analytically that, if the product of the equations of the two 
general imaginary lines I, l' in Ex. 10 is a real quadratic equation in x and y, 
then I and l' are conjugate imaginary lines. Hint: Multiply these two equa- 
tions together and put the conditions on the resulting quadratic equation in 
X and y that it have only real constants. 
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12. Prove that the equation of every imaginary line (37) that has an 
infinite real point on it can be put in the form ot'x + y^y -f- W “H 

where a', 7 ', e', f', are all real. Hint: The two lines aa; + 7 ^ + € = 0 and 
iSa; + 62 / + =0 must be parallel. (Why?) Now divide the resulting equa- 

tion of the imaginary line by the imaginary factor that is common to the 
coefficients of x and y. 

13. Find the real point on (2 + i)x -f- (3 — 2 i)y -f- (7 — 3 f) == 0; on 
3 a; ^ 2 / + (2 — i) =0. 

14. Take the equation of Ex. 13 and multiply it (o) by (2 — i); ( 6 ) by 
(3 + 2 0, (c) by (7 + 3 0. 

38. Imaginary curves. By an imaginary curve {not a line) 
we mean either one whose equation has one or more imaginary 
constants (i.e., coefficients or constant term) in it, or one whose 
equation, although real, is not satisfied by the coordinates of any 
real points. Thus ix^ + 2 /^ — 1 = 0 is an example of the former 
type and + 2 /^ + 1 = 0 of the latter. 

As was the case with the line, a curve may have imaginary 
coefficients that may be made real by removing a common imagi- 
nary factor. For example, ix^ + iy^ — i = 0 is the real circle 
+ 2 /^ — 1 = 0. Imaginary conics of the second type are called 
imaginary ellipses because for their equations — ah < 0. 

No imaginary algebraic curve* of odd degree can be of the 
second type because, if we solve y — ^ simultaneously with the 
equation of this curve, we get an odd degree equation in x (with 
real constants), but we have seen in algebra that every such 
equation has at least one real root (since imaginary roots occur in 
pairs). The imaginary quartic + 2 /^ + + 2 /^ + 1 = 0 is 

of the second type. 

Note that the first type of imaginary conics did not appear in 
our previous classification of conics because in (4) and (13) all 
the constants were supposed to be real. In fact, unless otherwise 
stated, in this book all variables and constants are supposed to 
have real values assigned them. 

Again, we wish to point out that x = x', y = iy' transforms 
x^/a^ + y^/b^ = 1 into x'^/a^ — y'^/b^ = 1, a thing that (13) 
could not do; but this transformation sends the real points of the 
ellipse into imaginary points on the hyperbola and, furthermore, 
into the real points on the hyperbola sends certain of the imaginary 
points on the ellipse. 

There can be real points on the first type of imaginary curves. 

* For the definition of an algebraic curve see §40. 
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Thus ix^ + 2/^ — 1 = 0 has (0,1) and (0,-1) on it. If we have 
an imaginary curve Qi + iQ2 = 0, where Qi and Q2 are real 
algebraic expressions in x and y of the rnth and nth degrees,* 
respectively, then the real points on this curve are obtained by 
solving simultaneously Qi = 0 and Q2 = 0, i.e., these points are 
the points of intersection of the two real curves Qi = 0 and Q2 = 0. 

We prove further on (where?) that these last two curves inter- 
sect in general in mn points (real or imaginary or both real and 
imaginary, distinct or equal); hence the imaginary curve 
Qi + ^62 = 0 can have as many as mn real points on it. Thus 
the conic 



has four real points on it. (Find them.) 

EXERCISES 

1 . Prove that — ab <0 for all so-called imaginary ellipses. Hint: 
Consider all the possible cases — ah > 0, = 0, < 0. Note that P 0. 

2. Make up examples of imaginary non-degenerate conics and quartics of 
both varieties. Find any real points on them. 

3. Find in two ways the equation of the conic through (0,1), (0, — 1), 
(1,0), (-1,0), and (t,2U. 

4. Find in two ways the equation of the conic through the five points 

(0,0, (0,-0, (^0), (-i,0), (1,2). 

5. Find the real points on (3 + i)x^ -f (7 — i)lP -f (8 — i)x (2 — Zi)y -1- 
(5 — 0 = 0; on + iy^ ix y == Q. 

6. Why is it impossible for Qi + i{x^ -h ?/^ + 1) =0 to have any real 
points on it, no matter what Qi is? 

7. Make up examples of imaginary conics with four real points on them, 
three real points on them, two, one, no real points on them. Hint: Take 
Qi = 0 and Q2 = 0 intersecting in the required number of real points. See 
further along in this book (where?) for numerical examples of Q\ = 0 and 
Q 2 = 0 that intersect as required. 

8. Find the equation of the conic tangent to the a;-axis at (^0), tangent to 
the 2/-axis at (2 1,0) and passing through the point (1,1). 

9. Prove the facts from algebra that are quoted in the text, namely, that 
imaginary roots of algebraic equations occur in pairs and also that an odd 
degree equation in x has at least one real root. 

10. In the next to the last paragraph of the text show which imaginary 
points on the ellipse go into real points on the hyperbola. Hint: Perform 
x^ = Xf y' = l/iy = —^y on the hyperbola. 


For the degree of an algebraic expression in x and y see §40. 
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39. Inside points with respect to a conic. Any real non-degen- 
erate conic divides all the points of the plane into three categories: 
those on the conic, those inside the conic (according to the following 
definition), and those outside the conic. 

Definition. A point P is said to be inside with respect to a 
given real, non-degenerate conic C if the two tangents to C from 
P are imaginary lines (they will be shown to be conjugate im- 
aginary lines). 

Let us consider (0,0) and x + 1, Solving y = mx 

simultaneously with y^ = x 1, we obtain the equation m^x^ — 
X — 1 = 0, with roots x = (Idz Vl + 4 m^)/2 For y = mx 
to be tangent to the parabola, we must have 1 + 4 = 0 or 

m = Hence (0,0) is a point inside this conic. 

To treat the general case we can suppose P is (0,0). Solving 
y = mx simultaneously with the equation (4), we get 

x^{a + hm^ + 2 hm) + 2 x{g + fm) + c = 0 

with roots 

^ -•((/+ /m)zh V {f - bc)m^ + 2{fg - hc)m + {g^ - ac) 

(a + \m? + 2 hm) 

For y = mx to be tangent to (4) we must have m a solution of the 
equation obtained by equating the radical to zero. If the roots 
of this last equation are imaginary, they must evidently be con- 
jugate imaginary. 


EXERCISES 

1. Why is there no loss of generality in the last paragraph of the text caused 
by taking P at (0,0)? 

2. Find the actual values of m in the last paragraph of the text. 

3. Find the tangents from (0,0) to -h — 2 x — 2 i/ — 4 = 0; to = 
4 X + 4, to + 2/2 = 1, to x2/16 ± y^/9 = 1. Find the points of contact of 
these tangents. How do you interpret the results for the last two curves in 
the light of our assumptions concerning infinite points? 

4. Find the equations and the points of contact for the tangents from (0,0) 
to 2/^ = X 4- 1; to (4). 
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ELEMENTARY DISCUSSION OF nTH DEGREE CURVES 

40. Introduction to nth degree curves (n-ics). In the pre- 
ceding chapters we have dealt mostly with some of the tools of 
affine analytic projective geometry, such as frames of reference 
and affine linear transformations of coordinates. In this chapter 
we shall consider some of the geometric material on which we use 
these tools, namely, curves with algebraic equations of various 
degrees in the variables. 

In elementary analytic geometry we studied principally straight 
lines and conics. We also drew the graphs of a few curves with 
equations of higher degrees, such as 2/ = y = etc. 

In analytic projective geometry"^ we shall spend much time on lines 
and conics, but we shall consider also so-called higher degree 
curves. 

Definition. We define an nth degree curve (or an n-fc) as a 
curve whose equation is algebraic and when cleared of fractions 
and of negative and fractional exponents and of radicals has at 
least one term of the form x'^y^ with a + = n (where n is a 

positive integer) and no term x'^y^ with 7 + 5 > n. 

For example, x^y = 1 is a third-degree curve (or cubic), 
x^y + 3x = 1 is a fourth-degree curve (or quartic), y = If x^ is 
a fifth-degree curve (or quintic), y^ = x^ is a sixth-degree curve 
(or sextic), etc. A straight line is classed as a curve of the first 
degree and a conic as a curve of the second degree. The curve 
z= + 3 must be put into the form y^{x 3) — 1 in 
order to determine its degree. The equation y = Vx + 1 when 
squared gives the parabola y^ == x 1. Note that the above 
equation with a radical gives us only one part of the curve, the 
other part being given hy y = —Vx+l. 

If the equation of an n-ic is factorable, the curve is called 
degenerate (or composite) and consists of the loci obtained by 
equating to zero the factors of its equation. Thus the quartic 

♦ See §§35, 95. 

80 
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= X* is degenerate and consists of the two parabolas y = 
and y = —x^. In this book we shall not consider such curves 
as t/ = log x,y = (f°,y = sin x, etc. (which are called transcendental 
curves to distinguish them from n-ics, called algebraic curves). 

The following equation gives us the general cubic 

(38) ax^ + by^ + c + dx^y + exy^ + fx^ gx + hy^ 

+ jy + kxy = 0 

The general equation of an n-ic can be written 

(39) a + (box + biy) + (coa:^ + 2 cixy + C 2 ?/*) 

+ (dox^ + 3 dixhj + 3 d2xy^ + <hy^) 

+ (eoa:^ + 4 eix^y + 6 62 X^ 3 /^ + 4 e^xy^ + ety*) 

+ • • • + (Zqx" + 2 \ 

+ • • • + InV”) = 0 

EXERCISES 

1. Fit under (38) the cubics y = l/x^, y = = x®, y^ = 

x(x - 1) (x - 2). Hint: = 1 — x* or x*"* + — 1 = 0 belongs under (38) 

with a — h = \j c ~ — 1, d=c=/ = ^= /i==j=A:=0. 

2. Fit under (39) the curves y — x^ == x®, y^ = 1/x, y^ = 4x1/. 

3. Draw rough graphs of the curves y — x^, y^ = = x2(x + 1), 

2/2 = x2(x - 1), 2/2 = x{x - 1) (x 4- 1), y^X = 1, 2/2x = X + 1, y^X = x2 ~ 1. 

4. Draw roughly y = x^, y^ = x^ xy^ = \j y = {x"^ — 1)2, ?/ = (x2 + 1)2 

x2 — 1 2 _ 1 2 1 

^ ^ (a: + 1) (x + 2)’ 

41. Some types and typical forms of n-ics. An important 
problem in connection with these n-ics is the study of the types of 
nth degree curves and of the so-called typical (or standard) forms 
to which the equations of n-ics can be reduced by linear trans- 
formations of the variables (looking upon these transformations 
as aliases). 

There are five distinct types of non-degenerate conics in Euclidean 
geometry, namely, the circle, ellipse, hyperbola, parabola, and 
imaginary ellipse (such as + 1 = 0*); there are three 

* The student should distinguish between giving mere illustrative examples 
of simplified equations of curves and listing completely the typical eqvxitions 
to* which the equations of all the curves of a given degree can be reduced. 
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types of degenerate conics, namely, a pair of real lines (such as 
xy =* 0), a pair of conjugate imaginary lines (such as ^ 

(x + iy) (x — iy) = 0), and a double line (such as x^ = 0). 

In the general affine geometry circles and ellipses belong to the 
same tjrpe of conics, because their equations are reducible to one 
another under (13). Moreover, in the Euclidean geometry the 
typical forms of the equations of the conics contain arbitrary 
constants, such as afi^p^r in x^/a^ db y^/b^ = 1, = 4 px, 

x^ + y^ = r^. 

If a hyperbola (for example) has an equation reducible to 
x^/a^ — y^/b^ = 1, with a^ = a'^, b^ = 6'^, then this hyperbola 
is not reducible to the typical form with any other pair of values 
for a^ and b^ (except that x = y'y y = x' gives the typical form 
with a^ = 6'^, b^ = a'^). 

On the other hand, in affine geometry the typical equations of 
the conics contain no arbitrary constants. Thus y^ — 4: px is 
reducible to y'^ = 4 x' hy x = x' /py y = y' ; x^/o? ± yV^^ = 1 
is reducible to x'"^ ± y'^ = lhyx = ax'y y == by'; and + y^ = 
to x'^ + y'^ = 1 by X = rx'y y = ry'. 

There are a great many more types of cubics than of conics, 
still more of quartics, etc. We have learned in elementary 
analytic geometry how to reduce the general conic (4)^to one of the 
typical (or normal y or canonical) forms. The reduction of a cubic 
to one of the type forms is just touched upon in this book and is 
exhaustively treated only in more advanced books on plane 
algebraic curves. The reduction of all such curves as those of the 
seventh degree (for instance) to type forms has never been ac- 
complished. 

Of course the reduction of curves to typical forms is only one 
of many problems we consider; among other problems con- 
sidered is the study of properties of curves (as with the conics we 
studied foci, directrices, eccentricity, asymptotes, diameters, etc.). 

To show how to obtain typical forms for the equations of 
curves, let us consider in the general affine geometry the degenerate 
cubics that consist of three distinct real lines Zi, hy Z3. First we 
suppose the three lines are concurrent in a point P. If we take 
P as (0,0), Zi as X = 0, and I2 as y = 0, then the equation of the 
cubic has the form xy(y — mx) = 0, m 0. (Why?) If we put 
X = x'/my y = y'y then drop the primes from the variables, we 
obtain the typical equation xy(y — x) = 0. 
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If Zi, l2y h are all parallel, we can take Zi as x = 0, Z2 as a: — 1 = 0, 
and our cubic becomes x(x — 1) (x — a) = 0 (where a is an 
arbitrary constant). Note that if we take the three points in 
which these lines cut the a:-axis, and for a fourth point take a 
point at infinity P' on the ar-axis, we have four points (0,0), 
(1,0), (a,0), (a;^,0) where x'—^dLco* Taking a cross-ratio of 
these four points we have 


a-0 1 - x' 
1 — 0 a — x' 


1/a:' - 1 , . 

a — 7-7 7 — > O' as a: — > =t 00 

a/x — 1 


From this result we see that there are only six possible values 
of a that can give cubics equivalent to (i.e., reducible to) one of 
the above cubics with a = a, namely, a = a, 1/a', 1 — a', 
1/(1 — a'), a l{a — 1), (a — !)/«', because the cross-ratios 
of the above four points are preserved by (13). For instance, 
x = aa:', y = y' changes the above cubic a: (a: — 1) (a: — a) = 0 
to a:' (a:' — 1/a) (a:' — 1) = 0 or a:(a: — 1) (a: — 1/a) = 0. Com- 
pare §23. 

Next we suppose the three lines are not concurrent and (a) 
li and I2 are parallel; (6) no two of the lines are parallel. In 
case (a) we can take Zi as a: = 0, Z2 as a: — 1 = 0, Z3 as i/ = 0 
and our typical cubic is a:^ (a: — 1) = 0. In case (6) we can take 
Zi as a: = 0, Z2 as 1/ = 0, Z3 as a: + y — 1 = 0, and our cubic is 
+ ?/ - 1 ) = 0 . 

The above special choices of the lines Zi, Z2, I3 amount to trans- 
formations of coordinates considered as aliases. For example, in 
case (6) if Zi and I2 intersect in P3, Zi and Z3 in P2, h and Z3 in Pi, 
we can send P3 to (0,0), P2 to (0,1), and Pi to (1,0) by (13). and 
so obtain the equation xy(x + y — 1) = 0. See §14. 


EXERCISES 

1. Show how case (5) in the text can be treated under (24'). 

2. Prove that all imaginary non-degenerate conics of the first type (see §38) 
can be reduced to x^/a^ + y^/b^ + 1 = 0 in Euclidean geometry and to 

+ 2 /^ + 1 = 0 in affine geometry. Hint: Rotate and translate the axes 
so as to rid (4) of the xy^ x, and y terms. 

3. Explain more fully the relation between cross-ratio and the constant 
aina;(a; — 1) (x — a) == 0. 

* By x' — > ± 00 we mean x* becoming greater than any positive number no 
matter how great (a;' — > + •» ), or a:' becoming less than any negative number 
no matter how low (a;' — > — 00 ). 
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4. Interpret as transformations of coordinates all the special choices for 
Zi, Z 2 , h that are given in the text. 

5. Find transformations to reduce x{x — 1) {x — a') = 0 to all the possible 
typical forms, i.e., with 1 — a', 1/(1 — a')> ot' ! {ot' — 1), {a' — Ij/a', 1/a' 
replacing a! . 

6. Prove the statement in the text that in Euclidean geometry x^/a'^ ± 

= \ cannot be reduced to x^/ar ± = 1 unless = 6'^, 

or = 6'^, 

7. Reduce to typical forms under (13) the equations of all degenerate cubics 
that consist each of a double line and another line. Hint: These cubics must 
have the form 

(aix -h / 3 i 2 / + 71)^ {012X + + 72) =0 or '{a\X + ^ly + 7 i)^ 

• {aix + (iiy 4 - 72) = 0 

(Why?) Nowputaio; + ^ly + 71 = x\ ot^x + ^ 2 y 4 72 = 2/', etc. 

8. Reduce to typical equations under (13) all the degenerate quartics that 
consist each of a double line and a pair of real lines. 

9. Reduce to typical equations under (13) all the degenerate cubics that 
consist each of a real line and a pair of conjugate imaginary lines. Hint: 
Reduce the latter to x^ -\- y^ = 0 or 4 1 = 0. 

42. Conditions determining an nth degree curve. In elemen- 
tary analytic geometry we saw that/n;e distinct points determine a 
conic, because each point gives a linear equation connecting the 
six coefficients of the general conic (4); but we can divide (4) 
through by any coefficient that does not vanish, hence the five 
equations given by the five points uniquely determine five of 
these coefficients in terms of the sixth. 

Thus, if we want (4) to pass through (1,0), (—1,0), (0,1), 
(0,-1), (2,1), we have 

a + c4'2^ = 0, a + c — 2gf = 0, i!>4-c + 2/=0, 

b4-c-2/=0, 4a + 6 + c4-2/4-4(/4-4/i = 0 

whence ^=/=0, a = 6= — = — c; and the required conic is 
^2 ^ 2/2 — 1 — 2 0 : 2 / == 0. This conic is a pair of lines because 
(1,0), (—1,0), and (2,1) are collinear. 

A nicer way to work the problem in the last paragraph is to 
take the lines x = 0jy = QyX + y— ^ = 0jX + y +1=0 that 
pass through four of the given points and write the equation 

\xy + (x + y - 1) {x + y + 1) = 0 

which is a conic passing through the four given points, for every 
value of X. (Why?) Putting x = 2, y = 1 we get X = — 4, and 
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expanding the parentheses we obtain again — I — 

2xy — 0. 

In this last method the lines Zi, Z2, Z3, Z4 must be paired in 
Z1Z2 + XZ3Z4 = 0 in such a way that Zi cuts Z3 and Z4 in two given 
points, also I2 cuts Z3 and Z4 in two other given points. For ex- 
ample, the equation Xa;(a; + 2/'“l) + 2/(^ + 2/+l) = 0 would 
not help us to solve the above problem. (Why?) 

In general we note that uv + \ws = 0,* where = 0, z; = 0, 
ly = 0, s = 0 are straight lines, is the equation of a conic through 
the four points of intersection of w = 0 and ii; = 0, 1/ = 0 and 
s = 0, = 0 and i/; = 0, = 0 and h = 0, for every value of X. 

If w = SyUV \w^ = 0 is the equation of a conic tangent tou = 0 
and 2; = 0 at their points of intersection with w = Oy because 
u = 0 (when solved simultaneously with this equation) gives 
= 0 and v = 0 gives = 0. As an illustration, xy + 
X(a; + 2/ — 1)^ = 0 is the equation of a conic tangent to x = 0 
at (0,1) and tangent to ^ = 0 at (1,0). 

Again uvw + Xs^Z = 0* (where Z = 0 is also a straight line) is 
the equation of a cubic tangent to = 0, 2; = 0, 21; = 0 at their 
points of intersection with s = 0, and also passing through the 
points of intersection of the first three lines with Z = 0. The 
quartic uvws + XZ^r^ = 0 (r = 0 also a line) has in evidence four 
tangents u = 0, v = Oy it? = 0, s = 0, each of them with two 
points of contact (on Z = 0 and r = 0). Such tangents are 
called bi4angents. To interpret such an equation as 

{Zx + y — 1)2 (x + y - 1) = {x — y) {x + y) {Z x + 2y — \) 
we put it in the form = wst. 

Finally, if u = Oy 2? = 0, it? = 0, s = 0 are the equations of 
conics, then uv + 'kivs = 0 is the equation of a quartic through 
the sixteen points of intersection of the pairs of conics u = 0 and 
It? = 0, It = 0 and s = 0, 2? = 0 and it? = 0, 2? = 0 and s = 0 
(as we shall see later on, two conics intersect in general in four 
points). The equation uv + \w^ = 0 is a quartic tangent to the 
conics u = 0 and 2; = 0 at their points of intersection with the 
conic It? = 0. (Why?) 

We now illustrate stiU another way of obtaining the equations 
of curves that satisfy given conditions. Suppose we want the 

* Such an equation is sometimes said to be written in abridged notation. 
See § 115 . 
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conic tangent to the x-axis at (1,0), tangent to the y-Sbxis at 
(0,1), and also passing through the point (3,3). If we solve 
y — 0 simultaneously with (4), we should obtain an equation of 
the form a(x — 1)^ = 0; hence we must have 2 g/a = —2 and 
c/a = 1. If we solves = Owith (4), we should get 6 ( 2 / — 1)^ = 0, 
so we must have 2f/b = — 2, c/b = 1. Therefore, c = a = b, 
g z= f zsz and (4) becomes (after dividing through by a) 

+ 2 /^ + 2 hxy/a — 2x — 2y + 1 — 0 

This conic must pass through (3,3); hence 9 + 9+18 h/a — 6 — 
6 + 1 = 0 or /i = —7a/ 18, and the conic we desire is 

x^ + y^ — ^xy — 2x — 2y-\- \ = 0 

Lastly we wish to find how many points determine an n-4c (we 
saw that five points determine a conic). There are ten coefficients 
in (38); hence, in general, nine points determine a cubic because 
we can divide its equation by any non-vanishing coefficient. This 
statement has exceptions because (as we shall see later) two 
cubics Ki = 0 and K 2 = 0 intersect each other generally in nine 
points; therefore the equation Ki + \K 2 = 0 represents an 
infinite number of cubics through nine points (each value of 
X giving a distinct cubic). 

Let us consider the general equation of an n-ic (39). The 
number of coefficients in (39) is the same as the sum of the arith- 
metic progression 1 + 2 + 3 + * • • + (n+1), namely 

|(n + !)(« + 2) 

Therefore the number of points necessary to determine such a curve 
is §(n + 1) (n + 2) — 1 = f n(n + 3). For a conic we have 
f 2(2 + 3) = 5 points, for a cubic f 3(3 + 3) =9 points, for a 
quartic | 4(4 + 3) = 14 points, for a quintic ^ 5(5 + 3) = 20 
points, for a sextic ^6(6 + 3) = 27 points. Note again that there 
are exceptions to this rule; for instance, all the infinite number of 
quartics given above by uv + \ws = 0 have sixteen common points 
of intersection. 


EXERCISES 

1. Check all the algebra in the text. 

2. Answer all the queries (Why?) in the text. 

3. In the second paragraph of the text find a different set of lines h, hf ht 
I 4 such that by using hh -f = 0 we can solve the problem. 
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4. Show why a tangent t and its point of contact P count for two points 
in determining an n-ic. Hint: Take t as the limiting position of a secant 
PP' when P' P. 

5. Give exact definitions of the statements “ how many points determine 
an n-ic ” and “ hence, in general, nine points determine a cubic in the next 
to last paragraph of the text. Compare §14. 

6. Find in two ways the equation of the conic through the five points 
(1,0), (-1,0), (0,1), (0,-1), (1,1). 

7. Find in two ways the equation of the conic tangent to the y-axis at 
(0,3), tangent to the j;-axis at (3,0), and passing through the point (1,1). 

8. Interpret the equations 2/“(^ "f 1) = x(x — 1) {x +2), xy{x + y) = 
(x + y - l)^ {x^ -\-y^ - 1) = (x + y - \) (;Zx ~ y + 1), (x'^ + y^ -1) = 
(x+y- 1)'^ (x - 1)2 (X - 2)2 = y(y-l)(y + 3)(y + 4). 

9. Find the equation of the conic tangent tox-j-y — l = 0at (1,0), 
tangent to a: + 2 / + I = 0 at (0,-1), and (a) passing through (0,0); (b) pass- 
ing through (3,3). 

10. What types of conics are all those in the above example? 

11. Make up an example of quintics that are exceptions to the rule that 
twenty points determine a quin tic. 

12. Make up an equation of a cubic tangent to three concurrent lines at 
three collinear points and cutting these lines again at three other collinear 
points. 

43. Points of intersection of a line with an n-ic. We have been 
accustomed to saying that any line I intersects a given conic C in 
two points, or is tangent to (7, or does 7iot cut C at all. From now 
on we shall say that I cuts C in two points that are real and dis- 
tinct, or real and equal j or miaginary and distinct. (Of course, if I 
is imaginary, it may cut C in two distinct imaginary points or two 
equal imaginary points.) 

Illustrative Example. The lines x = 0, a; = l,x = 2 cut x ^ + y ^ = I 
in the above three ways. The imaginary lines x — i and y = ^2 ix i cut 
this circle, respectively, in two distinct imaginary and in two coincident (or 
equal) imaginary points. 

We should note here that a tangent to a cubic or a higher 
degree curve ordinarily cuts the curve again in one or more points. 
Thus the line y = 3 x — 2 in tangent to the cubic y = at (1,1) 
and cuts this curve again at ( — 2,-8). The line y = 0 touches 
y = x^{x — ly at the two points (0,0) and (1,0) and so is a bi- 
tangent to this quartic. (See §42.) 

We show as follows that in general a line I cuts an n-ic in n 
points. We can take I as y = mx + h where m 9^ 0, and the 
n-ic in the form (39). Eliminating y (or a;) between I and the 
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n-ic, we get ordinarily an nth degree equation in x (or y)j which we 
learned in algebra has n roots XijX2j . . (2/1, 2 / 2 , • • 2 /n); 

hence Z cuts the n-ic in the points (xi, 2 / 1 ), (^^ 2 , 2 / 2 ), • • •, {^n,yn), 
which may be real or imaginary, distinct or equal. 

In algebra we learned that the imaginary roots of any equation 
in one variable (with real coefficients) occur in pairs of the form 
a + ihy a — ih (i.e., pairs of conjugate imaginary roots). There- 
fore a real line I cuts an n-ic in one or more pairs of cojijugate 
imaginary points^ if not entirely in real points. Also we see that 
if a real line I is tangent to the n-ic in one imaginary point P, 
it must be tangent to the n-ic also in the conjugate imagi- 
nary point P'. (Why?) Thus y = 0 touches y(x + 2 / + 1) = 
(x^ + 2/^ + 1)^ in two such points P, P\ 

A line may cut an n-ic in two, three, four, . . ., n comcident 
points at a given point P. For example y = 0 cuts y = a:*^ in 
three coincident points at (0,0), cuts y = x^ and y = x'^{x — y) 
each in four coincident points there, and finally cuts y = x^ in 
n coincident points at the origin. The origin is called a point of 
inflection (or more briefly an inflection) for y = x^j also a hyper- 
inflection for the curves y = x^ and y — x^y in each case with 
2 / = 0 as tangent. A cubic cannot have a point of hyperinflection, 
because no line can cut a cubic in more than three points. For 
the same reason no cubic can have a bi-tangent. 

Now the question arises how to interpret geometrically the 
fact that sometimes, as in the following example, the equation 
in X (or y) that we get by eliminating y (or x) between I and the 
n-ic (39) is of lower degree than the nth. 

The line y = 1 cuts the curve xy — I apparently in the one 
point (1,1) given by x = 1. However, every line y = 7nx + 1 
(where m 9^ 0) through (0,1) cuts xy = I in the points 




As m 0 the coordinates of Pi approach the form ( 00 ,1 ) and the 
coordinates of P 2 the indeterminate form (0/0,1). To evaluate 
this indeterminate form 0/0 we multiply numerator and denomina- 


tor of - 


■1 + Vl + 4: 


by - 1 - VH- 4 7n and so obtain 


— 2/(— 1 — Vl + 4 m), which approaches the value 1 as m 0; 
therefore, P 2 approaches the point (1,1) as m 0. 



POINTS OF INTERSECTION OF A LINE WITH AN n~lC 89 


To interpret the fate of Pi in the preceding paragraph we note 
in the adjoining figure that if we draw such a line sls y = mx + 1 
cutting xy = 1 above (1,1) and rotate this line around the point 
(0,1) down to the position of y — 1, the point Pi (now called 
Pi) moves indefinitely far out to the left along the lower branch 
of this curve. On 
the other hand, if 
we draw this line 
so as to cut xy — 

1 in two points be- 
low (1,1) and to 
the right, then ro- 
tate the line up 
to the position of 
y — I, the point 
Pi (now Pi) moves indefinitely far out to the right along the 
upper branch of the hyperbola. 

Hence we say that the line t/ = 1 cuts the curve xy = 1 in one 
finite and one infinite point.* We do not say that y = 1 cuts this 
(iurve in one finite and two infinite points (one such point on the 
upper branch of the curve and one on the lower) because that 
would make a line cut a conic in three points instead of two. 

From the last sentence we see that we have to assume that the 
two branches of the hyi)erbola intersect ea(*h other in an infinite 
point on the x-axis and an infinite point on the y-axis (inasmuch 
as these two axes are the asymptotes of this curve). 



EXERCISES 

1. Check all the statements in the text, filling in any necessary algebraic 
details. 

2. Answer the query (Why?) in the text. 

3. Discuss the way the lines y ~ zizl cut the parabola y“ = 4 x. Show 
how this affects our idea of how the parabola behaves at infinity (i.e., what 
we must assume concerning infinite points on the parabola). 

4. Show that any line I must cut an n-ic in — 2 r real points, where r is 
an integer, positive or zero. 

5. How does y = 0 cut the curves y — x®(x + y — 1)^ (x — 1)^ (x — 2)“ 
= y®, (x^ 4- 1)^ = y^? How does x = 1 cut the second curve? How do 
y = 0 and x = 1 cut the curve (x — 1)^ (x — 2)^ = y'^? 

* Here and in §§25, 49 we are merely making clear the reasonableness of the 
assumption that infinite points exist. Their existence cannot be proved. 
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6. Show that a quin tic cannot have a tangent with three distinct points of 
contact. 

7. Give an example of a sextic with a tangent such as is described in Ex. 6. 
Hint: Take ?/ = 0 as this tangent. 

44. Asymptotes to n-ics. In a manner similar to that employed 
in the last section we can interpret all the cases where a line 
apparently cuts an n-ic in fewer than n points (i.e., where I does 
cut the ?i-ic in less than 7i finite points). For example, x = 0 
seemingly cuts y = only at the origin; hence we assume that 
X = 0 cuts this curve again in two infinite points and P^'oo and 
also that P'^o — P" oo (because later on we make the hypothesis 
that all the infinite points in a plane lie on a line called the line 
at infinity). See §49. 

Again y = Oy when solved simultaneously with xy = Ij gives 
us 0=1; therefore to explain this anomaly we assume that 
y = 0 cuts this curve in two infinite coincident points. The 
above assumption agrees with the fact that y = k cuts xy = 1 
in one infinite point and one finite point P(l/fc,fc), but as fc — > 0 
the point P also becomes an infinite point (i.e., P moves indefi- 
nitely far out on the curve). We know from elementary analytic 
geometry that ^ = 0 is one of the asymptotes of xy = 1. 

Note that every line x — h cuts y = x^ in one finite point (/i,/i^) 
and therefore in two infinite coincident points. (Why coincident?) 
If we use an assumption (made later on) that any two parallel 
lines in the plane intersect in an infinite point, we interpret this 
curve as having a so-called double point at infinity on the ?/-axis. 
See §48. (Compare the double point at the origin on y^ = 
where every line y = 7nx cuts the curve in two coincident points 
given by x^ = 0.) 

Next we study the curve x^ — y^ = 1. Any line y = mx + a 
cuts this hyperbola in two points whose abscissas satisfy the 
equation 

x^(l — m^) — 2 aTfnx— — 1 =0, 

2 am zb V4 a^m^ + 4(1 — m^) (a^ + 1) 

^ "" 2(1 - m2) 

For this line to be a tangent we must have 

4 + 4(tt^ + 1) (1 — m^) = 0 

If we let m — > zbl, we must let a — > 0 for 2 / = mx + a to remain 
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tangent to the curve; but then the points of contact of these two 
tangents have abscissas (see above) of the form 1/0 = oo (we 
see this also by solving y — with = \). 

From this we see that y = zLx can be looked upon as the 
limiting positions of any two tangents to the curve x^ — y^ = 1 
as the points of contact of these tangents move out to infinity. 
Such lines we call asymptotes to the curve. (We do not call 
a; = 0 an asymptote to the cubic y = x^, because we picture the 
infinite point on this line as a double point of the cubic.) 

Asymptotes as well as other tangents may cut the n-ics again in 
one or more finite points, may be bi-tangents, or tangents at 
inflections, double points, etc. (finite or infinite). As illustra- 
tions, the asymptote x + y + 1 = 0 touches the curve + y^ == 
3 xy at an infinite inflection, y = 0 touches the quartic yx^ = 1 
at an infinite hyperinflection, 7/ = 0 is an asymptote of the quartic 
y^x^ = {x — ly^ + y^ and at the same time a bi-tangent with one 
finite point of contact (1,0), the line + y — l = 0is tangent to 
(x + y — l)^x = 1 at an infinitely distant double point. 

The above geometric; interpretations of infinite points of inter- 
section of lines and n-ics can be rendered more plausible by the 
following algebraic discussion; at the same time we develop 
a method of finding the asymptotes of an n-ic. Let us consider 
the general equation of the /ith degree in x 

(40) aox”' + aix^~^ + a 2 X^~'^ + asx^~^ -f . . . QrX^^^ + 

• • • + an-3X^ + an-2X^ + an-iX + = 0 

If an = an-\ = an -2 = • • • = Gn-i = 0, 0, this equa- 

tion has i + I roots all equal to zero and so equal to each other. 

Now we put a; = 1/2 in (40), multiply the equation by the 
highest power of z that occurs in any denominator, and get 

(41) ao + + a 2 Z^ + a^z^ + * * • + a^z^ + • • • 

+ an^3z''~'^ + + anZ^ = 0 

If ao = ^1 = a 2 = ^3 = • • • = a^ = 0, ai+i 9 ^ 0, then (41) has 
^ + 1 zero roots in z; and (40) has therefore by interpretation 
i + 1 infinite roots x' — ^ , since as 2 ; 0, a; = \fz 00 . 

Suppose now we want to study the curve — 3 + 2 7 /^ = 1 
for asymptotes. We first see if there are any vertical asymptotes 
(i.e., we find out if there are any values of x that when substituted 
in this equation cause the resulting equation in y to have two 
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equal infinite roots); then we solve y = mx + 6 simultaneously 
with this equation, obtaining 

x^(l ~ 3 w + 2 ni^) + 6(--3 + 4 7n)x + (2 6^ — 1) = 0 

Solving 1 — 3m + 2 nir = 0 and fe( — 3 + 4 m) =0 simultane- 
ously for 7n and 6, we get m = 1, ^ and 6 = 0; therefore the two 
asymptotes arv. y x and y = ^ x, 

V/e observe that every line y — x a parallel to the asymptote 
y — X cuts the above curve in just one finite point P((l — 2 a^)/a^ 
(1 — 2a^)/a), and similarly for every line parallel to the other 
asymptote; also that as a—^0 the point P becomes an infinite 
point. 


EXERCISES 


1. Why do we suppose that x = /? cuts y = in two coincident infinite 
points? 

2. Give an exact definition of an asymptote to an /<-ic. 

3. Prove the facts mentioned in the text about the asymptotes to the 
curves given as illustrations. 

4. Test for asymptotes (and find any such asymptotes) the curves 


X® + !/’ = 'ixy, xy = -I, = 4 px, x- + 1 / 2 gx + 2fy + c = 0, 


2 , , ** 2/^ , 

x^+r^r-, -2±p = i 


Interpret geometrically the results you get. Observe that the imaginary 
asymptotes of any circle are parallel to those of any other circle, for all values 
of gj, and c. 

5. Test for asymptotes the general conic (4). When are your results real; 
when imaginary? How about the cases when /i‘‘^ — ah = 0? 

6. By a focus of an nAc we mean a point of intersection of two tangents tj 

and <2 to the curve where /i passes through the infinite imaginary point /i, 
and t 2 through /2 (where Ii and 1 2 are the two points of intersection of the 
asymptotes of different circles, see Ex 3). For a line I to be parallel to the 
asymptote of a circle (i.e., pass through Ii or 1 2 ) we must have the equation 
of I of the form y = ±:ix + c. If we solve y = + c simultaneously with 

— 4 px^ x^/a^ ± = 1, then put the condition on c that these lines 

be tangent to the (jonics, then find the points of intersection of the pairs of these 
lines, we shall find the foci of these curves. Do so. 

7. Find the foci oi y = x^^ y - x^ + 2 /^ = 3 xy\ of (4); of x’^ A- + 
2gx A- 2fy -f c = 0. 

8. Show that, as a —^h in x^/a^ + = b the foci approach the center 

of the conic. 


45. Points of intersection of m-ics and n-ics. We shall now 
j^rove that an m-ic and an n-ic intersect in general in mn points 
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(finite or infinite, real or imaginary, distinct or coincident). We 
shall consider only the case of a conic and a cubic, but our method 
will be seen to be general. Consider the general conic (4) with 
its coefficients primed and the general cubic (38). We can suppose 
without loss of generality that the origin is not a point of inter- 
section of the two curves and that no point of intersection lies on 
X = 0, If we solve y == mx simultaneously with (4) and (38), we 
obtain two equations in x, namely 

fix) = (a' + b'n>? + 2 h'm)x^ + (2 g' + 2fm)x + c' = 0 
(j,ix) = (a + bm? -1- dm + lm?)x^ + (/ + hrn^ + km)x^ 

+ (g + jm)x + c = 0 

We can write these two equations 

f(x) = a 2 X^ + aiX + ao = 0 
<t>{x) = fisX^ + p 2 X^ + PiX + /So = 0 

where a 2 = a' + + 2 h'77i, etc. 

Multiplying /(a;) = 0 by :r and calling the result a new equation, 
then multiplying /(a;) = 0 by next multiplying </>(x) = 0 by x, 
finally replacing x^ by r, x^ by s, x^ by t, a: by u, 1 by in the constant 
terms of the equations, every time a;^, a:^, a:^, x occur in/(x) = 0, 
(l>(x) = 0, xf{x) = 0, x^f{x) = 0, and x(l>{x) = 0, we obtain the 
following five linear homogeneous equations in the five unknowns 
r*, Sj tj Uj V 

0L2T + + ao^ = 9 , 0 : 2 ''? + + olqU == 0 , 02^ + + 0L2V = 0 , 

+ ^2^ + ^\U + fi{)V == 0 , — 0 

where at{i = 0,1,2) and pj(j = 0,1,2, 3) are respectively of the 
ith and jth degrees in m. 

The necessary and sufficient condition for these five equations 
to have a solution in r, s, t, Uj v not consisting entirely of zeros is 
(from algebra) 

«2 ai 0:0 0 0 

0 02 0:0 0 

Z) = 0 0 02 oi oq ” 0 

0 P 2 Pi Po 

P^ p2 Pi Po 0 

If f{x) — 0 and (l){x) =0 have a common root x = x' for some 
value of m = m', i.e., if the line y = in'x passes through a point of 
intersection P'(x'fi/) of the conic and the cubic, then the five 
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equations in r, Sj u, v certainly have a common solution r = 
s = t — x'^, u = x\ V = ly not consisting entirely of zeros 
(since no point lies on a: = 0); therefore D = 0. This shows 
that D = 0 is a necessary condition for f{x) = 0 and 0(a;) = 0 to 
have a common root. 

To show that D = 0 is also a sufficient condition for f(x) = 0 
and 0(a;) = 0 to have a common root, we multiply the first 
column of D by x'^ and add the result to the fifth column of D ; we 
multiply the second column by x^ and add to the fifth ; the third 
by x^ and add to the fifth; the fourth by x and add to the fifth; 
and we obtain 

a 2 ai ao 0 x^f(x) 

0 a 2 ai ao xf(x) 

D = 0 0 a2 ai /(^) = 0 

0 0s 02 01 

0s 02 01 00 X(l>(x) 

Now expanding D = 0 and transposing to the right-hand side 
of this equation all the terms having </)(x) as a factor, we get an 
equation of the form (since for the variable x, D ^ 0) 

fix) (AoX^ + AiX + A 2 ) = <t>ix) (/ioa: + Bi) 

where Aq, Ai, A 2 , ^1 are algebraic expressions containing 

powers of 7n. Any value x = x' causing <t){x) to vanish must cause 
AqX^ + Aio; + A 2 to vanish or f{x) to vanish. But </)(x) = 0 
is of the third degree and so has three roots; therefore at least 
one root of <t){x) = 0 must be a root of f{x) = 0, since AqX^ + 
AiX + A 2 = 0 is only of the second degree. 

From these arguments our conclusion follows that every value 
of m = ni that causes D to vanish (and so makes f(x) — 0 and 
<t>(x) — 0 have a common root) gives us a line y = m'x joining 
the origin to a point of intersection P'(x',i/) of the conic and the 
cubic. But D = 0 is of the sixth degree in m; hence in general 
there are six such lines and therefore six such points of intersection. 

The above discussion, when generalized to the case of an 
w-ic and an n-ic, proves that two such curves generally inter- 
sect in mn points that may be real or imaginary, finite or infinite, 
distinct or coincident. For example, the two curves xy = I 
and x(x + y — 1) = 3 have the common asymptote x = 0. 
If we solve the equations of these curves simultaneously, we find 
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that the two hyperbolas have the common finite points (2,J) and 
(-1,-1). We therefore conclude that the two curves have two 
coincident infinite points of intersection on a; = 0 (i.e., they are 
tangent to each other at infinity, with a; = 0 as the common 
tangent). 

It is often very difficult to count up the mn points of inter- 
section of an m-ic and an n-ic, especially if they are tangent to 
each other at certain points, or have a double point in common, 
etc. A completes discussion of all these types of intersection must 
be left for a book on higher plane curves. 

Illustrative Example. The curves xij = 1 and + ?/^ = 4 cut each 
other in four real and distinct finite points; + 7/2 = 1 and = 4: x cut each 
other in two real and two imaginary finite ponits; = 4 x and xy = I inter- 
se(;t in one real and two imaginary finite points and therefore are assumed to 
cut each other in one real infinite point. 

Strange to say, th(^ infinite point of intersection of the last 
two curves in the illustrative example must be supposed to lie 
on the x-axis, since the //-axis touches the parabola = 4: x 
at the origin and the two axes are the asymptotes of the hyperbola 
xy = 1, This remark shows how our geometric intuitions may be 
violated by the assumption of the existence of infinite points, be- 
cause the parabola certainly appears to draw continually away 
from the x-axis and yet must be assumed to cross this axis at 
infinity. 

Next we note that if we say two parallel lines intersect in an 
infinite point, then, since the asymptotes of any two circles are 
parallel (see §44), we must suppose that all the circles in the plane 
intersect each other in two common imaginary infinite points Ii 
and 1 2 (called the circular points at infinity). This agrees with 
the facts that any two circles intersect in only two finite points, 
also that three points determine a circle, whereas it ordinarily 
takes five points to determine a conic. 

The hyperbolas xy — 1 and xy = 2 do not intersect in finite 
points, but since they both have the axes for asymptotes we 
assume they are tangent to each other at two infinite points on 
these axes, and in this way we account for their four points of 
intersection by saying they are coincident in pairs and infinite. 

The two parabolas //^ = 4 x and y^ = Sx + ^ do not inter- 
sect in finite points; but we must assume that these curves cut 
each other in four coincident infinite points on the a;-axis, because 
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every line x = h and also every line y = mx (where m ^ 0) cut 
each parabola in two finite points. 

We say we assume the existence of all the above-mentioned 
infinite points because we cannot (so to speak) go out to infinity 
and see them; but if we postulate their existence we can clear up 
many difficulties. Also, later on, we shall see how to do what 
amounts to bringing these infinite points into the finite part of 
the plane for study and observation. (Compare the transforma- 
tion X = l/x^y y = y^/x' in §12.) 

EXERCISES 

1. Why is there no loss of generality caused by assuming in the text that 
the m-ic and the n-ic do not intersect on x = 0? 

2. Describe the proof of the general case that an m-ic and an /i-ic intersect 
in fnn points. 

8. Why is D = 0 with respect to x in the text? 

4. Go through the algebraic details omitted in the text, especially finding 
the points of intersection in the illustrative examples. 

5. Prove (what is quoted from algebra) that D = 0 (in the text) is the 
necessary and sufficient condition for the existence of a solution m r, s, t, w, n 
not all zeros. 

6. How do concentric circles cut each other? 

7. Prove that if an inAv, and an /<-ic have any imaginary points of inter- 
section, these form pairs of conjugate imaginary points. Hint: What values 
of the slope m give such imaginary points'^^ 

8. Find the points of intersection of x“ -{- //“ = 1 and //“ = 4 j-, of ?/ — 
and 2/^ = 4 a*, of i/^ — x'^ and + //“ = 2, of y'^ + 2 xy 2 x =0 and 

— 2 xy 2 X = 0, of y“ + 2x-\-x“ =0 and /y“ -1- 2 x — = 0, of 

y = x^ and y = x^, of y- = x^ and ij — x^, 

9. Reproduce the proof in the text as applied to two conics, namely, (4) 
and another conic like (4) except for primed coefficients. 

46. Tangents to n-ics. We shall give two definitions of a 
tangent to a curve, one algebraic and the other geometric. The 
first definition will be useful later on. The second definition has 
been used to derive (3). 

Definition. Algebraically, a tangent to a curve is a line such 
that when its equation is solved simultaneously with that of the 
curve we obtain at least two solutions {x\y) and {x"yy") such 
that x' = x' and y' = t/". 

Thus ^ = 0 is tangent to y = x^ at (0,0) because y = 0 gives 
x^ = x^' = y' = y" = 0 when solved simultaneously with y = x^. 
Similarly, solving y = 0 with y = x^ we get x' == x" = x'" = 
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y' = 2/" = 2 /'" = 0. Every line y = 7nx cuts at (0,0) 

in two coincident points and so comes under our definition of a 
tangent; but in this case we call ^ = 0 the tangent at (0,0) because 
this line is the only one that cuts the cubic in three coincident 
points instead of two. 

Definition. Geometrically , by a tangent to a curve at a point 
we mean the limiting position of a secant through two points 
P\x\y^) and P''(x' + Ax, y' + Ay) on the curve as P'^ -^P' 
along the curve (i.e., as Ax— »0 and Ay— >0), if this limiting 
position exists. 

Note that both these definitions apply to oblique as well as to 
rectangular axes, also to axes with different-sized units, because 
no idea of the slope of a line is used. Using the two-point form 
for the equation of a line (which form is valid for all these above- 
mentioned frames of reference), we have already derived the 
equation of a tangent (3). 

If the curve is given by/(x,y) = 0, the tangent at P' is 

(42) %(x-x')+^{y- y') = 0 

OX ay 

where df/dx' and dfidy' mean df/dx and df/dy with x and y 
replaced by x' and y^ If dffdx' = dffdy' = 0, the point P' is a 
so-called multiple pomt on the curve. Thus for y^ = dfjdx' = 
df I dy' = 0 for x' = y' = 0. (We study such points in §48.) 

If the curve is given in parametric coordinates by x = <f>(t)y 
y — l^he equation of the tangent at P\<l>{t^)^ ^(^0) 

(43) </>'(0 (a:-x')+^'(0 (//-/) =0 

where dx/dt — (f)' {t)j dy/dt — \l/'(t). 

An easy way to find the tangents y = mx -f fe to a given conic 
that have a given value for m {rn being the slope* only for an 
ordinary frame of reference) is to solve y = mx -f- h simultaneously 
with the equation of the conic and determine h so that the resulting 
equation in x (or y) alone shall have a double root (i.e., two equal 
roots). For example, solving y = 3 x + 6 with x^ + y^ = 1, 
we obtain 10 x^ + 6 6x + 6^ — 1 = 0; hence, for this line to be a 
tangent, we must have 36 — 40(6^ — 1) = 0 or b = ±Vl0, 

so the two tangents are y = 3 x db Vlo. Similarly for the tan- 


* See §3 for a definition of slope. 
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gents from a point we solve y — — m(x — x') with 

the conic and determine m (as we did 6). 

This method can be used for higher degree curves, but it is 
more difficult because of the complexity of the conditions for 
higher degree equations in x (or y) to have double roots. 

For the sake of reference wc quote here (from the theory of 
equations) the conditions that the following cubic and quartic 
equations in x shall have double roots. 

The cvhic 


(44) 


Ooa:® + 3 aix^ + 3 a^x + 

as = 

= 0 



has a double root if 






(45) 

aga§ - 

6 aoaia2a3 + 4 

+ 4 

alas 

r 

c 

5 af a| 

: = 

The 

quartic 







(46) 

OoX* + 4 ai3^ + 6 a2X 

=* + 

4 asx 

- + 

a^ — 

0 

has a double root if 










Oq 

ai 

a2 

2 

(47) 

(aoat 

— 4 aiUa + 3 al)^ = 

27 

ai 

a2 

as 






a2 

as 

a^ 



We can readily prove (45) from the fact that (44) and its 
derivative 3 a^x^^ + 6 axx + 3 ^2 = 9 must have a common root 
in order that (44) have a double root. Multiplying these two 
equations, (44) and its derivative, by x, . , ., etc., and pro- 
ceeding as in §45, we obtain the condition 


Uq 3 ai 3 a2 us 0 
0 Uo 3 ai 3 a2 Us 
0 0 3 ao 6 ai 3 a2 

0 3 Uq b ai 3 a2 0 

3 ao 6 ai 3 a2 0 0 


= 0 


which (when expanded) gives us (45). A similar derivation would 
give us (47). We leave the details of all this to the exercises. 


Illustrative Examples. Suppose we want to determine h so that y = x -\-b 
shall be tangent to the cubic y = 2 + x^. Solving simultaneously, we obtain 

2a;3 -26a; - 62 = 0. Here 

oo = 2, ai = 0, 02 = —2 6/3, 03 = — 6^ 
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Substituting these values for the constants in (45), we get b^ —0 and 6® = — i 
Therefore the four tangents are y = ?/ = x — 2 'v/2/3, and y — x a 

where a is either one of the imaginary roots of6^ — 2\/2/3 6+ 4'\/4/9 = 0 
(the se(!ond factor of equated to zero). Note that 6^ = 0 means 

three coincident tangents are accounted for by y = x. (The origin is a double 
point for the cubic with y — x,y — — jc as tangents.) 

Next suppose we want y = x + bio he tangent to 4 ?/ = x^. The resulting 
equation in x is — 4 a* — 4 =0, where ao = 1, ai = a 2 = 0, aa = —1, 

04 = —4 5. From (47) we get b = ±2 V^3/9, so the two tangents are 
y — X ziz 2 V^3/9. 

If we want y — x -\- h to be tangent to 5 ?/ = we have — 5 a; — 5 5 = 0, 
with the derivative x"^ — \ =0; hence x = =bl,±i (which are the abscissas 
of the points of contact of the desired tangents) and 6 = ^ (a^ — 5 a) where 
a — itljrfc i. 


EXERCISES 

1. Complete the derivations of (45) and of (47). 

2. Prove that /(a*) = 0 has a double root if f(x) =0 and/'(x) = 0 have 
a common root. 

3. Show why (45), (47), and Ex. 2 give necessary and sufficient con- 
ditions. 

4. Show that (0,0) is a double point on y^ = x^ by solving with y = mx 
(in arbitrary). 

5. Determine b so that y ~ 2x -\-b shall be tangent to the sextic Zy = x®. 

6. Derive (42) and (43). 

7. Show that if ao == 0 in (45) and ao = ai = 0 in (47) these conditions 
for double roots become the ordinary condition that the resulting quadratic 
equations (44) and (40) shall have double roots. 

8. Show that there are ordinarily six tangents to a cubic from a point 
P'{x',y'). Hint: Take P' as (0,0); solves = mx simultaneously with (38), 
use (45) on the resulting equation in x. What is the degree in m of the new 
equation obtained by using (45)? How does this prove the theorem? Why 
is there no loss of generality in taking P' as (0,0)? 

9. Show that there are ordinarily twrlre tangents to a quartic from a point. 

10. Show that (0,0) is a double point on (38) if and only \i c = g = h = 0. 
Hint: Solve y — mx with (38). The resulting equation in x must start 
with the term in x^ for every value of m. (Why?) 

11. Show that li c = j — h — {) in (38), (0,0) is a point of inflection with 
a; = 0 as tangent. 

12. Show how many tangents to (38) there are from P'(0,0) if P' is an 
ordinary point on (38); if P' is an inflection (use Ex. 11). 

13. Why can there be no tangents to the cubic (38) from P' if P' is a double 
point on (38)? 

14. Find the tangents to y = x^ parallel to ^ = x; the tangents to y — x^ 
parallel to y — 2 x. 

15. Find the tangents to xy — \ that are parallel to ^ = — 3 x; parallel to 
y = 3x. 
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16. Find the tangent to a;® + 2 /^ = 3 xy at (f , | ) ; the tangent to y = 
x{x — \) (x — 2) at the point where x — at the point where x = 

17. How are parallel tangents to a curve included under the term tangents 
through a point? 

18. Describe how the coordinate axes and lines parallel to them cut the 
curves y = x^, x^y = 1, x^y — x“ — y^. 

19. Show analytically that (3,0) is an inside point with respect to 

— 2/^ = 1 and an outside point with respect to + t/^ = 1. Compare §39. 

47. Points of inflection on n-ics. Definition. A point of in- 
flection (or briefly an inflection) on an n-ic is a point where the 
tangent intersects the curve in three coincident points , but every 
other line through P cuts the curve there in only one point. A 
point of hyperinflection is such a point as P, only with the tangent 
interse(*ting the curve there in four or more coincident points. 

Thus (0,0) is an inflection for y = and y = + y — 1) 

with 2 / = 0 as tangent, but a hyperinflection for 2/ = 2/ = x®, 

2/ = x'^(2 X + 1 ), . . . , 2 / = x" (for n a positive integer > 3). 

An interesting way to test cubics for inflections is as follows. 
Consider the cubic 2 /^ = x^. Solving this cubic with y = inx + 6, 
we get 

x^ — m^x^ — 2 bmx — 6^ = 0 

If 2/ = 'mx + 6 is to be the tangent at an inflection, then this 
equation in x alone must have three equal roots, i.e., it must be 
of the form 

(48) x^ + 3 cx^ + 3 c^x + = 0 

From this we get 3 c = — 3 = —2 bm, c^ — —5^. Hence 

we have 9 = 4 = 4 • • 3 c, giving us = 0, so m = 6 = 0, 

and there is no other possible tangent apparently than 2 / = 0. 
But (0,0) is a double point on y^ = x^ with 2 / = 0 as tangent. 
(We shall see later on that we must suppose this cubic to have an 
infinite point of inflection on the 2 /-axis with a tangent that con- 
sists entirely of infinite points. One way to see this is to note that 
the transformation x = x' /y\ 2/ = sends y — x^ into 

= x'\) 

The method is to eliminate m and b between the three equations, 
solve the resulting equation in c, then substitute the roots back 
into the equations that determine m and 6. We saw above that we 
may also stumble onto double points. (Why?) 

We now show that the ordinary method of the calculus for the 
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finding of finite inflections on curves will apply also to oblique 
coordinates. This method consists in solving simultaneously 
the curve f(Xjy) = 0 and the equation (fyjdx^ = 0 where 

^ --p- • From (2) and (2') we see that (for oblique co- 

dx df/dy 

ordinates with the same x-axis and origin) we have 


dx' = dx — dy cot co, dy^ = dy esc oj, 


dx' 


dx 


CSC 0) 


dy 

1 cot O) 

dx 


Hence we have 


dW _ d /dy'\ _ d /dy'\ dx d /dy\ 
dx'^ dx\dx/ dx\dx/dx' dx\dx') dx' 

dx 


d^y 


(1 — ^cot 
dx 


Therefore if d^yfdx^ — 0, then d^y'/dx'^ = 0; and, conversely, 
if d^y'jdx'^ = 0, then d^yfdx^ = 0. This shows that in order to 
find points of inflection on a curve /(x,?/) = 0 referred to oblique 
axes, we do the same as for rectangular axes (i.e., we solve 
fi^yV) ~ 0 simultaneously with d^yjdx^ = 0). For example, 
y = x^ — 3 x^ gives d^yjdx^ = 6 x — 6, so the only finite point of 
inflection is (1,-2). 


EXERCISES 

1. Check over all the algebra and calculus in the text. 

2. Why is there no loss of generality in the last paragraph of the text in- 
curred by using (2) instead of (1), or of (1) and a translation? Hint: One 
way is to show what (6) and (7) do to (t^y/dxr. 

3. Test for inflections (by the algebraic method in the text) the cubics 

— 3 xijy y — x“y y = y — x^. 

4. Use the calculus test on the cubics of Ex. 3. 

5. Make up a method of testing quartics for hyperinflections similar to the 
algebraic method of testing cubics for inflections. Use this method on 
2/3 — x^f y = x^ — x^j y — x^ — x^. 

G, Look up in a calculus textbook the discussion of points of inflections on 
curves. 
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48. Multiple points on n*ics. We noted in §46 that the equation 
(42) or (3) of a tangent to a curve /(x^y) = 0 at a point P\x',y') 
becomes indeterminate if df/dx — df/dy = 0 for x = x^ and y = y'. 
In this case is called a multiple point on the curve. 

To discuss multiple points on n-ics we must consider TayloPs 
formula for the expansion of a function of two variables. We shall 
first derive this formula. If we put x — x' + \ Ax, y = y' + ^ Ay 
in fix^y), we obtain /(x' + X Ax, ^' + X A^). This last is a 
function of X alone if x', y\ Ax, Ay are constants and we put 
f(x' + X Ax, y^ + X Ay) = </)(X). Expanding this function </)(X) 
in powers of X by Taylor's theorem for a function of one variable, 
we obtain 

fix' + \Ax,y' + \ Ay) = ,#,(\) = <^(0) + <^'(0)X + 

+ ••• + <#.(”) (O)X’* 

But we have 

<^>(0) = fix',y'), <l>'(\) = ^Ax + ^Ay, <#,'(0) =Xax 

OX dy dx 

+ ^ Aj/ (since x = x' Ax, y = ij’ \ Ay), , . 
ay 


where in) is symbolic and this last expression is short for 
3"/ „ dj „_i 


2 ! dy'^^ + • - + 


(wherein d^jdx'^ means d'^fjdx^ with x and y replaced by x' and 
y\ similarly for the other derivatives). 

From this we obtain Taylor's expansion for a function of two 
variables 

(49) /(/ + X Aaj, j/' + X Ay) = fix’,y’) + X Ax +~Ay^ 

, \^/d^f —2 d^f d^f _ 2 \ 

2\ + JJ~2^y ) 


dx' dy' 
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4 .^ 7 ^ ^3 

*^3!Va:'3 ^ ^ dx'‘^ dy 


d^f 2 

■' jAx^Ay + 3 


A T-2 
Ax Ay 


dy' 


dx' dy'^ 

(n) 


+ '^^2/ 




The last term in (49) may also be written \^f(AXyAy). 

The equation of the secant through P\x\y^) and a point 
P"(x' + Ax, y' + Ay) has the form {y — y')l{x — x^) = Ay/ Ax. 
From this equation we find 

(50) y — y' = \ Ay, x — x' = \ Ax or y = y' + \ Ay, 

X = x' + \ Ax 

Instead of solving (y — y)/{x — x') = Ay /Ax simultaneously 
with the equation of the n-‘icf(x,y) = 0 so as to get the points of 
intersection of this secant and the curve, we can substitute x 
and y from (50) in/(x,^) = 0, giving us 

fix' + X Ax, y' + X Ay) = 0 

This last equation, which is really (49) equated to zero, is an 
equation in X alone, since x', y', Ax, Ay are all constants temporarily. 
The roots Xi, X 2 , . . Xn of this equation give us the coordinates 

(x' + Xi Ax, 7 /' + Xi At/), (x' + X 2 Ax, y' + X 2 Ay ), . . ., 

ix' + X„ Ax, 1 / + \n ^y) 


of the points of intersection of the secant and the curve. 

Ordinarily, since /(x,^) = 0 is an ?i-ic, (49) is of the ??th degree 
in X. Thus we have proved again (incidentally) that a straight 
line cuts an nth degree curve in n points. 

Now if P' {x ,y) is a multiple point on fix,y) = 0, then 
fix ,y') = df/dx' = df/dy == 0 and the equation in X has at 
least one double root, namely X^ = 0, which means that every 
secant through P' cuts the /i-ic at P' in at least two coincident 
points. 

If one (or more) of the second partial derivatives of fix,y) 
does not vanish at P' , this point is called a double point on the 
curve (or a rmdtiple point of order two). 

If d‘^f/dx'‘^ = d^f/dx'dy' = d'^f/dy '^ = 0, but one (or more) 
of the third partial derivatives does not vanish at P' , every secant 
through P' cuts the curve at P' in three coincident points, and 
is called a triple point (or a multiple point of order three). Similarly, 
a curve may have multiple points of still higher orders. 
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If P' is a double point on the curve, we replace \ Ax by x — x' 
and \ Ay by y — in the equation 


dx 

and get the equation 
(51) 


dx 


- x'f + 2 — 7 -^ - ^') (y - v') 

^ dx dy 


dy' 


+ ^2(2/ - 2/')- = 0 


This equation gives two straight lines that are said to be the 
tangents to the curve at the point P' , since the values 


y - y 

X — X 


y - y 

ru 7 = ^2 

X — X 


that respectively satisfy (51), or in other notation 

y — y^ = >iAy\ X — x' = \ Ax and y — y' = \ Ay\ 

t ^ — " 

X -- X = \ Ax 


when solved simultaneously with the curve cause (49) when 
equated to zero to have at least a triple root = 0, i.e., these 
two lines cut the n-ic at P' in three or more coincident points. 


According as 


/ d^/ Y 

\dx' dy') 


dx'^ 


d^f > 


dy 


7^ ^ 0, the two lines (51) are 


real and distinct, real and coincident, or conjugate imaginary, 
respectively; and P' is called a crunode, cusp, or acnode (or isolated 
point) in these three cases. For example, y^ — x^ x? has a 
crunode at (0,0) with tangents y = dbx; y^ — x? has a cusp at 
(0,0) with ^ = 0 as tangent; y^ = x^ — x^ has an acnode at 
(0,0) with tangents y = dzix. 

Note that if (0,0) is on the n-ic (39), the terms of lowest degree 
in X and y when equated to zero give the tangent (or tangents) 
to the n-ic at the origin. (Why?) Thus (if a = 0) in (39) 

h^x + hiy = 0, or + 2 cixy + C 2 y^ = 0 (if bo = = 0) 

or dox^ + 3 d\x^y + 3 d 2 xy^ + d^y^ = 0 


(if bo = bi = Co = Cl = C2 = 0) 
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etc., give us the tangents to (39) at (0,0) ; and (0,0) is, respectively, 
an ordinary point, a double point, a triple point, etc. 


Illustrative Example. To test the curve 

— Sy^ — 6 x^y + 12 xy^ — x‘^ + 2 xy — y^ - 0 
we solve this equation simultaneously with 

- \2Ty + V2y^- ~2x + 2y =0, ^ ^-24y^ -6x^ 

OX (jy 

+ 24 xiy H- 2 r — 2 y ~ 0 
dH dH d-f 

and get x' ^ 2 / = 0. Here — = - -2 and = 2, so (0,0) is a 

dx dy 

cusp with tangent (51 ) reducing to y = x taken twice. 


If P' is a triple point on the yi-ie, the curve has at P' three 
so-called tangents given by the equation 

( 52 ) + 


Qij 




dx' dl/‘^ 


dy' 


each of which tangents cuts the curve in at least four coincident 
points at P' , 

Similarly there are four tangents at a quadruple point, five 
tangents at a quintuple point, . . ., n tangents at an /?-ple point. 
Also these tangents may be real or imaginary, distinct, or some 
or all of them coincident. Also some of the tangents at a multiple 
point of order r may cut the curve there in more than r + 1 
coincident points. Thus for the curve xy = + y"^ — y^ the 

origin is a node with ?/ = 0 as a tangent intersecting the curv^e 
there in four coincident points instead of three. 

We call attention to the fact that our definition of the tangent 
as the limiting position of secant P'P" actually gives us tangents 
at a double point P' that cut the curve there in at least three 
coincident points (the limiting position of the double point P' 
and at least one other point of intersection of the secant with the 
curve as P'' — > P'); a similar remark applies to a multiple point of 
higher order. 

We can discuss a multiple point P' very readily by translating 
this point to the origin. 
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Finally we note that our discussion of multiple points is valid for 
oblique axes as well as for rectangular, and even for different-sized 
units on the axes. 

As illustrations of our discussion we see that has a 

cusp at (0,0) with tangent y = 0 that cuts the curve there in 
five coincident points (and so is said to have quintuple contact 
there with the curve). The curve y(y — x) = x^y + x^ has a 
crunode at the origin whose tangents y = x and ^ = 0 have 
respectively quadruple and quintuple contact there with the 
curve. Note that every other line y = mx through the origin 
cuts this curve in points given by 'ni{m — \)x^ = mx"^ + x^, 
i.e., in two points at (0,0) and in three other points given by 
0 ? + = m{yn — 1); also as m — > 1 two more of these points 

approach the origin (because this last equation approaches the 
form = 0), but as in — >0 three more of these points 

approach the origin. The tangents at the origin to the curve 
y^ = x^{x + \) are given by = 0 and so they are y = x, 

y = ( — IdzVSi) x/2. The tangents to (.T^+ t/^) {x^ — y^)y = x^ 
at the origin are y = ±a:, y = ztix, y = 0. 

Suppose a quartic curve has a triple point P' with three real 
tangents, two of them coincident. If we take P' as (0,0) and 
the tangents as a;^ = 0 and ^ = 0, then in the n-ic (39) we have 
n = 4, a == 6o = = Co = Cl = C 2 = do = c /2 = ds = 0, 5*^ 0, 

C0C4 9^ 0. 

EXERCISES 

1. Give an exact definition of a multiple point of order r on an w-ic. 

2. Prove that the last term in (49) may be written \^f{AXjAy). Hint: 
Put X = 1/m, expand {I / n)/ (fxx' + Ax, m 2C' + A?/), then replace m by 1/X. 

3. How do we get from {y — y')/{x — x') - AyjAx the equations y — y' 
— X Ay, X — x' = X Ax? 

4. Prove that each of the tangents given by (52) cuts the curve in at least 
four coincident points. 

5. Check all the algebra in the text. Answer the queries (Why?). 

6. Why cannot a cubic have two double points? 

7. Show that the necessary and sufficient conditions for the origin to be a 
point of inflection on the n-ic (39) are a = 0 and h[sx biy a factor of cqx^ -p 
2 cixy -f C2?/^. 

8. Suppose (39) is a quartic with a triple point at the origin whose tangents 
are x — 0, y = 0, y = x. What about the coefficients of (39)? 

9. If the equation in X in the text for an n-ic /(x, 2 /) = 0 is of degree lower 
than the nth, how must we interpret this peculiarity? 
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10. What sort of multiple point is the origin for the curves x^y^(x^ -f- 2/*) 

(x^ — 4 2 /^) = (a; + = x\ x^ + y"^ = x^? Find the tangents at the 

origin. 

11. Test the following curves for multiple points, determine the nature of 
these points, the equations of their tangents, and the order of contact of these 
tangents: 

Hx - 1)3 + ( 2 / - 3a: + 2)2 = 0, (x^ + - 1)3 + 27 xh/ = 0, 

(a;2 — l)^y = (2/2 — 2) 2a;, a;^ — 2 ay^ + 3 — 2 02^2 + = 0 

12. Prove that a quartic curve cannot have a triple point P' and a double 
point P", or more than two collinear double points. Hint: In how many 
points would the line P'P" cut the quartic? 

13. Make up examples of curves with multiple points at the origin whose 
tangents have differing orders of contact. 

14. Prove that a quartic cannot have four double points. Hint: In how 
many points would a conic through the four double points and a fifth point 
on the quartic cut this curve? 

49. Parallel lines and the line at infinity in a plane. Let us 

consider the following figure to see what is meant by two lines 
I and m in a plane being parallel. Suppose a line to rotate in 
counter-clockwise direction around a point P and in its various 
positions 7n'j in!" , . . ... to cut a fixed line I 

in the points R" , R"\ . . Rsy R 2 , Ri, . . . , respectively. As 
this line rotates, its point of intersection R with I passes through 
the positions R! y R" y R"\ etc., to the right, then comes back 
from the left through R 2 , Rij etc. 



In plane geometry and in elementary analytic geometry it is 
assumed that when the rotating line reaches the position m (where 
it is said to be parallel to l)y then its point of intersection R with I 
ceases to exist. Note that this is a mere assumption because we 
cannot follow this point of intersection R out there and investigate 
its behavior. 

In projective geometry we assume that R does then exist in a 
unique position ft 00 (of course fta is not a finite point), and we call 
ftoo the point at infinity on 1. 

For many reasons we do not assume the existence of two such 
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I)oints at infinity on I (one in each direction). If we did so, then 
two distinct parallel lines would intersect in two (infinite) points; 
but two finite points determine a line, and we should want infinite 
points (which are the limiting positions of finite points) to behave 
Wka finite points. 

Also from the above figure (where n is taken parallel to m3) 
we see another reason for assuming the existence of one and only 
one infinite point on a line. By means of the lines through P 
there is established a one-to-one correspondence between the points 
of I and those of 71 (compare §29) such that to each point R\ 

. . ., R 2 j Riy ... on I there corresponds a unique point 
T\ r'", . . ., T 2 y T\y ... on n (and conversely), with the 
exceptions of T and Rs. We can remove these exceptions by assuming 
the existence on I of one and only one infinite point /ioo to cor- 
respond to T, and the existence on n of one and only one infinite 
point Too to correspond to Rs. 

Note that the above argument is all based on the assumption 
that through a given point P there is 07ie and only one line m parallel 
to a given line 1. If we assume there are two such parallel lines 
through P (one obtained by rotating m counter-clockwise around 
P, the other by rotating m clockwise), then we should postulate 
the existence of two infinite points on each line. 

Two lines I and V that are not parallel must be supposed to have 
distinct points R^ and R' ^ at infinity. We assume the locus of 
all these points in a plane to be a straight line l^ that lies en- 
tirely at infinity (i.e., consists entirely of infinite points) because 
any line cuts this locus in only one point. We call l^o the line at 
infinity in the plane. 

We can look upon l^ as the limiting position of any line ax + 0y 
~ 1 = 0 as a — » 0 and — > 0, i.e., as the intercepts of this line 
become infinitely great (that is, grow beyond all bounds). (Com- 
pare §25.) In preceding sections we have spoken about a line 
consisting entirely of infinite points (compare §47); now we shall 
call such a locus the line Zoo that consists entirely of infinite points 
or the infinite line Zoo- 

This assumption of the existence of R^ on a line I and of Zoo in 
a plane t is amply justified by its usefulness, and also it does not 
conflict with any other part of mathematics. From now on we 
shall say that any two lines in a plane intersect in a point R finite or 
infinite. 
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EXERCISES 

1. Look over the preceding sections of this book for any mention of infinite 
points and of infinite lines, and note how all such previous discussions natu- 
rally point toward the assumption of the existence oiLj^, 

2. Generalize to a space of three dimensions the above discussion of infinite 
points. Show why we assume the existence of a plane at infinity 

3. Explain how the assumption that there is an infinite point on each line 
does not contradict the theorem from plane geometry that parallel segments 
included between parallel lines are equal. 

4. Using the assumption of the existence of Zqo and referring to §44, prove 
that an n-ic can have at the most n asymptotes. 

5. Explain why an w-ic may have less than n asymptotes. How about the 

parabola, the cubics y = and == 3 xy? 



CHAPTER VIII 


CONICS AND LINEAR FAMILIES OF CONICS 

50. Poles and polars with respect to conics. We have already 
seen that the tangent to the conic (4) at the point P\x\y') is 
(5) or (after rearranging the terms) 

(53) (ax' + hy' + g)x + (hx' + by' + f)y + (gx' + fy' + c) = 0 

There is no such simple formula for the tangents to the general 
n-ics (39). 

If does not lie on the conic (4), we call the line (53) 

the polar of P^ with respect to the conic and P' the pole of (53). 
Compare §25. 

The condition that the polar (53) of P' shall pass through a 
point P"(x'\y'') is 

(54) ax' V + bi/'y' + c+ f(y" + i/) + (x" + x') 

+ h{xY + = 0 

Interchanging x' and x", i/ and ?/" in (54) does not change the 
equation but does give us the condition that the polar of P" 
passes through P'. Therefore we have the theorem: 

Theorem. If the polar of a point P' with respect to a conic 
passes through P", then the polar of P" passes through P'. 

If P' lies on the conic (4), the polar (53) is then the tangent 
at P', but the equation (54) and its results are still valid. 

Let us take the point of intersection P of two tangents ti and ^2 
(real or imaginary) with points of contact Pi and P 2 , respectively. 
Since P lies on ti (the polar of Pi), therefore the polar p of P 
must pass through Pi, similarly p must pass through P 2 . Hence 
the polar of P is the line joining the points of contact of the tangents 
to the conic from P. If P is outside the conic, this gives us a 
method of constructing the polar of P (since then t\ and <2 are 
real). 

If P is inside the conic, any chord through P cuts the conic in 
two points Pi and P 2 whose tangents ti and ^2 intersect on the 
polar of P (since the polar of their point of intersection is the given 

110 
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chord through P). Taking two such chords we can determine the 
polar of P as the line joining the two poles of these chords. 

Note that the polar s of all the points on a line p are lines through 
a point Py and conversely. (Why?) 

Let us consider the close connection between the relation of pole 
and polar and the relation called plane duality. We can dualize 
the construction of the polar of an outside point and we get 
exactly the construction of the pole of a line that cuts the conic 
in two real points, and similarly for the construction of the polar 
of an inside point. (We leave the details for the exercises.) 

In fact, to take the polar of a figure or theorem with respect 
to a conic (if we use infinite points and lines as well as finite) is 
exactly similar to taking the plane dual of a figure or theorem; 
because in either case we replace the words point by line, line by 
point, collinear points by concurrent lines, concurrent lines by 
collinear points. However, in taking the plane dual we do not 
presuppose any conic and the pole and polar relation as a machin- 
ery. In all probability the pole and polar relation originally sug- 
gested the idea of plane duality. 

Illustrative Example. The polar of the focus (p,0) with respect to 
1/2 = 4 px is ?/ • 0 = 2 7)(x + p)» which is the directrix. The pole of 3 x 4- 
2 y = I with respect + P“A) = 1 is obtained by taking the polar form 

+ yy'/^ = 1 and from this getting .r'/16 = 3, y'/9 — 2, so the 
desired pole is (48, 1^^). 

T.et us take up another use of tangents to conics and of poles and polars. 
Suppose we want (0,0) to have the polar x y — 1 — 0 with respect to (4) 
and (1,0) the polar x = 0. The polar of (0,0) is 

gr -hfy 4- c = 0 
so we have g = f = —c. The polar of (1,0) is 

(a 4- 4- (^ 4-/)?/ 4- ((7 + ^) = 0 

so we have — g-{-c=0 and a g ^ 0. Therefore (4) has the simpler 

form 

ax^ 4- bi/ 4- g{-l +2y + 2x - 2xy) =0 

Next let us reduce the equation of a hyperbola to a simple form by referring 
its equation to its asymptotes as rectangular or oblique axes. (This is equiva- 
lent to making an aftine linear transformation of coordinates considered as an 
alias.) In this case .r = 0 when solved with (4) must give an equation of the 
form 0*//‘^4-0*y4-c=0 (from the definition of an asymptote), hence 
we must have h = / = 0. Also y = 0 must give 0 • 4- 0 • :r 4- c =0, 
hence a — g = 0. Our hyperbola has now the equation 2 hxy + c = 0, 
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where ch 0. If we put x = 1/2 x', y = —clhy', and divide the equation 
through by c, we get the well-known form x'y' — 1. 

Definition. If a point P" lies on the polar of P' with respect 
to a conic C (and therefore P' lies on the polar of P" with respect 
to C), then P^ and P'' are called conjugate 'points with respect to C. 
Also, dually, if a line Z" passes through the pole of a line V with 
respect to C (and therefore V passes through the pole of Z"), then 
l' and are said to be conjugate lines with respect to the conic C. 

We shall take up again, later on, the discussion of pole and 
polar and of conjugate points with respect to a conic. We shall 
then show (see also in the exercises below), among other things, 
that the pole of any diameter lies on its conjugate diameter; hence 
the name conjugate diameters (since these two diameters are 
conjugate lines with respect to the conic). 

Illustrative Exampi.e. Let us find the point on jj = x conjugate to 

(1.1) with respect to x^ + = 4. The polar of (1,1) is x -h y — 4, which 
cuts 2 / = X in the desired point (2,2). Dually ^ let us find the line through (1,1) 
conjugate to x + y =2 with respect to this circle. The pole of x + y = 2 is 

(2.2) , hence the desired line is 2 / — x. 


EXERCISES 

1. Prove that the necessary and sufficient condition for the polar of 
P'iPyU') with respect to (4) to pass through P' is that P' lie on (4). 

2. What form does the equation (4) take if the polar of (1,1) is ?y = —x 
and the polar of (1, — 1) is y = x? 

3. Taking the asymptotes of a hyperbola (4) as // = x and y = — x, reduce 
its equation to the form x^ — y^ = 1. 

4. A triangle is said to be aelf-polar with respect to a c.onic C if its sides 
are the polars of the opposite vertices with respect to C. Prove that if two 
vertices of a triangle and the sides opposite them are pole and polar with respect 
to Cy then the triangle is self ~ polar. 

5. Find the pole of2x-l-3// — 4=0 with respect to x‘^/25 + y^/lb = 1; 
with respect to xy = 1. 

6. Find the point on y = i) conjugate to (3,0), to (7 — i,0), with respect 
to x‘'^/25 + 2/^/16 = 1. Find the line through (0,0) conjugate to y = 0 with 
respect to the conic x^ — 2 xy -f- 4 2 /^ — 7x -f- 2 y =3. 

7. Make up a pair of conjugate points and a pair of conjugate lines with 

respect to the conic 7 x^ — 9 = 1. 

8. We have a pair of conjugate points P,P' with respect to a conic C and 
lying on a line I that cuts C in the two points Pi, P 2 . Where does it show 
(incidentally) in a previous section of the text that P, Pi, P', P 2 form a har- 
monic set? How does it follow that if Pi = P 2 (i.e., if I is tangent to C), then 
P' Pi = P 2 and P is any point on Z? 
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9. Prove that a pair of conjugate points P,P' with respect to a conic C 
must either lie both outside C, or one inside C and one outside C. 

10. Prove that the polars of all the points on a line p with respect to a conic 
C are lines through a point of p, and conversely. 

11. In the reduction (in the text) of the hyperbola to the form x'y^ = 1, 
state fully why x = 0 must give O-t/^+O-y + c =0. 

12. Find two distinct self-polar triangles with respect to the conic xy = — 1. 

13. Dualize the construction derived in the text for the polar of an outside 
(inside) point with respect to a conic. 

51. Some applications of poles and polars with respect to a 
conic. In §25 we saw that the polar of a focus of a conic with 
respect to this conic is a directrix; hence from §50 we observe 
that the tangents at the two extremities of any focal chord (i.e., 
chord through the focus) intersect on the directrix corresponding 
to this focus. Also the polar of the center (0,0) of a conic x^/a? ih 
= 1 (or + if' = r^) is a line with equation of the form 
0 • x/a^ + 0 • y/f = 1 (or 0 • a; + 0 • 2/ = r^). We interpret this 
equation as giving a line consisting entirely of infinite points 
(i.e., If). Therefore the tangents at the ends of a diameter must 
be parallel. 

Again we note that to find the pole of a: = c with respect to 
x^/a^ ih y'^/h^ = 1 we take the polar of P\x\y^) in the form 
X dz yxj — f I f . This equation is to be a; = c, hence 
= c, 2 /^ = 0 and the required pole is (a^/c, 0). As c— >0 
this pole approaches the point (oo,0), which we interpret as the 
point at infinity on 2 / = 0. A similar result holds for the pole of 
X = 0. Therefore the two axes and the line form a sort of self- 
polar triangle with respect to these conics. (See Ex. 4 in §50.) 

To obtain the result concerning conjugate diameters that is 
quoted in §50, we take y = mx + c. We put the polar of P\x\f) 
with respect to x^/o? i yi^/lP = 1 in the form ±Lh^xf la^f + 2/ = 
zh6^/2/^ This must be the line — mx + 2 / = c, hence zhb^fy^ = c 
and dtb^x' / ah/ = — m. This last equation shows that the pole 
of y mx + c lies on the line through the origin whose equation 
is 2/ = dz6^/a^mx. As c — > 0 and y = mx + c approaches the 
diameter, then / {= ±6^^) oo but the pole P\x\x/) still 
lies on 2/ = ^flfmx. Therefore we see that the diameters with 
slopes m and m' connected by mm' = are conjugate lines 

with respect to the conic ± y^ If = 1. 

Finally, we shall use the result in the first paragraph of this 
section to find the center of the conic (4). If P' {x\/) is the center 
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of (4), its polar (53) must be of the form 

0 • a; + 0 • y + (gx' + fy + c) = 0 
(Why?) Hence we must have 

ax^ + hy' + g = 0, hx' + by' + f = 0 

giving us the center 

/ ^ -^(7 +fh , ^ hg - af 
ab — ^ ab ~ 

if ab — 9 ^ 0. (Compare this brief derivation of the center with 

the one given in elementary analytic geometry.) 

If ab — = 0, either = oo or y' = oo or both are infinite 

(i.e., the center is an infinite point); or we have 

-bg + fh = hg - af = ab - = 0, ^ = 5 

To interpret geometrically the last possibility we remark that the 
discriminant F of the conic (4) can then be written 

r s c(ab - h^) + g{-bg 4- /A) +/(% - a/) = 0 

Therefore the conic is degenerate. In fact, it can be shown that 
the conic is then a double line. 

For a parabola (F 5*^ 0, a5 — = 0) we find above that the 

center is an infinite point. We assume, therefore, that the center 
P' lies on the conic and the polar (/^) of the center P' touches 
the conic at P' , This agrees with the fact that the parabola has 
no asymptotes. (Why?) Thus we assume that the parabola 
y^ — A px has an infinite center on the x-axis, since for this curve 
hg — aj = {) so y' = 0/0, but —bg+fh = 2p so x' = 00 . 
Compare Ex. 5 under §49. 

EXERCISES 

1. Look up the derivation of the center of a conic as given in elementary 
analytic geometry. Find two different derivations. 

2. Answer all queries (Why?) in the text. 

3. As was done in the text for x = 0, so, similarly, find the pole of y = 0 

with respect to x^/a^ zb — 1. 

4. Show that if the x- and y-axas are taken as conjugate lines with respect 
to the conic (4) and the polar of the origin is then the equation of this conic 
can be reduced to the form x^/a^ + y^/h^ = 1. (This is the converse of the 
discussion in the text.) Hint: What is the pole of x = 0 (of ?/ = 0) with 
respect to (4) and the polar of (0,0)? 
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5. Find the centers of the conics 

- a;?/ + 2 2/2 4- 3 a; - 2 2 / = 4, -f + 2 gx + 2 /?/ + c = 0 

Do this in two ways, first by the formula and then by the condition that foo 
must be the polar of the center. 


52. A use of poles and polars to derive the discriminant of a 
conic. Now we shall give another derivation of the diseriminant 
of a conic (4). Compare §19. First we prove that the polar of 
every point where i — 1,2,3, etc., does not pass through 

a point P" ;y") if the conic (4) is non-degenerate but does pass 
through such a point P'' if the conic (4) is degenerate. 

We prove this fact for the normal forms of these conics. Thus, 
if the three polars of three non-collinear points P\, P^y P3 with 
respect to x^/n^ + y^/l)^ = 1 pass through P" {x\y")y we must 
have 




+^ = i 
i- 52 




x.,x 


vW' 


- 1 _ 1 

' a" fe" 


For these three equations to be satisfied by P'\x^^ ,y") we must 
have 


Xj/a^ y[/b^ —1 

1 

y[ 1 

2 / 2 /^-'^ -1 


4 2/2 1 

y'a/b^ - A 

4 2/2 1 


But then the points P^, P3 are collinear (contrary to hypothe- 
sis). We leave to the exercises the similar discussions for 
y^ — ^ pXj x^ /(P — 'IT I — 1, or XT' + ^^y^ + 7^ = 0 (the im- 
aginary non-degenerate conic). 

Next we consider the polars of P\x ,%/) with respect to the de- 
generate conics 

2xy = = 0, = 0 

namely 

xy^ + x'y = 0, xx' + yy' = 0, xx' = 0 

For every point P^(x^,2/0 these polars with regard to any one of 
these degenerate conics all pass through the same point (0,0). 

The above discussion shows that a necessary and sufficient 
condition for a conic C to be degenerate is that the polar of every 
point Piix'ijyi) where i = 1,2,3, etc,j with respect to C shall pass 
through a common point P^\x" jy"). Consider the general conic 
(4), the polar (53), and the condition (54) that (53) shall pass 
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through P". Rearranging (54), we obtain 

( 54 ') {ax" + hy" + g)x' + (hx" + by" + f)y' 

+ igx" + fy" + c) = 0 

This equation (54') must be satisfied by every pair of values 
of x' and y'. Therefore we must have 

ax" + hy" + g = 0, hx" + by" + f = 0, gx" + fy" + c = 0 


The necessary and sufficient condition for these three linear 
equations in two unknowns to have a common solution x", y" is 


r = 


a h g 
h h f 
g f c 


= 0 


Thus we arrive again at the discriminant of (4). 


EXERCISES 

1. In the text we took the normal (standard) forms for the equations of the 
non-degenerate (and degenerate) conics to prove the polars of all points P' 
non-concurrent (concurrent). Why was there no loss of generality? 

2. Why was the condition in the test for (4) to be degenerate (namely, 
that all polars are concurrent) both ne(;essary and sufficient? 

3. Discuss 2 /^ = 4 px, — y^/h^ — 1, -f -f -y 2 _ q 

polars of P'i as x^/a^ + y^/h^ = 1 was discussed in the text. 

4. Prove the algebraic condition quoted in the text for (54') to be satisfied 
by every pair of values of x' and y' . 

53. Intersections of conics. Ordinarily two conics Ci and C2 
intersect in four points Pi, P2, P3, P4. If we enumerate all the 
possible ways for Ci and C2 to intersect when the points Pi, P2, 
Psf P4 are all real, we have (a) all the points distinct^ ( 6 ) Pi = P2 
and P3 9^ P4, (c) the points coincident in pafrs, (d) three of the 
points coincident y (e) all four points coincident. 

We can show that the five possible types of intersection of two 
conics exist by giving a numerical example of each case, as follows : 


(a) 

xV9 + 2 /VI 6 

= 1 

and 

xVie + 

2/V9 = 1 

(b) 

y^ = 2x 

+ 4 

and 

y^ = 4 X 

+ 4 

(c) 

x^ + y^ = 

= 16 

and 

a:Vl 6 + 

J/V9 = 1 

id) 

2/2 = 

4 X 

and 

y^ — 4x 

-\-2y 

ie) 

2/2 = 

4 X 

and 

a :2 - j . 2/2 

= 4 a; 
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Some of the points of intersection in the numerical illustrations 
are finite and some infinite. If we allow Pi, P 2 , P 3 , P 4 to be 
imaginary as well as real, we have many more cases to distinguish. 
Thus = \ and + 2 /^/ 16 = 1 intersect in four dis- 
tinct and finite imaginary points, whereas = 1 and 

= 2 touch each other in two infinite imaginary points. 

The five types of intersection are illustrated schematically 
by these figures. 






1. Find the points of intersection for all the pairs of conics given in the text. 

2. Tabulate all the possible cases for the intersection of conics, distinguish- 
ing the cases where all the points are real and finite, all are real but some are 
infinite, some or all are imaginary and finite, some or all are imaginary and 
some are infinite. 

3. Give as many numerical examples as you can for the cases in Ex. 2. 


54. Pencils of circles. We have already studied in elemen- 
tary analytic geometry so-called pencils of lines and pencils of 
circles, namely all the lines given by 

(55) {aix + hiy + Ci) + \{a2X + &2?/ + C 2 ) = 0 

where X is an arbitrary constant called a parameter, and all the 
circles given by 

(56) (x^ + y^ + 2gix + 2fiy + Ci) + \{x^ + 2 /^ + 2 g^x 

+ 2/2J/ + C2) = 0 

These are also called linear one-parameter families of lines and 
of circles respectively. These families consist, respectively, of 
all the lines through the point of intersection of two given lines and 
of all the circles through the points of intersection of two given 
circles. 

To include the second given line or circle in the above families 
we must be allowed to divide their respective equations through 
by X and then let X oo (so that 1/X — > 0). The two given lines 
(circles) are called the fundamental lines (circles) of the pencil. 
Note that any pair of circles in the pencil (56) have the same 
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radical axis (given by X = — 1), namely, 

(57) 2{gi - g2)x + 2 (fi - f2)y + (ci - Ca) = 0 

which may be considered as forming with the hypothetical line 
at infinity a degenerate circle of the pencil. We can say that 
the two lines of this degenerate circle pass through the points of 
intersection of the circles of the pencil. C/ompare §45. 

This is a useful convention that we now ad()i)t, namely, of 
agreeing to consider a linear equation in x and y, when found 
among (^.e., in a set of) quadratic equations^ as the limiting case 
of a pair of lines where one line has (as we may say) been allowed to 
move out to infinity. Thus analytically x + y — 1 = 0 may be 
looked upon as the limiting case of 

(ax + ^y - 1) (x + y - 1) = 0 

as a 0 and /3 — > 0. This convention resembles that used in 
the study of asymptotes in §44. How? 

When we speak of the points of intersection of the circles of a 
pencil of circles we must stretch our terms slightly so as to cover 
a case like 

(x^ + y^ - 1) + + y^ — b a: + 8) = 0 

where the circles intersect only in imaginary points, or like 
(x^ + ?/"-!)+ + 2/^ - 4 x + 3) = 0 

where the circles are tangent to one another, or like 
(x^ + y^ - 1) + Hx^ + r “ 4) = 0 

where the circles do not intersect in finite points and the radical 
axis must be supposed to be l^. Compare Ex. 6 in §45. 

Note that all the concentric circles x^ + y^ = r^ belong to the 
last pencil above, because this pencil can be written x^ + y^ 
= (1 + 4 X)/(i + X) and we can take (1 + 4 X)/(l + X) = r^. 
Any value of the radius r = r has a corresponding unique value 
of the parameter X' = (r^ - l)/(4 - r'^); and conversely to 
any value of the parameter X = X' there corresponds a unique 
value of the radius given by r = V(1 + 4 X')/(l d^X'") if we 
allow r to have imaginary values (when (I + 4 X0/(1 + XO 
< 0, i.e., X' < 0). 
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Again all the circles given by 

2 gx = 0 

(namely, with centers on the x-axis and passing through the origin) 
form a pencil of circles 

+ 7/2 + 2 x) + X(x2 + 2/2 _ 2 x) = 0 

where g = (1 - X)/(] + X) or X = (I - g)/{\ + g). 

EXERCISES 

1. Go through all the algebraic details in the text; find the points of inter- 
section of the circles in the pencils quoted in the text. 

2. Prove the statement made in the text that the pencil of lines (circles) 
consists of all the lines (circles) through the point (points) of intersection of 
the fundamental lines (circles). 

3. Show that two circles of a pencil may mterse(‘t like cases (a), (b), (c) 

but not (d) and (e) in §53 (if we allow for imaginary points of intersection). 

Make up numeri(;al examples to illustrate these facts. 

4. Write the circles (x — xo)^ -h (i/ — yoY^ — where a^o and yo are con- 
stants, as a pencil of circles with a parameter X. Do the same for x'^ + y^-\- 
2gx + 2 gy =0. 

55. Degenerate circles in a pencil of circles. In the pencil of 
circles (56) we take the discriminant T of what we may call a 
general circle in the pencil (i.e., a circle in whose equation we have 
not substituted a definite value of X) and, equating this discrim- 
inant to zero, we have 

1 + X 0 + Xgf2 

(58) 0 1 + X /i + X/2 = (1 + X) 

9^1 + ^92 Si + V 2 Cl + ^C2 
{(c2 /I ““ + (^1 + C 2 — 2 / 1/2 ■“ 2 gig2)^ 

+ (ci — /i — 9 ^ 1 )} = 0 

We can call the determinant in (58), when not equated to zero, 
the discriminant of the pencil (56). 

The equation (58) when solved for X gives the values of the 
parameter for which the corresponding circle in (56) is degenerate. 
Since (58) is a cubic in X, there are ordinarily three such degenerate 
circles. (Note that such an equation as — 0, which is 

really a pair of conjugate imaginary lines, can be looked upon as 
a degenerate circle.) 
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Without actually solving ( 58 ) for its roots, we can decide from 
geometrical considerations what the degenerate circles of ( 56 ) 
must be. Each degenerate circle must pass through all the points 
of intersection of the circles in ( 56 ). (Why?) The root X = — 1 
gives us the common radical axis, which with makes up one 
degenerate circle. If the circles of ( 56 ) intersect in two distinct 
points Pi and P2, the two other degenerate circles must be the 
two pairs of lines P1I1JP2I2 and Pil2)P2li (where Ii and I2 
are the circular points at infinity). (Why?) If Pi = P2 = P, 
then there must be just one other degenerate circle, namely, the 
pair of lines P/i,P/2.* 

If the circles have no finite points of intersection, there is just 
the one degenerate circle Zoo taken twice. In this case the circles 
must be concentric and touch one another at /i and l2> (Why?) 

Illustrative Example. The pencil of circles -{■ 1 2 \x — 0 

illustrates the first case mentioned in the hist paragraph. One degenerate 
circle is the line-pair* x = 0 and Zoo J 3'lso X == ±1 gives the two other degener- 
ate circles (x db 1)^ + 2/“ =0. 

The pencil of circles -f 2/^ + 2 Xx = 0 illustrates the second case. One 
degenerate circle is the line-pair x = 0 and Zq©; also X‘^ = 0 gives the other 
degenerate circle -f = 0. 

Finally the pencil of circles -f- 2/^ + 2 X =0 illustrates the third case, with 
Zoo as the only degenerate circle. 


EXERCISES 

1. Check the algebraic details in the text, especially the illustrative examples 
(finding the points of intersection of the circles, etc.). 

2. Answer all the queries (Why?) in the text. 

3. Prove there is always a real circle in (56). Hint: X = — ci/c2 gives 
such a real circle, unless /1//2 = 01/92 = cx/c2. But then the pencil can be 
put in the form (x“ -f + X(2grx -f 2fy + c) =0. (How?) Then we 
have a real circle if we take — Xc + X^(^^ P) > 0, that is X > c/{g^ ■i“P)i 
except for the case g = f = 0. In this last case take X < 0 if c > 0 (if c < 0, 
X = 1 gives a real circle). 

4. Find the degenerate circles and the points of intersection of the circles for 
the following pencils: 

(x^ -f 2/^ + 4 X — 21) + X(x^ 4* 2/^ — 8 2/ — 9) =0, 

(^2 ^ ^2 _ 9) _|. ^(^2 + ^2 ^ 63. _ g 2/ + 24) = 0 

56. Transformations on pencils of circles, linear in the variables 
and bilinear in the parameter. We are able to reduce the equation 

* A pair of lines looked upon as a degenerate conic is often called a line-pair. 
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(5G) for a pencil of circles to a simpler form by using (13) on the 
variables and by choosing new fundamental circles out of the 
pencil. 

We shall show that this choice of new fundamental circles 
amounts to a so-called bilinear transformation of the parameter 
with equation of the form 


( 59 ) 


a\' + 0 
7X'+ 5 


Suppose we have a pencil of circles Ci + XC 2 = 0 and we choose 
a new pair of fundamental circles ^ a'Ci + b'C 2 y C 2 ^ a^'Ci + 
b"C 2 so that our pencil has the form C[ + = 0. If we write 

Cl + X'C 2 = 0 in terms of Ci and C 2 ) we get 

c[ + X'C' ^ (a'Ci + b'C2) + X'(a"Ci + b"C2) 

= (a' + \W')Ci + (6' + \'b")C 2 = 0 

If we divide the last form of this equation (containing Ci and C 2 ) 
by the coefficient of Ci, the resulting pencil must be exactly the 
same as Ci + XC 2 = 0. Hence we have the following relation 
between X and X', namely, X = (6''x' + b')/ (a"x' + a'), which 
is an equation of the form (59). 


Illustrative Example. The transformation X = X' — 1 puts (56) in 
the form 

2 (gi -g 2 )x‘{- 2 {fi ~/2)2/+ (ci -C2) H-'X' 4 - 2/2 4-2 9^2^; + 2/22/ -|-C2) = 0 

If we wish to put (56) in a new form C'l Co =0 where C 2 lacks the 
and terms and C'l lacks the constant term, we can use (59) and get 

(5Ci 4 ^C2) + \'{yCi + aC2) \'C^ = 0 

If we take 7 = 1, a = —I, then C 2 will have no x'^ and 2 /“ terms; also, 
if we take 8 = C 2 , ^ — — ci, then C[ will lack a constant term. Put in 
the bilinear form, our transformation of parameter has the equation X = 
— (X' 4 Cl)/ (X' 4 C2). 

Since (13) has F as a relative invariant, we see that an ajfuie linear transform 
TTUXtion of variables has no effect whatever on the cubic equation (58). 

We can now reduce (56) to a simpler form by a combination of (13) and 
(59). If we put 

x-\-gi^ x\ y -h/i = y 


then (56) has the. form 

(x 2 4 2/'2 4 c[) 4- 4 /^ + 2 g 2 X 4- 2 / 22 /' + C 2 ) = 0 
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where ej = ci - g\ - g'^ = gi - g\, /a = h -fi, 

c'i = r2 + (/i +/i — 2ffi02 — 2/1/2 

If now we put X = xV(l — X') we reduce the pencil still further to the form 
( 56 ') (a :'2 + j/'" + cj) + x' (2 g^x + 2/2//' + cj - cj) = 0 

EXERCISES 

1. Give in full detail the reasons why (13) has no effect on the equation (58). 

2. In the last sentence of the text, derive the transformation X = x' / (1 — x' ). 

3. Using the simplified form (56' ) for a pencil of circles, show that the pencil 

has an imaginary non-degenerate circle (i.e., with imaginary radius) if we can 
determine x' so that x'^({ 72 “ -\r f^) -f x'cj — (C 2 c[) < 0. If <4 + cj > 0 

then X'^(gr2^ +/2^) + x'cj — (r2 + c'l) =0 certainly has real roots, and x' 
can surely be chosen so as to satisfy the above inequality. (Why?) If 
<4 ■+“ q <0 and c'l + 2{g2^ -f- c[) <0, then no value of x' can be 

found to satisfy this inequality (and so the pencil then has no such imaginary 
non-degenerate circle). (Why?) 

4. Using (56'), find the condition that the pencil of circles has a degenerate 
circle of the form {x — Xq)*^ + {y — 2 / 0 )^ =0. Hint: Find the radius of 
the general circle of (56' ) and equate this to zero and solve for x' ; then the 
roots x' must be real. 

5. Reduce (56) to the form 

(56") (x'2 + 2 /'^ 4- Cl) + X(2 g2X -f < 4 ) = 0 

Hint: Translate the center of Ci to the origin, rotate the line joining the 
centers to the position of the x-axis, and then use (59). 

6. Check all the algebraic manipulations in the text, especially such as 
finding cj = ci — gf — /?, etc. 

57. Pencils of conics. Just as we have pencils of circles (56), 
so we have more generally pencils of conics defined by an equation 
of the form. 

(60) {aix^ + hiy^ + Ci + 2/i^ + 2 gi:r + 2 hixy) 

+ \{a 2 X^ + 622/^ + C2 + 2/22/ -{- 2 g 2 X + 2 h 2 xy) = 0 

We write (60) as Ci + ><€2 = 0 and we call Ci = 0 and C 2 = 0 
the fundamental conics of the pencil and X the parameter. Also 
we speak of (60) as a one-parameter linear family of conics. 

We show now that (60) consists of all the conics through the four 
points of intersection of C\ and C 2 . (By the points of intersection 
we may mean finite or infinite points, real or imaginary, distinct 
or coincident, according to the way the two fundamental conics 
cut each other.) In the first place, any point P'(x\y') on the 
two conics Cl = 0 and C 2 == 0 satisfies the equation Ci + XC 2 = 0 
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for every value of X, since the values x = x\y ~ 1 / make Ci ^ 0 
and C 2 = 0 separately. In the second place, five points uniquely 
determine a conic. Hence if we want a particular conic through 
the four points of intersection of Ci = 0 and C 2 = 0 and through a 
fifth point or subject to some other similar condition, 

we can determine X = (say) so that Ci + \"C 2 = 0 shall 
pass through P" or be subject to the other similar condition; then 
this conic (which belongs to the pencil) must be the conic we de- 
sire (since there is only one such conic satisfying the given con- 
ditions). 

The parabolas y^ — ^px form a pencil of conics with equation 
{y^ — 4 a:) + \{y^ — 8 x) =0, where p = (1 + 2 X)/(l + X) or 
X = (I — p)/(p — 2). The confocal conics given by x? l{o?‘ + X) 
+ + ^) = 1 do not form a pencil of conics since, clearing 

this equation of fractions, we find that the parameter X appears 
to both the first and second degrees. 

EXERCISES 

1. Check the statements made in the text about 1/^ = 4 px. 

2. Prove that the polars of any point P' with respect to all the conics of a 
given pencil of conics are concurrent lines. Hint: Use (55). 

3. Using (53) show that there are in general five types of pencils of conics (not 
distinguishing between real and imaginary points, or between finite and in- 
finite points). Make up two numerical examples of each such type of pencil. 

4. Show that x^/a -f 1/^ — 1 and xy = k can be given as pencils of conics, 
and find the relation between X and a or X and k. Describe geometrically 
these two pencils. 

5. Show that the parabolas y^ = 4 px must be looked upon as having two 
pairs of coincident points of intersection on the x-axis (one pair finite and the 
other pair infinite). 

6. Prove that in any pencil of conics (60) there are ordinarily two parab- 
olas. Hint: A parabola would have (Ai + X/?2)“ — (oi + Xa2) (61 + \b 2 ) — 0. 

7. Note that there are no parabolas in (xy — 1) \(xy — 2) =0. (Why?) 
Explain this fact geometrically. 

8. What must be the condition (or conditions) on ai, 02, 5i, 62, etc., in (60) 
in order that the pencil have no parabola? In order that the pencil consist 
entirely of parabolas? 

9. Under what conditions may (60) have a circle? 

10. Make up numerical examples of pencils of conics to illustrate Exs. 8 
and 9. 

58. Degenerate conics in a pencil of conics. Our discussion of 
pencils of conics is nothing more or less than a generalization of 
our discussion of pencils of circles. Thus to find the degenerate 
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conics of a pencil of conics (60) we equate to zero the discriminant 
of the pencil (compare §55) and get 

ai + Xa2 hi + \h2 gi + \g2 

hi + X/i 2 hi + X 62 fi + X /2 = Fi + 

gi + ^g2 fi + V 2 Cl + Xc 2 

a 2 hi gi ai ^2 (7i 

^2 hi fi + hi 62 fi hi hi f2 + 

g2 fi Cl gi f2 Cl gi fi C 2 

^2 ^2 gi ^2 hi g2 ai h2 g2 

^2 ^2 fi + h2 hi f2 + hi ^ 2/2 ' "f" 

g2 f2 Cl g2 fi C 2 gi f2 C 2 

r 2 X^ = 0 

where Fi and F 2 are the discriminants of the two fundamental 
conics Cl and C 2 , respectively. 

Since (61) is a cubic equation in X, there are in general three 
degenerate conics in the pencil; but if (61) has a double root there 
are only two such degenerate conies; and if (61) is a perfect cube, 
only one degenerate conic. Thus for the pencil + 2 x) 

= 0 we have from (61) the perfect cube —X® = 0 , so there is 
only one degenerate conic = 0 in this pencil. 

Some of the degenerate conics in (60) may be imaginary. The 
cubic (61) may have one or more infinite roots, or two imaginary 
roots. Note that (2 + \{2 y^ + x^ + 2 x) =0 has a 

degenerate conic 2 x = 0 , which we interpret as a line-pair ll' 
where V is l^o- (Compare the pencils of circles.) 

If the discriminant of the pencil of conics (60) vanishes iden- 
tically, all the conics of the pencil are degenerate, and we have 
what is called a degenerate pencil of conics. Such a pencil is 

+ Xt/2 = 0. 

Geometrically we can often decide what the degenerate conics 
of a pencil are, or given the degenerate conics how the conics 
of the pencil intersect each other, because a degenerate conic 
must pass through all these points of intersection and not cut the 
conics elsewhere. For example, if the conics all intersect in four 
coincident points, since the pencil must have at least one de- 
generate conic (finite or infinite), this must be the common 
tangent (taken as a double line). 

Such a pencil with only one degenerate conic (a double line) 




DEGENERATE CONICS IN A PENCIL OF CONICS 125 


is + \(y^ -- 4: x) = 0, whose conics intersect in four coincident 
points at the origin with the i/-axis as tangent and as the sole 
degenerate conic (x^ = 0) of the pencil. To interpret the pencil 
(y^ — 4 X + 1) + \{y^ — 4 rr) = 0 we must suppose that X = — 1 
gives us the line as a double line, also that all the conics (which 
are all parabolas) in this pencil cut each other in four coincident 
infinite points on the ic-axis. 

The following figures (compare §53) give schematically five 
types of pencils of conics (represented only by their fundamental 
and degenerate conics) where the points of intersection of the 
conics are supposed to be real and finite, and where the degenerate 
conics are ll\ mm , nn , 


n 



The pencil x^ + \{y^ — 4 x) =0 illustrates the fifth figure. In 
the fourth figure the conics intersect in three coincident points 
and a fourth point. An example of this case is (t/^ + 2 a; + 2 xij) 
+ \{y^ + 2 x) ~ 0. Illustrations of the other three cases 
in order are {x^/^ + — 1) + X(xVlfi + “ 1) = 0? 

(4 + 2 /^ 4) + X( 2 /^ — 4 a; — 4) = 0, and {x^ + — 2 a;) + 

X(2/2 - a;) = 0. 

We emphasize the fact that the five figures given above exhaust 
all the possibilities where the points of intersection of the conics 
in each pencil are real and finite) but the equations of the pencils 
that arc given are merely illustrations and are not typical forms 
to which the equations of all such pencils can be reduced by 
affine linear transformations on the variables combined with 
bilinear transformations on the parameters. 



126 CONICS AND LINEAR FAMILIES OF CONICS 


EXERCISES 

1 . Go through all the details in the text. 

2. Find the points of intersection, the discriminants, and the degenerate 
conics of all the illustrative pencils of conics given in the text. 

3. Make up more examples of pencils of conics to illustrate the five cases 
given geometrically in the text. 

4. Describe the following pencils of conics: 

(a) (x 2 + 2?/') +X(2a:2 + //') =0 

(h) 2xy -jr = 0 

(c) (y^ ~ 4 a;) + X(a;^ — 4 ?/) — 0 

(d) Ix^ + 2 a;?/) + \{y^ +2y) =0 

59. Transformations on pencils of conics, linear in the variables, 
bilinear in the parameter. Just as with pencils of circles, so with 
pencils of conics we can change the fundamental conics in any pen- 
cil. For instance, the pencil (2x^ + — 1) + \(2x^ + — 2 x) 

= 0 can be written (2 x^ + y^ — 1) + X'( — 2 a: + 1) = 0. We 
also can find an equation relating X to namely, X = 

x7(x' + i). 

To each new choice of fundamental conics for a pencil there 
corresponds (as above) a bilinear transformation (59) of the 
parameter (classifying such an equation as X = X' — 1 as bi- 
linear with q: = 6= 1, 13 = —1, 7 = 0). Conversely, a bilinear 
change of the parameter of a pencil gives us a new set of funda- 
mental conics for this pencil. For example, X = X' — 1 changes 
{y^ — 4: x) + X(— + y^ ~ 4 x) =0 into the really simpler 
form x^ + + y^ — 4: x) =0, both equations giving us 

exactly the same pencil of conics, only with different sets of 
fundamental conics. 

On the other hand, if we perform (13) looked at as an alibi on 
the variables of a pencil of conics, we do not get the same pencil 
but a new pencil equivalent to the old one under (13). Looked 
at as an alias, (13) changes the variables and coefficients of the 
pencil of conics (60) but does not change the equation (61) except 
to multiply this whole equation by a constant. (Why?) 

Finally we shall consider a case of the reduction of a certain set 
of degenerate pencils to some standard forms. 

Suppose each of the degenerate pencils in question (with equa- 
tions Cl + XC 2 = 0) has a double line L By means of (59) 
we can take I as the fundamental conic Ci = 0. By (13) we 
can reduce the equation of I to the form = 0; then we use (59) 
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to rid C2 of the term in x^. Oiir pencil now is of the form 
( 60 ') + \(by^ + c + 2/y + 2 gfa: + 2 hxy) = 0 

If 6 0 in (6O'), we can put 

/ f h , 

X = X , y + r + -x = y 
0 b 

then drop the primes from the variables, again change X by ( 59 ) 
so as to rid C2 of the term in and we obtain 

(60^^) -f- \{by^ + -f- 2 Q^x) = 0 

where c and g' have values that are probably different from c and 
g respectively. 

The discriminant of ( 60^0 

1 0 g'X 

r - 0 b\ 0 = 6 c'x 2 - fcg' 2^3 

g'\ 0 c'X 

But the pencil is supposed to be degenerate; hence we must have 
r ^ 0 , so c = g' = 0 (since 6 0, by hypothesis). Putting 

\ = \'/b we obtain the typical pencil 

a:2 ^ = 0 

If 6 = 0 in (6OO, we see from its discriminant 

r = }^{2Jgh — bg^ — ch^) + X^(6c — /^) = 0 

that (since 6 = 0) we must have / = 0 and also ch^ = 0 . If 
c = 0, /i 5*^ 0, we put 

/ f 0 

X = X , y = y - - 

and (after dropping the primes from the variables* and putting 
X = X'/s^) we get a second typical pencil 

x^ + 2 Tixy = 0 

If 6 = 0 , c = /i = 0 , gf 7*^ 0 , we put X = X'/g and get a third 
typical pencil 

x 2 + 2 X'x = 0 

* In the rest of this discussion we suppose the dropping of the primes from 
the variables to be done, without explicitly stating the fact. 
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If 6 = 0, c 7 *^ 0, A = flf = 0, we put X = X'/c and get 

0^2 + x' = 0 

If 6 = 0, /i = 0, cgf 0, we put X = X'/c; then x = / 

y = 2 /', then X' = and then we multiply the resultir 

equation by and get the final typical pencil 

a;2 + x"(2a; + 1) = 0 

This exhausts all the possible cases of such degenerate penci 
(with a double line), and also gives us the typical forms to whic 
all such pencils can be reduced by (13) and by (59). Now we wai 
to see if the five pencils of conics in the preceding paragraph a 
really non-equivalent to each other under (13), i.e., to see whethi 
or not there is some transformation (13) that will send one < 
these typical pencils into another. 

The first pencil has two finite double lines and so cannot I 
transformed into one of the others (since each of them has on 
one finite double line). The second pencil has no pair of lines i 
where V is Zoo, and so this pencil must be non-equivalent to tl 
next three pencils. The fourth pencil has a double line (giv( 
by x' = 00 ) that coincides with hence this pencil cannot 1 
transformed into the third or the fifth. If we try to send tl 
fifth pencil into the third by (13), we must send = 0 im 
x^ = 0 (i.e., x^^ = 0), so we must have in (13) a 2 = as = 
ai 9 ^ 0. But then we see that (13) cannot possibly send 2 a; + 
= 0 of the fifth pencil into a conic lacking the constant tern 
hence these two pencils are non-equivalent. 


EXERCISES 

1 . Check all the details in the text. 

2. Reduce to typical forms the degenerate pencils of conics that ha^ 
no double lines, but have at least one real line-pair per pencil. Hint: Tal 
Cl (in Cl + XC2 = 0) as 2 xy, then put the pencil in the form 

2xy \{ax^ + 62/^ + c-l-2/t/+2 gx} = 0 

Here we must have r = 0. Now consider the cases a 7^ 0 (or h 7^ (\ 
a = h — 0 but / 7*^ 0 (or gr 7^ 0), etc. Note that the case of a = 0, 6 
is reducible to that of a 5*^ 0 by the transformation x — y\ y ^ x*\ ali 
the case of a = 6 = 0, / = 0, g ^0 is reducible toa = 6=0, / I 
x = y\ y — x\ Finally test the typical pencils for non-equivalence. 
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3. Find the change of parameter corresponding to the choice of -h 2/^ = 0 
and 2 x = 0 as new fundamental conics in the pencil 

{2 — 2 x) X(2 -- 4 x) =0 

4. Determine the coefficients in (59) so as (a) to rid Ci of and C2 of 
at the same time in the pencil (x^/9 + 2/Vl9 — 1) + \(x^/16 + 2/^/9 — 1) =0; 
(6) to rid Cl of y‘^ and C2 of (c) to rid Ci of —1 and C2 of x^. 

5. Show that (59) has only three essential constants. In all our uses of 
(59) we obtain equations like 

all + 7ml = wi, al[ + ym[ — nj, 6/2 + = ^2, = ^2 

(Why?) Show that we can make four such changes (using four such equa- 
tions) if ni 9^0 (or n[ ^ 0); also if n 2 9 ^ 0 (or 122 5^ 0). Otherwise we can 
make only three such changes, or only two (if ni = nj =712 = = 0)- 

60. Nets of conics. By a two-parameter linear family of conics 
(or net of conics) we mean all the conics given by the equation 

(62) XCi + /iC2 -1-^3 = \(aix^ + biy^ + Ci + 2fiy + 2 gix 
+ 2 hixy) + + C2 + 2/22/ + 2 g2y 

+ 2 h2X7j) + (a-^x^ + bsy^ + C 3 + 2f^y + 2 g^x 
+ 2 hsxy) = 0 

where X and y are arbitrary parameters and the three fundamental 
conics Cl = 0, C2 = 0, C3 = 0 of the net must not all belong to 
the same pencil of conics. 

(If three conics do not belong to the same pencil they are said 
to be linearly independent, i.e., there is no linear relation connecting 
their coefficients, such as a^ = Xai + ^3 = X61 + /X62, etc.). 

To count Cl = 0 as belonging to the net (62) we must allow 
X to take the value 00 ; similarly to have C2 = 0 in the net we 
must take /z = 00 . 

All the conics zh y^/h^ — 1 form a net of conics Xx^ + 

+1 = 0 with X = Tl/a^, ii = =Fl/6^. This net consists of 
all the hyperbolas and ellipses (also circles), real and imaginary, 
with centers at the origin and axes on the coordinate axes. Note 
that the net has three double lines = 0, 2/^ = 0, 1 = 0 (a double 
line that coincides with l^, and is given by X = g = 0). We can 
describe this net geometrically as consisting of all the conics that 
have a sort of self-polar triangle whose sides are the coordinate 
axes and l^. Compare §51. 

Again, all the circles that pass through the origin (i.e., with 
general equation of the form x^ + y^ + 2 gx 2 fy = 0) form a 
net of conics X(x^ + t/^) 2 px 2 y = 0. This net has (among 
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other degenerate conics) a conjugate imaginary line-pair y? + 

= 0 and a degenerate pencil of line-pairs like 2x = 0 (given by 
X = 0) that have one line coinciding with 

We remark here that the family of all circles having a given 
radius / has an equation of the form (x — X)^ + (2/ — 
and so cannot be a net of conics because X and /x appear to the 
second degree as well as to the first. 

We recall that it takes five points to determine a conic. If we 
suppose three non-collinear points as given, then the coefficients 
of (4) can be expressed linearly in terms of two arbitrary param- 
eters, i.e., all the conics through three non-collinear points form 
a net of conics. For example, if we want (4) to pass through the 
points (0,0), (1,0), (0,1), we must have 

c = 0, a + 2 g = Oy h + 2f — 0 
If we assume a 9 ^ 0 and divide (4) by a, we get a net of conics 
(x^ - x) + X(j/2 - y) + 2iJixy = 0 

where X = 6/a, y = h/a. To include in this net the conics with 
a = 0 we must permit X or /x to have the value 00 . 

EXERCISES 

1. If the three fundamental conics of (62) belong to the same pencil, show 
that we must have all the three-rowed determinants of the matrix 

o>i bi Cl fi gi hi 

«2 &2 C2 /2 02 h 2 

«3 bz C3 fz oz hz 

vanish identically, and conversely. The conics are then said to be linearly 
dependent. Hint: Every conic (4) of a pencil Ci + XC2 — 0 has a — ai + 
X02, 6 = 61 -h X62, etc. (Why?) 

2. Show how the equation — ax ^ (i.e., all the parabolas having the 
x-axis as their axis) can be written as a net of conics with 2/^ = Xy — 
—a; 4- 4, and 2/^ = 4 a: — 4 as fundamental conics. Find the relations be- 
tween X,iu and a,j8. 

3. Find the net of conics through the three points (0,0), (1,1), (1, — 1). 

61. Cubics associated with a net of conics, the discriminant 
and the Jacobian. The values of X and y that give degenerate 
conics in the net (62) must satisfy the following equation 

(63) Xai + ya2 + as \hi + yh2 + 63 \gi + yg2 + gs 

K = \hi + yh 2 + 63 X61 + yb 2 + 63 X/i + M/2 + /s =0 

+ 93 Vi + m /2 + /a + yC2 + C 3 
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We call K the discriminant of the net. If K = 0 we call (62) 
a degenerate net, since every conic it contains is degenerate. 
Such a net is + 2 yxy = 0. We call attention to the 

fact that (13) does not affect the equation (63) except to multiply 
every coefficient by a constant, (Why?) However (59) does 
transform (63) into an equivalent cubic. 

If we take another plane tt and plot X and m as the coordinates 
of points in this plane, we get in this 7r(X,/4) plane a cubic curve 
(63), to each point of which there corresponds a degenerate conic 
in the net (62) in the a:,i/-plane. Conversely, to every degen- 
erate conic in (62) there corresponds a point on the cubic curve 
(63). 

Any line in the tt plane has an equation of the form X = a/x 
+ b (or fx = c). Substituting such a value for X(or ju) in (62), we 
see that to this line there corresponds a pencil of conics in the 
rc,i/-plane, namely 

(6Ci + C3) + y{C 2 + o^Cx) = 0 [or (C3 + CC 2 ) + XCi = 0] 

Conversely, any pencil of conics in the net (62), except the pen- 
cil XCi + y.C 2 = 0, is obtained by putting X = + 5 (or /4 = c) 

in (62); hence to a pencil in this net there corresponds a line in 
the X,iu-plane. 

To obtain a pencil of the form X'Ci + M^C'2 = 0 in the net (62) 
we must put X = X^X^^, y. = divide the equation of the 

net by then let 00 . But then we have X = /z = 00 . 

Therefore we interpret this pencil as corresponding to the line at 
infinity ioo in the w plane. 

If the cubic (63) is degenerate {composite) ^ to any straight line 
forming part of the cubic there corresponds a degenerate pencil of 
conics in the net (62), and conversely. If the cubic (63) turns 
out to be a quadratic or linear expression or a mere constant, we 
interpret this as a degenerate cubic with one component (or two, 
or three components, respectively) coinciding with the line Zoo in 
the TT plane. Such a cubic is associated with the net x^ + \y^ + y 
= 0, namely, \y = 0. 

If the net (62) has a double line we can reduce it by (13) and 
(59) to C3 = = 0. Then 63 = C3 = /13 = /3 = s^3 = 0 in (62), 

so the cubic curve (63) has no constant term or first-degree terms 
in X and y] therefore if this cubic is non-degenerate it must have a 
node or cusp at (0,0). See §48. The converse of this theorem 
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is not true, as is shown by the net 

{y^ — a:^) + 2 >u; + ix{x^ + 2 2/) = 0 

whose cubic + /t® = 0 has a crunode at (0,0) with tangents 

X = ±/i. The net {y^ + a:^) + 2 Xx + + 2 2 /) = 0 has the 

cubic X^ + = 0, which has an acnode at (0,0) with 

tangents X = ± 1 / 1 . Tiie net a:^ + 2 X 2 / + ai(1 + 2 xy) = 0 has 
the cubic + y? = 0, which has a cusp at (0,0) with tangent 
X = 0. 

Note that if X = 0 is a tangent to the cubic (63) at a point of 
inflection (0,0), then solving X = 0 with (63) should give us 
y? = 0; i.e., the pencil Cz + yCz = 0 in the net (62) must have 
just the one degenerate conic Ca = 0 (given by = 0) 

The polar of any point P'{x',y') with respect to a conic of the 
net (62) has the equation 

[X(aia:^ + hiy' + gi) + yia^x' + h^y' + gz) 

+ {<izx' + hzy' + gz)]x + [X(/iia;' + hy' + fi) 

+ yihzx' + bzy' + fz) + i^zx' + hzv' h)]y 

+ + SiV' + Cl) + yigzx:' + jzv' + Ca) 

+ {g-ix' + Szy' + C 3 )] = 0 

For this polar to pass through a given point P" {x" ,y"), for every 
value of X and y we must have (why?) : 

(oix' + hiy' + gi)x” + (^ix' + biy' + fi)y'' 

+ igi^' +fiy' + Cl) =0, 

(azx' + hzy' + gz)x" + (hzx' + bz])' + f2)y" 

+ igz^:' + fzy' + C 2 ) = 0, 

(azx' + hzy' + g3)x" + {hzx' + bzy' + h)y" 

+ {gzx:' + fzy' + C3) = 0 

For these three equations to have a common solution in x" and 
y" , we must have (dropping the primes from x' and y') 

(64) aix + hiy + gi hix + biy + fi gix + fiy + ci 

J = OzX + hzy + gz hzX + bzy + fz gzx: + fzy + Cz =0 

azx + hzy + gz hzx + bzy + fz gzx + fzy + C3 

This equation (64) gives us another cubic curve (this time in 
the x, 2 /-plane) associated with the net (62), and such that every 
point P'{x',y') on (64) has all its polars with respect to the conics 
of the net concurrent. This cubic is called the Jacobian of the 
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net (62). Since the three equations from which we obtain (64) 
have no X or /X in them, the transformation (59) must have no 
effect at all on (64). On the other hand (13) sends J into an 
equivalent cubic. As an illustration of (64), we see that the net 
+ 2 Xy + jLt(2 xi/ + 1) =0 has the Jacobian 

x 0 0 

0 \ y = x{\ — xy) = 0 

y X \ 

EXERCISES 

1. Find the Jacobians of all the nets of conics that have been given in 
§§60, 61. 

2. Interpret as cubic curves m = 0, = 0, -f — 1 =0. 

3. State and prove the converse of the statement made in the text that if 
the cubic (63) is degenerate, to any straight line forming part of this cubic 
there corresponds a degenerate pencil in the net (62). 

4. Prove that if the cubic (63) has a finite cusp P, then the net (62) must 

have a double line to correspond to P. Hint: Take P as (0,0) with X = 0 
as tangent, i.e., in (63) there will be no constant term and no terms in X, /n, 
Xm, Now suppose it possible for Cz to have the form xy or or x 

and show that there arises a contradiction, but that Cz can be x^ or a constant. 
Why can we do all this apparent specializing of (62) and (63) without any 
loss of generality in our proof? The case of an infinite cusp on (62) will be 
taken care of later. 

5. Find and describe the curves in the X,/x-plane corresponding to the nets 

Xa:^ + 2 + ( 2 /^ + 2 xy ± 1) =0, Xx* + 2 jiy + (2 xy + 1) =0, 

x^ + Xy2 + m( 2 xy + 2 X + 2 1/ + 1) = 0, 

2 xy + X(y2 + 2 x) + /.(x® + 2y) = 0, 

2 xy + X(2 xy + 2 x) + /i(x^ + y^ - 1) = 0 

6. Are there any parabolas or circles in the nets of conics in Ex. 5? 

7. Check the cubics given in the text. 

8. Find any degenerate pencils of conics in the nets in Ex. 5 and in the 
nets in the text. 

9. Find the Jacobians of the nets in Ex. 5. 

10. In solid analytic geometry we have what are called quadric surfacesy with 
equations of the form 

Q = ax^ + -j- d + 2fyz + 2 gfzx + 2 hxy + 2kx + 2ly 

+ 2 wz = 0 

The condition that the quadric be a cone or degenerate is 

a h g k 
h h f I 
g f c m 
k I m d 
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We have pencils of quadrics and other linear families of quadrics. Associated 
with a pencil of quadrics Qi + XQ 2 = 0 we have (from D) a fourth-degree 
equation in X to give us the degenerate quadrics or cones in the pencil. (Com- 
pare pencils of conics.) 

Associated with nets of quadrics we have quartic curves in the X,iu-plane. 
(Compare nets of conics.) Find the degenerate quadrics or cones in the 
pencils 

( x 2 + 2/2 + ^2 ^ 1 ) + \( X ^ _ 2 /' - 2:2 1 ) ^ 0 , 

2{xy xz yz) X(x^ — 1) =0, 

(x2 -h yz) -h \{y^ -{-2zx) =0 

Find the curves in the X,M-plane associated with the nets of quadrics 
(x2 -2/2-4- z2) ^ 2 \ixy xz yz) -4- m(j*^ - 2x4-22/4-22:4-1) =0, 
x^ -f X( 2/2 -2zx) + fx(z^ -2xy) = 0, 

2xy + 2 \xz 4- m(‘C“ 2/^ — 2 *“) = 0 

What sort of point on the associated quartic curve corresponds to a double 
plane (like x^ = 0) in a net of quadrics; to a pair of planes (like 2 xy =0 or 

a;2 _|. y2 — Q)? 

Derive the equation of the Jacobian of a net of quadrics. Find the Jacobi- 
ans of the above nets of quadrics. 

Show that all the quadrics in space belong to the same nine-parameter linear 
family of quadrics. Describe geometrically a pencil of quadrics. 

62. Transformations of nets of conics, linear in the variables, 
bilinear in the parameters. A change of the fundamental conics 
of (62) causes a change of parameters (just as for pencils of conics). 
Any new set of fundamental conics = 0, Cg = 0, C 3 = 0 must 
belong to the net, so we must have 

C'i = + 0:2^2 + oL^Czj C2 = ^iCi + P2C2 + 

C'a ~ + 72^2 + 73^3 

Hence the new form of the net is 

X'c; + m'C' + C' ^ X'(aiCi -f • • •) + m'(^iCi + • • •) 

+ {71C1 + *•*) — + Tl)^^! + {oC2\' 

+ + 72)^2 + + 73)^3 = 0 

This last form must be the original form of the net, therefore we 
must have (after dividing the above equation by aaX' + 183 / + 73 ) 

+ 7l «2^^ + ^2M^ + 72 

( 00 ) X— I O / \ ^ \'_L/Q ' JL. ^ 

+ P3M + 73 «3A + P3M + 73 

The transformation of parameters (65) is called a bilinear'^ (or 
linear fractional) transformation. 

* Compare (59) in §56, 



TRANSFORMATIONS OF NETS OF CONICS 


135 


To interpret in the X,jLt-plane any new choice of fundamental 
conics for the net (62) we must see what (65) means geometrically. 
It is easy to see that (65) sends lines into lines j conics into conics ^ 
cubics into cubics. To the line l' = + 73 = 0 there 

corresponds the line Zoo. (Why?) Note that to the point with 
X' = 00 , /x' = 0 there corresponds the point 

^ aioo -|- 7i O'! + 7i/ <x> ai 0^2 + 72 / <^2 

of 3 00 + 73 0^3 + 73 / ^ «3 ^ 73 / 00 as 

To the point with X' = 0, there corresponds the point 

^ Tl/ ^ ^ _ fe + 72 /^ _ ^ 

Ps + 73/ ^ As ^ ^ + 73/ 


Therefore we say that to the line l^ corresponds the line 


Z = 


X /X 1 

ai/as oi2/oi3 1 

0i/As P 2 /P 3 1 


7“ [(^2/33 ~ «3/52)X + (A«3 «1^3)m 

OLSP3 


+ («i/32 ” «2 ^l)] = 0 


The two lines Z and Z^ are called the vanishing lines of the trans- 
formation (65). We shall see later on that (65) is merely an- 
other way of writing what is called the general projective trans- 
formation in the plane. Also note that the general affine projective 
transformations in the X,/x-plane are the subgroup of (65) that 
have oLs = Ps = 0, 73 9 ^ 0 . We shall see in the exercises that 
(65) preserves cross-ratio. 

The transformation (13) does not alter (63), but (65) trans- 
forms (63) into what are called projectively equivalent cubics. 
From this discussion we see that with every net (62) there are 
associated not one but an infinite number of projectively equivalent 
cubics in the X,/x-plane (corresponding to the different possible 
choices of the fundamental conics in the net). (Note that the 
cubics X^ = y? and \ = y? are projectively equivalent cubics, 
because the first is reducible to the second by X = 1/X', y = y/'h'.) 

We see that two nets cannot be reduced to one another by (13) 
and (65) unless their cubics (63) are projectively equivalent. 
But the converse is not true because two such nets as 

2 \xy + 2 yx + 2y = 0 and + yy^ +1 = 0 


both have the cubic Xm = 0; but the second net has double lines 
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in it (whereas the first net has not) and so cannot be reduced 
to the first. The two nets 

\x^ + +1 = 0 and \x^ -\-2fxx + 2y = 0 

have, respectively, the cubics X/a = 0 and X/a^ = 0; hence we see 
these nets are not reducible to one another because of their asso- 
ciated cubic curves in the X,/A-plane. The net (x + y — + 

X(2 X + 3 y)^ + ju = 0 is reducible to + \y'^ + = 0 by 

the transformation x + y — l==x'j2x + 3 y = y\ 

EXERCISES 

1. The net + 1) = 0 has K = + 1). Explain why 

K is apparently not a cubic. Find all the degenerate conics in this net. 

2. Prove that (65) preserves cross-ratio. Hint: Take X = a/x + 6. 
Suppose this line goes to m' = 0- Fut m' = 0 in (65). Take the cross-ratio 
(X4 — Xi)/(X2 — Xi) • (X2 — X3)/(X4 — X3) of four points on X == om + 5. 
Why is there no loss of generality in this proof? 

3. Explain exactly what is meant m the text by the statement about an 
infinite number of cubics. 

4. Are any of the nets in Ex. 5 of §61 reducible to one another? 

5. In the nets Xx“ + + C3 = 0 and \x^ -[- 2 fxxy -f- f ’3 == 0 deter- 

mine the coefficients of so that we have the discriminant K =0; then re- 
duce these nets to their simplest forms by (13) and (65). 

6. Show that the discriminant V of any double line (4) has all its first 
minors zero. State the converse and prove it. 

7. Show that if in the discriminant P of (4) we have ah — — ac — = 

he — — 0, then P = 0 and all its first minors vanish. 

8. What is the converse of the statement that if a net has a double line, 
its cubic in the X,M-plane has a node or a cusp corresponding to this double line? 
Is this converse true? Why or why not? 

9. We can write the net X.r“ -\- ny^ + 1=0 as X'(x^ -f- 2/^ + 1) + 

- 2/2) + 1 = 0 or us a'(-x 2 + 1) +/t'(-2/= + 1) + (x^ + ?/) = 0. 
Use (65) to put the net into these two forms. Find in two ways the new 
cubics in the X,M-plane that we get for the net by choosing these new sets of 
fundamental conics. 

10. What do the transformations X = X'-~m' + 2, /x=X' + 2/i' and 
X = 2 X', /X = 3 m' — 1 do to the fundamental conics of the net 2 \xy -h 
2 fxx -jr 2 y = 0 and to its cubic in the X,/x-plane? 

63. Three-and-four-parameter linear families of conics. Be- 
sides pencils and nets of conics we have three-and-four-parameter 
linear families of conics. If we look upon the coefficients of (4) 
as arbitrary parameters we see that all the conics in the plane 
belong to the same five-parameter linear family of conics with an 
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equation that can be written 

+ At + 2j/i/4-2pa; + 2 axy = 0 

The family of all the circles in the plane has three arbitrary 
constants g, /, and c, and so forms a three-parameter linear family 
of conics 

+ y"^ 2 \y + 2 px + V = 0 

Geometrically, the family of all the circles can be described as 
consisting of all the conics passing through two given points 
(the two circular points at infinity I\ and 1 2 )* 

All the coni(!S through one point form a four-parameter linear 
family of conics; all the conics through two points form a three- 
parameter family. Instead of having the conics pass through 
given points we might put any other sort of linear conditions upon 
the coefficients of (4) and obtain linear families of conics. For 
instance, all the conics that have the origin as center belong to 
the three-parameter linear family 

x^ + \y^ + 2 yxy + v = 0 

It is in general difficult to describe geometrically nets and three- 
and four-parameter families of conics. Later on we shall discuss 
a proi)erty called apolarity and use it for this purpose. 

Let us finally consider the family of conics that are all tangent 
to the a:-axis at the origin. In (4) we have a 9^ Oy c = g — 0, 
because y = 0 when solved simultaneously with (4) must give 
x^ = 0. Dividing (4) by a and replacing arbitrary coefficients by 
parameters we get 

x^ + Xy^ + 2 jiy + 2 vxy — 0 

which is a three-parameter linear family of conics with discriminant 
y?. There is a pencil of circles in this family given by X = 1, j/ = 0; 
all the parabolas in the family are given hy — X = 0 and so do 
not form a linear family. There are two degenerate nets in the 
family (and these nets contain all the degenerate conics of the 
family), namely 

+ Xy^ + 2 vxy = 0 and y^ + 2 y!y + 2 vxy = 0 

To obtain the latter net from the family we must put y = m^X, 
V = vX^ divide the equation of the family by X, then let X — > 00 . 
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EXERCISES 

1. If 7^ + ^2/^ + 2 ixxy + j' = 0 is written Ci + XC 2 + tiCz + vC\ — 0, 
what sort of conic is (74 = 0? 

2. Show that all the parabolas in a plane do not form a linear family of 

conics. Hint: F 0, — ab = 0 in (4) give the parabolas. 

3. Prove that -f + 2 fixy + *» = 0 does actually give all the conics 
in the plane with center at the origin. Hint: Use the formula for the center 
of a conic, or else put on the condition that (0,0) is the pole of /qq. 

4. Find the discriminants and degenerate conics in the families in the text. 

5. Find the family of all degenerate conics that have the '</-axis as one 
component. 

6. I’ind the family of conics (a) tangent to the y-a.xi8 at the origin; (6) 
tangent to a; = 0 at (0,1). 

7. Find the circles, parabolas, hyperbolas, and ellipses in the families of 
conics in the text. 

8. Find the family of conics tangent to x = 0 at (0,1) and tangent to 2 / = 0 
at (1,0). 

9. Find the discriminants, degenerate conics, circles, and parabolas for the 
families 

+ \y^ 2 fixy + v(l — 2x — 2y) == 0, 

2 xy 2 \x 2 fiy v(x^ + — 1) = 0 



PART n 

INTRODUCTION TO GENERAL PLANE ANALYTIC 
PROJECTIVE GEOMETRY 

CHAPTER IX 

INTRODUCTION TO THE TRIANGLE OF REFERENCE 

64. Rectangular and oblique axes from a new viewpoint. In 

this section we shall set up a system of coordinates for points in a 
plane referred to rectangular (or oblique) axes. We shall do 
this in such a way as to avoid all ideas of 7neasure of distance or of 
ayigle^ and yet arrive at the same coordinates for the points as we 
should get by the ordinary methods of elementary analytic geome- 
try. Our purpose is to have at hand a construction for the coordi- 
nates of points that will generalize to the so-called triangle of 
reference, (See §70.) 

Consider the following pair of rectangular (or oblique) axes 

x'ox, y'OF. 




(-1.H1) (0.- 




?t2\ni\n 


Take two arbitrary points on X OX and Y OY and call them 
(1,0) and (0,1), respectively. Through (1,0) draw a line I parallel 
to Y'OY and through (0,1) draw a line 7n parallel to X'OX^ label 
the point of intersection of I and m (1,1). Join (1,0) and (0,1) 
by a line n. Through (1,1) draw a line n' parallel to n, meeting 
X^OX in a point we call (2,0) and meeting Y^OY in a point we call 
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(0,2). Through (2,0) draw I' parallel to I, through (0,2) draw 
m' parallel to m, call the point (2,2), call the point I'm (2,1). 
Through (2,1) draw n" parallel to n, meeting X'OX in a point 
we call (3,0) and meeting Y'OY in a point we call (0,3). In this 
way we can continue our constructions and determine all the 
points on X'OX and Y'OY and in the first quadrant whose coordi- 
nates are pasitive integers. 

We extend our construction into the other quadrants in the fol- 
lowing manner. Through 0 take a line parallel to n and meet- 
ingZinapoint (1,-1) and meeting min a point ( — 1,1). Through 
(1,-1) draw mi parallel to X'OX and meeting OY' in (0,-1). 
Through ( — 1,1) draw li parallel to Y'OY and meeting OX' in 
( — 1,0). Then l\ and mi intersect in (-1,-1). Now we can 
proceed to get all the points on the axes and in the whole plane 
whose coordinates are, both of them, integers (positive or negative, 
counting zero as an integer). 

Note that, instead of taking (0,1) and (1,0) both arbitrarily, 
we might have taken an arbitrary point that is not on X'OX or 
Y'OY for (1,1) and then constnicted (0,1) and (1,0) by lines through 
(1,1) parallel to the axes. Note that the point ( — 1,0) can be 
determined either as the point of intersection of l\ and OX' or as 
the point of intersection of OX' and a line n 2 through (0,-1) and 
parallel to n; but in either case we get the same point for (—1,0), 
because of certain well-known properties of parallels included 
between parallels. (Explain fully the last statement.) 

To construct points with fractional coordinates we proceed as in 
the following figure: 



* Note that since we call the line joining two points P and P' the line PP\ 
so we shall (dually) call the point of intersection of two lines I and m the 
point Im. Compare §22. 
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Suppose we desire to construct the point (f,0). We assume the 
points (1,0), (2,0), (0,1), (0,2), (0,3), (0,4), (0,5) to be con- 
structed. Through (1,0) and (2,0) we draw I and l' parallel to 
Y'OY; through (0,4) and (0,5) we draw m and m' parallel to 
X'OX; m' then meets I in (1,5). Join (1,5) and (2,0) by the line 
r cutting m at (f ,4). Finally the line s through (f ,4) parallel to 
Y'OY cuts OX at (f ,0). 

More generally the point («/t',0) can be obtained as follows. 
Suppo.se u is prime to v and p is the next integer smaller than 
u/v, so that n/v = p t/v. Through the points (p,0) and 
ip + 1>0) draw I and l' parallel to Y'OY and, also, through 
(0,y — t) and (0,j;) draw m and m' parallel to X'OX) then m! cuts I 
in ip,v). Join ip,v) to (p 1,0) by r cutting m in iu/v,v — <). 
Through {u/v,v — 1) draw s parallel to Y'OY cutting OX in 
iu/v,0). 

The points with irrational coordinates can be obtained as the 
limiting points of sequences of points with rational coordinates. 
Thus (V^,0) is the limiting point of the .sequence (1,0), (2,0), 
(1.4,0), (1.5,0), (1.41,0), (1.42,0), (1.414,0), (1.415,0), etc. 
Roughly .speaking, this means that by the above method we can 
obtain a rational point as clo,se as we please to the irrational point 
(y/2,0) whose existence we po.stulate. 

EXERCISES 

(Use both rectangular and oblique axes) 

1. Prove that the points (2,0), (3,0), (|,0), (w//^0), (p,0), (-1,0), (0,2), 
etc., are the same as those obtained by the methods of elementary analytic 
geometry; i.e., prove that the segments from (1,0) to (2,0), from (2,0) to (3,0), 
etc., in the above construction are equal in length, also that the point (f ,0) is 
actually one-fifth the distance from (1,0) to (2,0), etc. Hint: Use plane 
geometry and equal triangles, or parallels between parallels. 

2. Generalize the construction in the text and show how to find the 
points (p,0) and (0,p) where p is any positive integer. Hint: Use (p — 1,0), 
(0,p-l), (l,p-l), (p-1,1). 

3. Construct the points (— 1-,0), (^,|), (-6,-3) starting from (1,0) and 
(0,1). 

4. Construct the point (-2,-2) given: (a) (1,0) to the left of 0 and (0,1) 
below 0; (6) (1,1) in the second quadrant; (c) (1,1) in the fourth quadrant. 

65. The line at infinity and the axes of reference. We shall 
now reword our discussion of axes of reference in §64 so as to fit 
in with our concept of the line at infinity Joo* (Compare §49.) 
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We draw a schematic figure (for rectangular axes only) of these 
axes and Zoo, where parallel lines are represented as being solid 
and parallel for a distance, then broken off and dotted for a 
distance to indicate the omission of the rest of these lines, then 
drawn converging to a point on Zoo. We choose arbitrary points 



on X^OX and F'OF for the so-called unit points^ (1,0) and (0,1), 
respectively. Then we join (1,0) to Foo (the point of intersection 
of F'OF and Zoo) by a line Z and join (0,1) to X^{X^OXj l^) by a 
line m, the lines Z and m intersecting in (1,1). (Note how we use 
the phrase join (1,0) to Y^o by a line I as meaning draw a line 
through (1,0) parallel to Y'OY; also how we abbreviate to 
Xao(X'OX, Zoo) the phrase Xoo, which is the point of intersection 
of X'OX and The line n joining (0,1) and (1,0) cuts 

at Poo- We join (1,1) to Poo by a line 7i' that cuts Y'OY in (0,2) 
and cuts X'OX in (2,0). Thus we see that the axes of reference 
and the line Z* form a sort of triangle. (Compare §70.) 

In fact, if we take these axes and any line Z = a;/a + y/h — 1=0 
where ah 9 ^ 0, then let this line move out beyond all finite bounds 
in such a way that the intercepts a and b become immeasurably 
great (this is written algebraically a—^<x> and 6 — » 00 ), our assump- 
tion of the existence of Zoo compels us to conclude that Z must 
approach the position Zoo (since the two intercepts of Z approach 
Xoo and Foo). 

We take such a line Z and the axes of reference in the following 
figure and draw points that we label (1,0), (2,0), (2,2), etc. 
We note that as Z—^ Zoo the points (1,0), (2,0) (2,2), etc., in this 

* From now on we shall often refer to these points and (1,1) as the unit 
points. 
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figure approach the positions of (1,0), (2,0), 2,2), etc., as con- 
structed in §64. 



We have no reason to suppose offhand that such a line in the 
above figure as n" will pass through the three previously con- 
structed points P/, (2,1), (1,2) if it passes through two of them, 
or that ^ 2 , which joins Pi to (0,-1), will cut X'OX in the same 
point (—1,0) as the line /i, which joins Yi to (—1,1), cuts X'OX, 
Our next three sections not only contain material valuable in itself 
but also lead up to the proofs of the collinearity of such points as 
(1,2), (2,1), Pi or (0,-1), ( — 1,0), Pi. (Note that there are no 
dotted lines in the second figure in the text because this figure 
represents a genuine triangle and is not schematic like the first 
figure.) 

In §64 we saw that the correspondingly designated points were 
collinear because of certain properties of parallel lines, but there 
are no parallel lines in the above second figure. This figure is 
essentially what we shall study in §70 under the name of a tri- 
angle of reference. 


EXERCISES 

1. Draw the first figure in the text, only with (0,1) below 0 but (1,0) and 
Zoo where they are in the text. 

2. Draw oblique axes and l^o as we drew rectangular axes and in the text. 

3. Reword the constructions in the text of §64 for the points ( — 1,0), 
(0,-1), (-1,-1), (^,0), (p,0), (w/r,0), using the concept of Zoo as was done in 
the above text for the points (0,2) and (2,0). 

4. Draw an oblique triangle OXiYi and locate the points (0,1), (0,2), 
(0,3), etc., as in the last paragraph of the text; then move l(XiYi) much 
further out (keeping OX and OY fixed) and, using the same (0,1) and (1,0), 
relocate the points (0,2), (0,3), etc. 
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5. Draw a figure like the last one in the text, only with (1,0) to the left of 
O, but with (0,1) and I the same as before. 

6. Show that the points (0,p) and (p,0) never reach Yi and Z;, respec- 
tively, in the last figure of the text, no matter how large a (finite) value 
we give to p. 

66. Desargues’ theorem on perspective triangles. Before tak- 
ing up the so-called triangle of reference we must establish several 
lemmas and introduce some new concepts. The necessity for 
these lemmas was discussed in the last paragraph of §65. 

Definition. Two triangles ABC and are said to be 

perspective from a point P (called the center of perspectivity) if the 
pairs of corresponding vertices A and A\ B and B\ C and C' are 
collinear with P. 

Definition. Two triangles abc and ab'c' are said to be per- 
spective from a line p (called the axis of perspectivity) if the pairs 
of corresponding sides a and a , b and b\ c and are concurrent 
in points on p. 

Note that if the two pairs of triangles are in the same plane these 
two definitions are the plane duals of each other. (See §22.) 

We shall now prove the following theorem (due to Desargues). 

Theorem. If two triangles are perspective from a center they are 
also perspective from an axis. 

We shall suppose the two triangles to lie in the same plane, 
leaving the other cases (also the converse of this theorem) for the 
exercises. Let us consider the following figure. 
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In the figure on page 144 we take two triangles ABC and A'5'C' (in 
the same plane) perspective from the center P; we are to prove they 
are perspective from an axis p. Through P we draw any line not 
in the plane of the triangles and on this line we take two arbi- 
trary points 0 and O' (neither point at P). We join OA, OBy 
OC and O^A\ O'B', 0'C\ Since OA and O'A' lie in the same 
plane (determined by OP and AP), they meet in a point A" 
(finite or infinite). Similarly, OB and O^B' meet in and OC 
and O'C' meet in C". 

Consider the triangle A^'B"C^' with sides a", c". Since a' 

and a are in the same plane (determined by OB and OC), they are 
concurrent. Similarly, and b arc concurrent, also and c. 
But these pairs of lines must meet in points on the line p that is 
common to the plane of ABC (and A^B'C^) and the plane of 
A'^B^'C^\ Also and a are concurrent on p, likewise b^' and 
b', and c^ But meets p in the point La, so must meet 
both a and at La (hence a and a' meet at La). In the same way 
meets both b and 6' at L^, meets both c and c' at Lc. There- 
fore we see that a and a', 6 and 6', c and c' are concurrent in pairs 
at points on p (i.e., the two given triangles are perspective from 
the axis p). 


EXERCISES 

1. Draw several cases of Desargues’ theorem: (a) where P is at infinity; 
(6) where p is at infinity; (c) where a (but not h or c) is at infinity. 

2. Draw the complete figure in the text, only with O on one side of P and O' 
on the other. 

3. State and prove the plane dual of Desargues' theorem. (See §22.) 

4. Prove Desargues’ theorem when the two triangles are not in the same 
plane, first where their two planes are parallel, second where their tw^o planes 
intersect in finite points. Hint: These cases are incidentally disposed of in 
the text. 

5. State and prove the converse of Desargues’ theorem when the two tri- 
angles are not in the same plane, first when their two planes are parallel and 
second when their two planes intersect in finite points. 

6. State and prove Desargues' theorem for any two complete quadri- 
laterals. (For definition see §28.) Hint: Split the quadrilaterals up into 
triangles. 

67. Complete quadrangles and complete quadrilaterals. In 

projective geometry we make much use of two plane figures that 
are generalizations of the quadrilateral of plane geometry. First, 
suppose this quadrilateral to be looked upon as having only four 
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vertices Pi, P 2 , P 3 , P 4 (see the adjoining figure), but six sides 
(the four sides we studied in plane geometry plus the two diag- 
onals); then we call the 
figure a complete quadrangle. 
(Compare §26.) 

The points of intersection 
of the pairs of opposite sides 
of this complete quadrangle 
we call diagonal points, and 
the triangle of which these 
points are vertices we call 
the diagonal triangle of the 
complete quadrangle. 

Next we look upon the quadrilateral of plane geometry as hav- 
ing only four sides pi, p 2 y Pa, Pa (see the figure below) but six 
vertices (the four vertices we considered in plane geometry plus 
the two points of intersection of the pairs of opposite sides), and 
we call this figure a complete quadrilateral. 

The lines joining pairs of opposite vertices of the complete 
quadrilateral we call diagonal lines, and the triangle of which 
these lines are the sides we call the diagonal triangle of the complete 
quadrilateral. 
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The complete quadrilateral may have two of its opposite sides 
cross each other between the other pair of opposite sides, or may have 
a re-entrant angle, whereas these types of quadrilaterals were not 
considered in plane geometry. (See the preceding figure.) 

Note that the complete quadrangle and complete quadrilateral 
(if they are in the same plane) are each the plane dual of the other. 
Note also that no three of the vertices (sides) of the complete quad- 
rangle (quadrilateral) can be collinear (concurrent). 

Since we are using the concept of l^, the complete quadrangle or 
quadrilateral may have two sides parallel, or one or two vertices 
on Joo, or a vertex (or side) of its diagonal triangle on Zoo. An 
important example of a complete quadrangle is the one whose 
vertices are (1,0), (0,1), ( — 1,0), (0,-1). (See §64.) Similarly, 
we have the complete quadrilateral whose sides are the lines join- 
ing (1,0) to (0,1), (0,1) to (-1,0), (-1,0) to (0,-1), and (0,-1) 
to (1,0) with equations 

X + y - I = 0, -a: + i/-l = 0, a; + t/ + l = 0, 


EXERCISES 

1. Find the sides (vertices), diagonal points (lines), of the complete quad- 
rangle (quadrilateral) mentioned in the last sentence of the text. Find the 
equation of any finite* line and the coordinates of any finite point. 

2. Do as in Ex. 1 for the complete quadrangle (quadrilateral) made up from 
the quadrilateral whose vertices are (1,1), ( — 1,1), (-1,-1), (1,-1). 

3. Given four points (ai,6i), {a^M), (a^ybi) as the vertices of a 

complete quadrangle. Find the equations of its sides and of the sides of its 
diagonal triangle; find the vertices of its diagonal triangle. Hint: Use 
determinants to find the equations of any 'lines. 

4. Given four lines — 1 =0, where i = 1,2,3, 4. Work the dual 

of Ex. 3. 

5. Draw figures to illustrate the special cases of complete quadrangles 
(quadrilaterals) mentioned in the last paragraph of the text. 

6. How is Zoo peculiarly situated with respect to the complete quadrangle 
with vertices (1,0), (0,1), ( — 1,0), (0,-1)? Compare §26. 

7. How is Zoo peculiarly situated with respect to the complete quadrilateral 
with sides zt y — I - 0? 

8. Do as in Ex. 1 for the complete quadrangle (quadrilateral) made up from 
the quadrilateral (0,0, (Z,0),0, — f), (—f,0), where i = V — 1. 

* By finite line we do not mean a finite segment but an ordinary line as dis- 
tinguished from Zoo. 
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68. Quadrangular sets of points (lines); harmonic sets. 

Definition. Any line I (not a side of a given complete quad- 
rangle) will cut the sides of this quadrangle in six or five or four 
collinear points, which are said to form a quadrangular set of points 
on L 

If I contains two diagonal points of the quadrangle (i.e., if I 
is a side of the diagonal triangle), this set of points (now four in 
number) is called a harmonic set Compare §§26, 67; also the 
position of in Ex. 6 of §67. 

Definition. Similarly (and dually), any point P (not a vertex 
of a given complete quadrilateral) will form with the vertices of 
this quadrilateral a set of six or five or four concurrent lines which 
are said to form a quadrangular set of lines at P. 

If P is the point of intersection of two diagonal lines of the 
quadrilaterial (i.e., if P is a vertex of the diagonal triangle), this 
set of lines (now four in number) is called a harmonic set. Com- 
pare §28. 

Note that in these previous sections all the points and lines were 
supposed to be finite, whereas now the infinite line l^ (or a point 
or points on l^) may figure in our quadrangular sets of points (or 
lines). Thus in the above definitions of quadrangular sets of 
points and lines either I or P may be on l^o* or one of the points 
on I may be on l^o ; also the given complete quadrangle (or quadri- 
lateral) may have one or more of its elements (points and lines) 
on 

Note also the proof given in §28 that the projection from a point 
P of a harmonic set of points on a line p is a harmonic set of lines 
concurrent at P. This proof is valid also in the present connec- 
tion, if we extend our notions of points and lines to ini^lude l^ and 
its points. 

The figures drawn below show the different types of quadrangular 
sets of points (lines) for I (or P), real and finite, and the points 
(lines) of the complete quadrangles (quadrilaterals) as well as of 
the quadrangular sets, all real and finite. (Note that our defini- 
tions apply equally well to imaginary points and lines as to real.) 
(See §36.) 

Note that we can consider a quadrangular set of points as cut 
on the line I by three lines through any one vertex of the complete 
quadrangle (say P3) and by the sides of the triangle formed by the 
* This is sometimes described as being at infinity in the plane. 
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three other vertices of the complete quadrangle (say P\) P^J P^)- 
We shall call the first set of three points on I a point triple and the 
second set a triangle triple. The quadrangular set of points on I 
can be looked at in four ways as made up of a point triple and a 
triangle triple, because there are four vertices (Pi, P2, P3, P4) 
that can be chosen in turn to determine a point triple on 1 . Note 
that if the quadrangular set Pi, P2> Ps? P4, P5, Pe a harmonic 
set, such that P = Pi = P2 and R' = = Ps, then the four 

possible point triples reduce to two (PP3P' and PP'Pe), whereas 
the triangle triples are respectively PP'Pq and PP3P'. 

EXERCISES 

1. Dualize to the case of a quadrangular set of lines the ideas of point triple 
and triangle triple. 

2. In §28, where a harmonic set of points is shown to be projected from a 
point by a harmonic set of lines, what is peculiar about the three lines that 
project a point triple? 

3. Find the quadrangular set of points cut upon the line (t + 2/ = 1 by the 
complete quadrangle with vertices (0,i), (i,0), (0, —i), (— i,0). 

4. Find the quadrangular set of points determined on 2/ - 0 by the com- 
plete quadrangle (0,2), (~2,-|-l), (0,-«-2), (-2,-1). 

5. Find the quadrangular set of lines determined at (0,0) by the complete 
quadrilateral 

x + 2/-l=0, X — 2/ — 1=0, -x + y-l-O, a:-i-2/-+-l=0 
then the quadrangular set determined by the complete quadrilateral 
2/ = ix 4- 1, 2/ = —'tx + 1, y = 2 X — 1, y = —2x — 1 

69. The fundamental theorem for quadrangular sets of points. 

Now we shall prove the fundamental theorem for quadrangular 
sets of points, namely: 

Theorem. Given any quadrangular set of points on a line I 
lettered Pj, P2, P3, P4, P5, Pe {where one or two pairs of these points 
may be pairs of coincident points) such that Pi, P2, P3 form a point 
triple and P4, P5, Pg a triangle triple {relative of course to some given 
complete quadrangle that determines this quadrangular set on 1 ), 
If Jive of the sides of any other complete quadrangle cut I in any five 
of these six points so that again we have Pi, P2, P3 a point triple j etc.j 
relative to this new quadrangle, then the sixth side of this second com- 
plete qvxidrangle will pass through the sixth point of the given quad- 
rangular set. 
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We suppose that the quadrangular set is formed by Pu P2, Psj Pi: 
(as in the figure) and that Pj, P^, P4 has its sides passing 
through the points Pi, P2, P3, P4, P5 in such a way that PjP^ 
through P4, PjPa through P2, P2P3 through Pi, P4P3 through 
P3, P^P^ through P5. To prove that P2P4 passes through Rq. 

The two triangles P1P2P3 and PjP^Ps are perspective from the 
axis 1 ; hence they are perspective from a center 0 (not drawn in 
the figure) by the converse ( and plane dual) of Desargues^ theorem. 
Also P1P4P3 and PjP^P^ are perspective from the same axis 1 ; 
hence they are perspective from a center O' (not drawn). But 0 
and 0' can both be determined as the intersection of PiP^ and P3P3 ; 
therefore O = 0 ^ Therefore the triangles P1P2P4 and PiP^P^ are 
perspective from a center 0, so they are perspective from an axis; 
but this axis must be Z, since P1P4 and PIP4 intersect in P5 whereas 
P1P2 and PIP2 intersect in P4 (and P4 and P5 determine Z). From 
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this we conclude that P 2 P 4 and must intersect on i, so P'2K 
passes through 

Q.E.D. 

In the above proof the two complete quadrangles must be so 
placed as to determine the same point triple 72 1 , 722 > R^ and the 
same triangle triple; otherwise the above proof breaks down. 
A carefully drawn figure will convince the student that the theorem 
is still true even if 72i, 722, ^3 a 'pomt triple with respect to the 
complete quadrangle Pi, P 2 , P3, P4 but a triangle triple with respect 
to Pi, Po, P3, P4. However, the proof of this last fact must wait 
until much later. See § 121 . 

We call attention to the fact that in drawing a complete quad- 
rangle Pi, 7^, P3, P4 that will intersect I in the given quadrangular 
set of points 72i, P 2 ) ^ 3 > ^ 4 , Rby Re wc can take P 3 as an arbitrary 
point not on 1, join P 3 to Pi, P 2 , and 723 , then on the line RsP'^ pick 
an arbitrary point distinct from P3 and P3 for the point P4; but 
from here on the rest of the complete quadrangle is uniquely deter- 
mined. Another way to determine P'l, Pg, P3, P4 is to pick three 
arbitrary lines for P3P3, P1P3, and P5P4, and from these construct 
the rest of the sides and vertices. A third way is to pick an 
arbitrary line meeting I in a point on a corresponding side of the 
first quadrangle and a point not on this line as a vertex. 

EXERCISES 

1. Why is there no loss of generality in the proof in the text due to choos- 
ing Rij R 21 R^ as a point triple and R^ as the point in dispute? 

2. Dualize the last paragraph of the text. 

3. Describe two other arbitrary ways of selecting a complete quadrangle 

PI P', P',. 

4. Draw figures for the proof in the text for the cases where I passes 
through one or two diagonal points of the complete quadrangle and for the 
cases where R& is or is not a diagonal point. 

5. Find analytically another complete quadrangle that will give the same 
quadrangular set of points as the set in Ex. 3 of §68; as the set in Ex. 4 of §68. 

6. Find analytically another complete quadrilateral that will give the same 
quadrangular set of lines as each of the sets in Ex. 5 of §68. 

7. Draw the figure in the text showing the center O. 

8. If ( — 1,0), (0,0), (1,0), (2,0), (3,0) form five points of a quadrangular 
set with the first three points a point triple, find the sixth point of this set. 
Is this sixth point unique? Hint: Choose a complete quadrangle. 

9. Draw a figure for the theorem in the text (a) where I is l^; (b) where 
726 is on loo', (c) where R 4 is on Zoo* 
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10. Suppose 722, Rz, Raj Re in the figure of the text are given as points 
of intersection with / of the sides of the two complete quadrangles. Prove 
that the quadrangles intersect also in 77i. 

11. Show why the proof in the text breaks down if a point triple with 
respect to the first complete quadrangle is a triangle triple for the second. 

12. Given the five points of a quadrangular set (— (0,0), (i,0), ( — 1,0), 
(1,0), where the first three points form a triangle triple, find the sixth point of 
this set. 

13. State and prove the corre.sponding (dual) theorem about quadrangular 
sets of lines, drawing figures to illustrate the three special cases similar (and 
dual) to those given in the text of §68 for quadrangular sets of points. Hint: 
If the point L is the dual of the line / in the text, then any two complete 
quadrilaterals determining five of the six lines of the set at L must be per- 
spective from L. Why? 

70. The triangle of reference. We are now in a position to 
consider a coordinate system where the coordinates are referred to 
what is called a triangle of reference. In §65 we showed that 
by using Zoo we have for oblique or rectangular axes a sort of 
triangle of reference. But in this section we shall consider as 
a triangle of reference one all of whose sides (vertices) are lines 
(points) that lie in the finite part of the plane, i.e., are finite lines 
(points). 

The constructions now given for finding the coordinates of 
points (and for locating points) referred to this triangle will be 
seen to be generalizations of those given in §65. By means of 
§§66, 67, 68, 69 we can show that the necessary lines are con- 
current so as to make every point have a unique set of coordinates 
referred to this triangle of reference. (Compare the second 
figure in the text of §65 and the discussion there.) Consider the 
figures on page 154. 

We have lettered these figures so that the discussion in §65 ap- 
plies equally well here if we replace the name /^o by the line X^oFoo,* 
hence we shall not repeat here the description of how to obtain the 
points (2,0), (0,2), (—1,-1), (|^,0), etc. We note, however, that 
the first triangle in §65 is purely schematic, whereas the present tri- 
angles are not schematic at all (for instance, the lines through 
Yao are not supposed to be parallel lines as in §65). These 
triangles are like the last triangle in §65. The sides of a triangle 
of reference are, of course, extended beyond the vertices. 

In the second figure we obtain ( — 1,0) as the point of intersection 
of the line joining Y^o and ( — 1,1) with the line OXoq. But the 
line through and (0,-1) should pass through ( — 1,0) if the 
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determination of the point (—1,0) is to be unique. (Similarly 
we must have the determination of other points unique, and so the 
line joining (1,2) and (2,1) must pass through etc. This can 
all be shown in the following manner.) 




The complete quadrangle with vertices ( — 1,1), (0,1) 

determines on OX^ the harmonic set of points ( — 1,0), (0,0), 
(1,0), Xoo. The complete quadrangle with vertices P^y Fqo, 
(1,-1), (0,-1) has its sides (by construction) passing through 
all the points of this harmonic set except that we must prove that 
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the line joining to (0,-1) passes through ( — 1,0). Note that 
in the given harmonic set (0,0) and each counts as a pair of 
coincident points; also for each of these two complete quadrangles 
Xoo, (1,0), (0,0) form a point triple, determined for one quad- 
rangle by the vertex (0,1) and for the other quadrangle by (1,-1). 
Therefore the fundamental theorem on quadrangular sets applies 
here, and we see that the three points Poo, (0,-1), and ( — 1,0) 
are coUinear. 

Q.E.D. 


EXERCISES 

1. Prove that (0,0), (1,1), (2,2), . . . (n,n), where n is any positive or nega- 
tive real number, are collinear. Hint: Use the fundamental theorem for 
quadrangular sets of points on the complete quadrangles with vertices (0,1), 
(0,0), (1,0), (1,1) and (0,2), (0,0), (2,0), (2,2), etc. First it must be shown 
that the line joining (7i,0) and (0,n) passes through if n is a fraction or 
an irrational number. 

2. Prove that the line joining (1,2) and (2,1) passes through Pqo . . . ; the 
line joining (l,p) and (p,l) passes through (where p is any positive or 
negative number ) . 

3. Prove that the points (0,0), (2,1), (4,2), (6,3), ... are collinear; also 
that the points (0,0), (p,l), (2 p,2), (3 p,3), . . . are collinear (where p is any 
positive or negative real number). 

4. Show how the uniqueness of the determination of ( — 1,0) and similarly 
of other points referred to axes of reference (as in §65) is disposed of. 

5. Draw the following points referred to a triangle of reference (—3,0), 

(1.0) , (3,-1). 

6. Draw a triangle of reference (a) with (1,0) to the left of 0; (6) with (0,1) 
below O and (1,0) to the left of O. Determine in each instance the points 

(2.0) and ( — 1,0). In these instances and in the instance in the text label the 
quadrants (or what are called the triangular regions of the plane with respect 
to the triangle of reference), i.e., mark the regions of the plane I where for 
each point both x and y are positive, II where x is negative and y is positive, 
III where both x and y are negative, IV where x is positive and y is negative. 

7. Show that choosing the point (1,1) arbitrarily (but not on a side of the 
triangle of reference) is equivalent to choosing both (0,1) and (1,0) arbitrarily. 
Show cases where (1,1) is to the right of AqoFoo, to the left of OFqo, below 
OXoo, and in other positions. (Compare §65. ) Mark the quadrants for each 
case. 

8. Show that and also any other point on the side cannot 

have both coordinates finite (by the construction given in the text). 

9. In a given triangle of reference (a) take (0,1) midway between Oand 
FqoJ (^) l^ake (0,1) nearer to Y^ than to O. In each case find the points 
(0,2), (0,-1), and (0,-2). Treat in a similar manner the point (1,0) for two 
triangles of reference as above with (0,1). How do harmonic sets and parallel 
lines enter into this example? Compare §§25, 26. 
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71. A note on bilinear (or linear fractional) transformations. 

In §§56, 62 we had our first introduction to bilinear (or linear 
fractional) transformations of the parameters X and /z of a net of 
conics (or X of a pencil of conics). The equations (65) gave us 
the general bilinear transformation in the X,/x-plane. 

In this section we shall consider briefly bilinear transformations 
of the coordinates x and y of points in the a:,?/-plane, given by the 
equations 

+ Cl a2x' + & 22 /' + C2 

^3^ + + C3 a^x + b^y + C3 



(h 

6, 

Cl 


ai 

bi 

Cl 

where A = 

^2 

^2 

C2 

9^ 0, with M = 

^2 

62 

C2 


«3 


C3 


«3 

^3 

C3 


defined as the matrix* of (66). 

If A = 0 for (66), any line ax + by c = 0 goes into a line 

a(aix^ + bij/ + Cl) + b(a2x/ + b2y^ + C2) 

+ cia-sx' + bay' + C3) =0 

But this last line for every value of a, 6, and c passes through the 
point of intersection of the three lines 

aix' + hiy' + Cl = 0, a2x' + b2y' + C2 = 0, a^x' + b^y' + 03 = 0 

(These last three lines intersect in a point, because A = 0.) In 
this case (66) is said to be a singular transformation. Hence we 
suppose A 0. 

We are introducing bilinear transformations at this juncture in 
order to use them in changing from a triangle of reference to axes 
of reference (or from axes to a triangle). 

Solving (66) for x' and y in terms of x and y, we get 

f (^ 2^3 “ b^C 2 )x - (61C3 - hiCi)y + (61C2 - 62^1) 

(6b ) X = 

(0263 — 0362)2: — (0163 - 0361)2/ + (0162 - 0261) 

/ — (0203 - 0302)2: + (01C3 — 03C1)?/ — (01C2 — 02C1) 

y — 

(0263 — 0362)2: — (0163 - 0361)2/ + (0162 — 0261) 

The coefficients in (66') are the first minors of A. If we use 

* Compare §13. 
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cofactors (i.e., a cofactor is the minor of the element in the ith 
row and jth column multiplied by ( — we can write (660 
in the form 

+ ^ 2 y 4 - As / _ Bix + B 2 y + 

C\x + C22/ + C3 ’ ^ Cix C2y + C3 

where By, Ck (i, j, k = 1 , 2 , 3 ) are the (jofactors of a*, 6y, c^, 
respectively, in A. 

It is easy to see that (66) sends straight lines into straight 
lines, conics into conics, (aibics into cubics, etc. Also (66) pre- 
serves cross-ratio. (See § 23 .) But (66) is not affine, because the 
line Cix + C2^ + C3 = 0 goes into Zoo and Zoo goes into a^x' + 637/' + 
C3 = 0 by (66). These two finite lines are called the vanishing 
lines of (66). (Compare § 51 .) 

Note that (66) has eight essential constants (we can divide the 
numerator and the denominator of each fraction by a non-vanish- 
ing constant). This shows that four pairs of corresponding points 
determine (66) uniquely. (Compare § 14 .) Suppose we want the 
points (aijjSi), (a 2 ,l 32 )y (ois,03)j («4A) to correspond to (a'i,/S'i), 
(^2,^2)} respectively, under (66). Substituting in 

(66) these unprimed and primed coordinates for the unprimed and 
primed variables, then clearing of fractions, we obtain 

aia[ + bifi[ — a^aia'i — b3aifi[ + Ci — C3 q:i = 0 
U 2 «i + ^ 2^1 — U 3 ^i«i “ 53^1^1 + C2 — CsPi = 0 

and six other equations similar to these. 

Suppose the above eight equations have their terms arranged in 
the order of the unknowns Ui, 61, Ci, a2, Z>2, ^2? Z)3, C3. Consider 

three of the equations in ai, 61, Ci arranged as follows: 

aia[ + biP[ + Cl = asaia'i + b^ai^'i + c^ai 

aia 2 + ^1^2 + ^1 = ^ 3 « 2«2 + ^ 3 a 2^2 + 

Ui«3 + 5 1/33 + Cl = a^oLsas "I" + ^30:3 

Suppose that as, &3, C3 have been already determined and we wish 
to solve these three equations for ai, 61, ci. Then we see that in 
order to have a solution not all zeros the determinant of the co- 
efficients of ai, 61, Cl must not vanish. By taking all possible sets 
of three equations out of the four equations in ai,6i, ci, and arguing 
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as in the last sentence, we see we must have 


a[ 1 


a[ /3i 1 


«'i ^'1 1 

a2 ^ 1 

5*^ 0, 

<*2 ^ ^ 

5^ 0, 

“3 1 



1 


is; 1 


t 

«2 

/ 


^2 1 
4 1 
/s; 1 


5 ^ 0 


5 ^ 0 , 


From the non-vanishing of those determinants we see that no three 
of the four points with primed coordinates can be collinear. 

Using (66^ instead of (66) we can show similarly that no three 
of the four points with unprimed coordinates can be collinear. 
A brief way of stating these results is to say that (66) m uniquely 
determined when we send the vertices P 2 y Psy Pa of one complete 
quadrangle into the vertices P2, P3, P4 of any other or of the same 
complete quadrangle. (Compare §§26, 67.) 

The student should notice how the matrices (and determinants) 
of the coefficients of (66) and (66^0 resemble one another, for this 
resemblance makes these transformations easy to remember. 

We emphasize the fact that, since (66) is not affine, one or more 
of the vertices of a complete quadrangle in the above discussion 
may be on l^. As yet we cannot readily handle such cases analyti- 
cally,* so we shall confine our illustrations mostly to cases where 
the vertices are finite. 

We could, however, treat an infinite point Poo as the intersection 
with Zqo of a line y = mx, where m is called the direction of Pqq. 
Thus, if we want (1,1) to go into the point P« on y' = S x', we 
can divide the numerator and denominator of each fraction in (66) 
by x^ and get 

- _ ^2 + b 2 y'/x' + C 2 /x' 

^ ^ Us 4" ^32/ 4" ^ 3 /^^ 
Putting a: = 1, 2/ = 1, y'/x' = 3, a;' = 00, we get 


I — 4~ 3 bi ^ 02 4~ 3 62 

03 + 3 63 ’ 03 + 3 63 

Again, if we want the point Pqo on t/ = 4 a: to go into (3,2), we can 

* This is the reason for introducing homogeneous coordinates later on. 
See §75. 
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either use ( 66 ^) or we can divide the first equation in ( 66 ) by 
the second and get 

y. __ ^ 2 ^^ + + C2 

X aix ' + biy ' + Ci 

then, putting y/x = 4, a:' = 3, y' = 2 and also as • 3 + 63 • 2 + 
C 3 = 0 (since we must have x = ^,y — 00 for a;' = 3, = 2), 
we get the two equations 


3 ^2 d" 2 ^2 ~l~ C 2 
3 cti + 2 61 + Cl 


3 a 3 + 2 63 + C 3 = 0 


Illustrative Example. Suppose we want to send (0,1), (1,0), (0,-1), 
( — 1,0) to (1,1), (1,-1), ( — 1,1), (-1,-1). Substituting the coordinates 
of the first four points for the umprimed variables in (66) and the coordinates 
of the second four points for the primed variables, we get 


at -j- Cl 
dz h 3 C 3 

02 — &2 "b C2 

03 — ^3 + C3 ’ 


q2 4 - ^2 -f C2 

03 + 63 + C3 ^ 

— qi 4- + Cl 

— 03 4- ^3 4- C3 ’ 


oi — 61 4~ Cl 
03 “ ^3 4- C3 ’ 

— 02 4- &2 4~ C 2 

— 03 4- ^3 4 - C 3 * 


— Oi — hi Cl ^ _ — 02 — ?>2 + C 2 
— 03 — 63 4" C3 ^ — 03 — 63 4“ C3 


Solving these equations for the coefficients and substituting the solutions in 
(66), we find the required transformation is 

-?/' 4- 1 //' -b 1 


We wish to emphasize the fact that (looked upon as an alibi) the transforma- 
tion (66) may have to do with points referred to a triangle of reference. 

We leave for the student to prove in the exercises that (66) forms a group* 
and also, that, if Mi is the matrix of one transformation of this group and M 2 
that of another, then the product of these two transformations has for its 
matrix M 1 M 2 or M 2 M 1 . Here we wish to point out that the general affine 
group (13) can be looked upon as a subgroup of (66), defined geometrically 
by the fact that (13) keeps invariant and defined analytically from (66) 
by 03 = 63 = 0 , C 3 7 ^ 0. 


EXERCISES 

1. Find (66') from (66); fill in all the other algebraic details in the text, 
such as proving that no three of the points Pi, P 2 , P 3 , P 4 can be collinear, 
completing the solution of the illustrative example, etc. 

* For a definition of the concept of group see §31. 
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2. Prove that the transformations (66) form a group. Compare §31. 
Also show that if Afi and M 2 are the matrices of two such transformations, 
the matrix of the product of these two transformations is M 1 M 2 or M 2 M 1 . 

3. Prove that (66) preserves cross-ratio. Compare §23. 

4. Prove that (66) sends lines into lines, conics into conics, cubics into 
cubics, n-ics into n-ics. 

5. Determine (66) so as to send (0,1), (1,0), (0,-1), ( — 1,0) into (0,i), 
(0,— i), (— i,0), (i,0), respectively. 

6. Determine (66) so as to send ( — 1,-1) into the point on the line 
2 /' = 2 a;'. 

7. Determine (66) so as to send the point on ?/ = —x into (2,2). 

8. Interpret /qq, Poo» being at infinity, etc., when the points of the plane 
are referred to a triangle of reference. 

72. The effect of bilinear transformations on the equations of 
lines. Just as with affine transformations in §21, so here we wish 
to consider the effect of (66) on the general straight line (23). 
Substituting for x and y in (23) their values in terms of x' and 1 / 
from (66), we get (after clearing of fractions) 

(aiu+ a2V+ asw)x'+ (biu+b2V+b>s'^)y'+ {c\U+ C 2 V+ Csw) = 0 

Writing this last equation in the form ux' + v'y' + w' = Oy we 
find the transformation (66) causes the following relations between 
u'y v\ and tt, Vj w 

( 67 ^ pu' = aiu + a2V + pv' = biu + 62 ^ + b^Wy 

pw' = CiU + C2V + c^w 

where p is an arbitrary non-vanishing constant that is introduced 
because the equation of a straight line can be multiplied through 
by any such constant. Solving (67') for Uy Vy w we get 

(67) cfu = Aiu B\V^ -|- (J\w\ (TV = -h -f- C2U> , 

<tw = A^u -f- -63^' 

where the capital letters are the cofactors* of the small letters in the 
determinant A of (66); also where <t = Afp. 

By an argument similar to the one in §71 (concerning complete 
quadrangles) or the ones in §§14, 21 we see that four pairs of 
corresponding lines (no three of each set of four lines being con- 
current) uniquely determine (67), and so uniquely determine (66). 
That is, (67) is uniquely determined when we send the sides Pi, P2, 

* The cofactor of a term axj in the ith row and jib. column of a determinant 
is the first minor of aij with respect to this determinant multiplied by ( — 1)^*^. 
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P^t of one complete quadrilateral into the sides P'lf P2} P's) P^ 
any other or of the same complete quadrilateral. Notice how this is 
the plane dual of the above results concerning complete quadrangles 
and (66). (Compare §22.) 

We remark how the result concerning complete quadrilaterals 
follows from that concerning complete quadrangles, because if 
we take two complete quadrilaterals we can choose four vertices 
(no three of them collinear) from each quadrilateral and reduce 
the question of the corresponding quadrilaterals to that of these 
corresponding sets of four vertices. On the other hand, we can 
reduce the question of corresponding quadrangles under (66) to 
that of corresponding quadrilaterals by choosing from each quad- 
rangle four sides (no three of them concurrent). 

Since (66) and so (67) are not affine, we see that one or more 
vertices of one of the corresponding complete quadrilaterals may 
be on Zqo- To find the vanishing lines under (66) or to determine 
(66) partly by assigning certain lines for vanishing lines, it is easier 
not to use (67) but to note that from (66) a^x' + 63I/' + C3 = 0 
is the line into which l^ goes and from (66^0 Cix + C22/ + ^3 == 0 
is the line that goes into Zqq. 


EXERCISES 


1. Check the algebra in the text, such as finding (67'), solving (67') for 
Uj Vj w so as to get (67). 

2. Prove the dual of the theorem in §71 concerning the equivalence of com- 
plete quadrangles under (66). 

3. Prove that 


A' = 


Ai Bi Cl 

A2 B2 C2 
Az Bz Cz 


of (67) is a power of A of (66). 

4. Determine (67') and (66) so as to send the complete quadrilateral with 
the sides 

a; + 2 / = l, X - y = \y -a; + 2 / = l, — = l 
into the complete quadrilateral with the sides 

2 x' + 2/' = 1, 2 x' - 2 /' = 1, x' + 2 !/' = 1, x' - 2 2 /' = 1 

respectively. Do this problem in two ways. (See the hint in the next to the 
last paragraph of the text.) 

5. Determine (67) or (66) so as to send (a) into x' + 2 /' — 1 = 0; 
(6)2x — 2 / + I = ^ into Do this problem in two ways. (See the hint 
in the last paragraph of the text.) 
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73. A note on transformations of points on a line and between 
lines. In this section we wish to study very briefly the effect of 
the transformations (13) and (66) on the points of a line I that 
is sent into itself or between the points of two corresponding lines 
I and We shall go into this subject more fully later on, but we 
want some of the results and concepts now. 

If (13) sends the a:-axis into itself, then I = y = 0 must be the 
same line as Z' = ?/' = 0; hence we must have in (13) bi = 63 = 0, 
&2«i ^ 0. In this case, if we are considering only the effect on 
2/ = 0, we can omit 2/2 = b2't/ from (13) and write the rest (putting 
2 /' = 0 ) 

(68) X = aix' + U3 


If (13) sends I ^ x — 0 into l' ^ 1/ = 0, then we must have 
«! = ua = 0, a2bi 9^ 0, and we can omit x = a2y from (13) and 
write the result (putting y = 0) 

(69) y = + b^ 


If (66) sends Z = t/ = 9 into V ^ y' == 0, we must have a2 = 
C2 = 0, 62 5^ 0. We can omit y = b2y'/{a^x' + b^y' + C3) from 
(66) and write the result (putting y' = 0) 


(70) 


aix' + Cl 
a^x + C3 


Similarly, if (66) sends I = x = 0 into V = y' — 0, we must 
have ai = Cl = 0, 61 9^ 0. We can omit x = biy'/{asx' + 

bsv' + C3) from (66) and write the result (putting y' = 0) 


(71) 


a2x' + C 2 
a^x' + C3 


The transformations (68), (69,) (70), (71) give us the effect 
of (13) or (66) on certain lines of the plane, but tell us nothing 
about the rest of the plane. If we want to study any other line 
in the plane, we can first send it by some transformation T into 
a: = 0 or 2/ = 0. These transformations between points of the 
same line (or of two different corresponding lines) are said to be 
induced by (13) and (66), respectively. 

Note that these transformations might be studied for their own 
sake, quite apart from the rest of the plane. We have already run 
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across a bilinear transformation of the parameter of a pencil of 
conics in §59 that has a form like (70). 

We see that (68) has just two constants, so two pairs of corre- 
sponding points determine this transformation. Thus, if (68) 
is to send a; = 1 to a:' = 2 and a; = 2 to x' = 3, we must have 
1 = ai2 + as, 2 = ai3 + as, so ai = 1 and as = —1, and the 
required transformation is a; = a?' — 1. 

We note, on the other hand, that (70) has three essential con- 
stants; therefore three pairs of corresponding points determine 
such a transformation. (We classify as a pair of corresponding 
points also a pair P,P' where P ^ P'. ) Suppose now that we want 
(70) to send 1 to —1, 0 to 2, 3 to —3. We have, on substitution 
of the coordinates of these points, 

^ ^ ~ai + Cl ^ ^ 2 ai + Cl ^ ^ -~3ai + Ci 

— as + C3 ’ 2 aa + C3 ^ — 3 as + C3 

or Cl == ~2 ai, aa = - fai, 03= - 

so the desired transformation is 

a;' -2 -3 a:' + 6 

* ~ -f a:' - 2x' + 11 


Next suppose we want to send 1 to 00 , 00 to — 1, 0 to 2, we have 
a; = (ai + ci/a ;')/(«3 + caA'); hence 


«i + Cl/00 ^ ai 

aa + ca/ 00 as ' 


—as + Ca = 0, 0 = 2 ai + Cl 


or aa = C 3 = ai, ci = — 2 ai 

and our transformation is a; = (x' — 2 )/ {x' + 1 ). 


EXERCISES 

1. Prove that every transformation of the form (68) has one double (or 
invariant) point and every one of the form (70) has two such points. Com- 
pare §33. 

2. Prove that (68) form a group; also (70) form a group. 

3. Check all the algebra in the text. 

4. Prove that (68) and (70) keep cross-ratio invariant. See §23. 

5. Determine (68) to send 1 -}- i to 0 and 2 to 3 — i. 

6. Determine (70) to send 0 to 00 , 00 to 0, 1 to —1; to send i to 2, 0 to 

1 — 00 to 1. 

7. Interpret 00 when the points of the plane are referred to a triangle of 
reference. 



164 INTRODUCTION TO THE TRIANGLE OF REFERENCE 


74. Change from a triangle of reference to axes of reference. 

In §§71, 72, 73 we were looking upon bilinear transformations of 
coordinates as alibis. We may also look upon these transforma- 
tions as aliases. 

Suppose now we have the points of the plane referred to a tri- 
angle of reference (with x and y coordinates) and we wish to change 
the frame of reference to axes of reference (with and coordi- 
nates). Suppose the line of the triangle of reference in 

§70 is the line 

ax' + / 32 /' - 1 = 0 

referred to axes of reference, also that OX^ lies on the a:'-axis and 
OFoo lies on the i/'-axis. 

If we want to send XoqFqo by (66) to l^, to keep a; == 0 on 
x' = 0 and to keep 2 / = 0 on i/' = 0, then we must have 

fei = Cl = a2 = C2 = 0, a^x' + b^y' + C3 ^ c(ax' H- fiy' — 1) 


where c 0. (Compare the hint in the last paragraph of §72.) 
Therefore we see that the transformation 


(72) 


X = 


aix 


ciax' + Py' - 1)’ ^ c{ax' + ^y' - 1) 


b2y' 


sends the line X^Y^ to l^o in such a way that X^ goes to the point 
of intersection of the x'-axis and Zoo> also Y^ to the point of inter- 
section of the y'-axis and l^. 

One more pair of corresponding points not on the axes (or two 
more pairs of corresponding points on the axes, see §73) will 
determine this transformation (72) uniquely, since we have two 
arbitrary constants remaining (namely, ai/c and & 2 A).* Note 
that X = a\x' I c{ax' — 1) is the transformation induced on the 
a:'-axis (see §73) and y = b 2 y'/c{Py' ~ 1) is the transformation 
induced on the 2 /'-axis by the above bilinear transformation (72) 
in the plane. 

If now we compare §§64, 65, and 70 we see that (72) has sent 
the points and lines necessary to determine the x and y coordinates 
of a point P referred to the triangle of reference into the points 
and lines necessary to determine the x' and y' coordinates of this 

* This result is in keeping with the fact that the arbitrary choice of the one 
unit point (1,1) is equivalent to choosing arbitrarily the two unit points (0,1) 
and (1,0). 
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same point P referred to x'- and y'-axes plus f*,- Therefore the 
above equations in (72) give us the relations between the primed 
and the unprimed coordinates of P. 

Illustrative Example. For example, the transformation 

= ^ y' 

* x'+y'-l’ ^ x'+y'-l 

sends the triangle of reference with sides x' = 0, 2 /' = 0, x' H- — 1 = 0 
referred to a set of x'~ and 7/ '-axes plus into this set of axes and in such 
a way that the point P(l,l) lias the same coordinates referred to both frames 
of reference. Solving this transformation for x' and y' in terms of x andty 
we get 

, ^ , y 

ic =— 2/ =-T 7 

X -{-y ~ \ X y - I 

which equations show that Zcx) referred to the triangle of reference has the 
equation x y — \ =0. (Why?) The point (2,3) referred to the triangle 
has the coordinates x' = 2/(2 -f- 3 — 1) — |, ?/' = f referred to the axes. 
Note that the complete quadrangle with vertices (0,0), (0,1), (1,0), (1,1) 
goes by the above transformation into the complete quadrangle with vertices 
(0,0), (0, 00 ), (oo,0), (1,1), respectively. Compare §71. 

The above change from a triangle of reference to axes of reference 
is so important that we shall consider it again from a more geomet- 
ric point of view. In the adjoining figure suppose that is 

the line ax^ -|- Py' — 1 == 0 
referred to the axes OX\ 

OY' and also one vertex of 
the triangle of reference is 
0 ( 0 , 0 ). 

Let us take any point P 
referred to the two frames of 
reference. The line X^Y^ 
behaves for the triangle 
of reference the way loo 
does for the axes. Hence any line of the pencil of lines with 
OYoo and YooXoo as fundamental lines has an equation of the 
form a; — X • 1 = 0. (Compare §60.) Also any line of the pencil 
with OX 00 and XooYoo as fundamental lines has an equation of the 
form ^ — /X • 1 = 0. The same lines referred to the axes have, 
respectively, equations of the form 

x' - x'(ax' + Py' - 1) = 0, y' - y {ax' + Py' - 1) = 0 
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Solving these last two equations simultaneously for x' and y' 
we get 




X' 


a\' + Pfi' - 1 ' 


a\' + Py — 1 


The equations of the lines in primed coordinates can be obtained 
from a; — X • 1 = 0 and y — ijl • 1 = 0, respectively, by replacing 
X by cix\ y by C2y\ and 1 by Cs{ax' + fiy' — 1), where 
C 1 C 2 C 3 0. Therefore we have X^ = C3/C1X, = C3 /c 2M* There- 
fore, since X = a?, y = y we have X' = yx, y! — by, where 
7 = C3/C1, b = C3/C2. Substituting these values for and y in 
the equations giving x^ and y\ we get 


= 


yx 


2 /' = 




ayx + ffby — 1 ’ ^ ayx + pby — 1 

Solving these last equations for x and y in terms of x' and y\ we get 
x'/y \//b 


X = 


ax' + ^y' - 1 ’ ^ ax' + ^y' - 1 


which is again a transformation of the form (72). 

In the above discussions the sides of the triangle of reference 
were chosen in special positions relative to the axes of reference. 
To obtain the general case we have merely to perform (13) on the 
triangle in order to get it into the above special position. How- 
ever, the product of (13) by (72) gives a transformation of the 
type (66). (Why?) Therefore we see that (66) can be looked 
upon (in the guise of an alias) as a change from a triangle of refer- 
ence to axes of reference (or from axes to triangle). 


EXERCISES 

1. Solve (72) for x\ y' in terms of x and y. 

2. Find the conditions that must be imposed on (72) in order (o) to keep 
(1,1) fixed; (6) to keep (0,1) and (1,0) fixed. 

3. Determine (66) to send the triangle of reference a: — x' = 0 , 2 / = 2 /' =0, 
ic' + 2 /' ~ 1 = 0 into the axes a;' = 0,2/' = 0,1^ and (1,1) into (1,1). Do this 
in two ways. 

4. Show that (13) followed by (72) gives (66). 

5. Why would there be no loss of generality involved in choosing 

of the triangle of reference (for the second discussion in the text) as the line 
aj' + 2 /' — 1 =0? 

6. A triangle of reference has a;' = 0, 2 /' = 0, 2 a:' — 3 2 /' — 1 = 0 as 
its sides a: = 0, 2 / ~ 0, XqoYoqI also x' = 2, 2 /' = 3 as its unit point (1,1). 
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Find the coordinates of the point x = l,i/ =2 referred to the axes; of the 
point x' = —2,2/' = 1 referred to the triangle. Find the equation of 
X y — 1 =0 referred to the axes, and ofa;' 4 - 2 /'~l =0 referred to the 
triangle. 

7. Prove that a curve whose equation is of the nth degree referred to axes 
of reference still has an equation of the nth degree when referred to a triangle 
of reference. 

8. The equations 

3 a;' ^ 2 2/' 

* 2x'+y'-l’ ^ 2x'+y'-l 

change from a triangle of reference to axes plus Locate the sides and the 
unit points of this triangle with respect to the axes. 

9. Solve Ex. 8, looking upon the transformation as changing from axes 
(unprimed coordinates) to a triangle of reference (primed coordinates). 

10. Interpret 

_ 1 _ x' - y' I 

^ ~ 2x' -iy' + 1’ ^ ~ 2x' -iy' + 1 

as changing from axes to triangle, finding the sides of the triangle and its 

unit points with respect to the axes, also the axes (and l^o) and their unit points 

with respect to the triangle. 

11. Construct a triangle of reference and draw the loci 2a; — 2/'“l =1^ 
and 2a;-f3 2 / — 6=0. 



CHAPTER X 

INTRODUCTION TO HOMOGENEOUS COORDINATES 


75. Homogeneous coordinates for points. In order to be able 
to assign coordinates to the points on (when we are using axes of 
reference) or to the points on (when we are using a triangle 

of reference) we introduce what are known as homogeneous co- 
ordinates, (Compare the footnote in §71.) From now on the 
type of coordinates {x and y, or x' and y') of a. point that we have 
used thus far will be known as non-homogeneous coordinates. 

To obtain the homogeneous coordinates XijX^^x^ of any point 
P(x,y) we put X = Xi/x^, y = X2/X2 and write the point as 
P{x\jX 2 iX:i). We note that the point {kxijkx 2 ,kxs) where k 0 
is the same as the point {xi,X 2 iX‘s) because kxi/kxs = Xi/xs = Xj 
kx 2 fkxs = X 2 /XS = y. 

If X3 0 while Xi or X 2 (or both Xi and X 2 ) does not vanish, 
we see that x 00 or ?/ —> 00 (or both x—><x> and y ^)f i.e., 
the point P(xjy) = P{xijX 2 jX 3 ) approaches the line (if we are 
using axes of reference) or the line (if we are using a triangle 

of reference). Hence we say that 0:3 = 0 is the equation of 
(using axes) or of X^Y^ (using the triangle). 

No definite point in the plane is given by (0,0,0) because the 
non-homogeneous form (0/0, 0/0) is wholly indeterminate. There- 
fore we suppose that Xi, X 2 , Xz are not all zero at the same time. 

The x-axis (or side OX^ of the triangle) has the equation X2 = 0, 
the i/-axis (or side OY^) has the equation Xi = 0. The points 
(xi,0,X3) lie on X2 = 0, the points (xi,X2,0) on X3 = 0, the points 
(0,X2,X3) on Xi = 0. The origin (or vertex 0 of the triangle) is 
(0,0,X3), the point at infinity on the x-axis (or the vertex X^ on 
the triangle) is (xi,0,0), the point at infinity on the ?/-axis (or the 
vertex Too on the triangle) is (0,X2,0). The unit points have 
coordinates of the form (xijOjXi), (0,X2,X2), {x\yX\,xi). We call 
(xi,xi,0) the unit point on X3 = 0. Note that this last point is 
where the line y = x (m non-homogeneous coordinates) through 
the two points (0,0) and (1,1) cuts l^ (or X^Y^), (Why?) We 
can write the last seven points mentioned above as (0,0,1), (1,0,0), 
(0,1,0), (1,0,1); (0;1;1); (1;1;1); and (1,1,0), respectively. (Why?) 

168 
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If P{xi,X2,x^) is not on (or X^Y^) we can multiply its co- 
ordinates by fc = 1/0:3 and write the point as P{x,yy\), There is 
no occasion to employ the symbol 00 when we are using homo- 
geneous coordinates, because all the points in the plane (even 
those on l^o or X^qY^) now can be designated hy finite values of 
0:1, 0:2, and 0:3. This fact is one of the gains in using homogeneous 
coordinates. 

If no ambiguity can arise from confusion with non-homogeneous 
coordinates, we often use x,yjZ instead of XiyX2iX3 for the homo- 
geneous coordinates of a point, ordinarily reserving z = 0 for 
the equation of l<^ (or XoqY^). In this case we can change from 
non-homogeneous to homogeneous coordinates by the equations 
X = xjzy y = yfz, remembering that the new x and y are not the 
same as the old x and y. 

Note that, if we are considering simultaneously a triangle of 
reference (x = 0, 1/ = 0, 2 = 0) and axes of reference plus l^ {x^ = 0, 
y' = 0, 2;' = 0), we do not ordinarily have x = 0 the same line as 
x' = 0 or y = 0 the same as y' = 0, and z = 0 usually has an 
equation of the form ax' + fiy' — 1 = 0 referred to the axes. 
Also, conversely, l^ has an equation of the form x/a + y/b — 1=0 
referred to the triangle of reference, where a and b are the inter- 
cepts (finite only in coordinates, but in reality infinite points) of 
Zoo on the sides OX^ and OY^ of the triangle. 

We might use 0:1 = 0 or 0:2 = 0 (a; = 0 or y = 0) instead of 
0:3 = 0 ( 2 ; = 0) for Zoo or X^Y^, As illustrations of points with 
homogeneous coordinates we note that (2,8) is the same point as 
(4,6,2) or or (200, 300, 100) or (2 Vs, 3 VS, V3); 

also ( 7 , 6 , 5 ) is the same point as 

To illustrate how formulas appear in homogeneous coordinates, 
we take that for cross-ratio, namely ( 25 ) and replace Xt by Xt/Zi 
and yi by yi/zi where i = 1 , 2 , 3 , 4 ; then we multiply the numerator 
and denominator by ZiZ2Z3Z^ and we have 

^\Z2 - X2Zx X3ZA. - XaZ 3 
XiZji — X4Z1 X3Z2 — X2Z3 


EXERCISES 

1. Put into homogeneous coordinates {x^y^z) the formulas for the distance 
between two points, for the area of a triangle, for the point of division of a 
line-segment. 
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2. Using homogeneous coordinates show by a cross-ratio that —a, 0, -fa, oo 
form a harmonic set. Hint: Write oo as the point (1,0), etc. 

3. Find a cross-ratio of (1,2,3), (2,3,1), (3,5,4), ( — 1, — 1,2), first using 
homogeneous coordinates and (73), then using non-homogeneous coordinates. 

4. Express in three ways in homogeneous coordinates each of the points 

(-1,-2), (!,<»), (i-i). 

76 . Equations in homogeneous coordinates. An equation in 
non-homogeneous coordinates (variables) can be written as a 
homogeneous equation when the coordinates (variables) are made 
homogeneous, as the following example will show. (This is one 
reason for the name homogeneous coordinates.) In the equation 
XT/ = 1 we can put x = xi/xa, y == X2/x^j clear the equation of 
fractions and get X1X2 = xl; or, using x = x/Zy y = ylzy we get 
xy — Note how clearly the form xy = for the hyperbola 
XT/ = 1 shows the way this curve cuts Zqo, because x = 0 (or ^ = 0) 
when solved with xy = z^ gives us z^ = 0 , so the two axes are the 
asymptotes to the curve. 

Again, if we want to have the transformation ( 66 ) in homogene- 
ous coordinates, we put x = x/Zj y = ylzy x' = x^ I z\ y' = y'/z' 
and multijdy numerator and denominator of each fraction by z , 
Then we have (from certain properties of fractions) 

(74) px = aix' + biy' + Cxz\ py = a2x' + 62 ?/' + C2z'y 
pz = aax' + b^y' + c^z' 

where p is an arbitrary non-vanishing constant. Solving for 
x'yy'yz' in terms of x^y^z we get 

(74') ax' = Aix + A 2 T/ + Asz, ay' = Bix + B2y + B^z, 
az' = C\X + C2T/ + C32 

where a = A/p, A being the determinant of ( 66 ) and A,-, Bjy (7& {i,jyk 
= 1,2,3) are the cofactors of a,-, 6 y, c* in A. 

We show how to solve simultaneously homogeneous equations. 
Thus x^ + T/^ = 5 z^y x^ — y^ = z^ give 2x^ = Qz^y 2 t/^ = 4 z^y 
so X = diVSZy y = ±V2z. Hence the four points of inter- 
section of these two curves are (dzVSs:, zk'^z, z) where z 9^ 0, 
or (dividing by z) the four points are (iVs, zbV 2 , 1 ). Simi- 
larly, the two lines 3 x — 2t/ + 92 = 0 , x + t/ — 22 i = 0 inter- 
sect in a point given by 5x + 52 = 0 and 5 t/ — 15 2 ; = 0 , so 
the point of intersection is (— 2,3 2 , 2 ) or ( — 1,3,1). 

Finally, if we put x = x/ 2 , y = y/z (or x = X 1 /X 3 , y = ^ 2 /^ 3 ) 
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in the equation of the general conic (4), then multiply the equation 
through by ^ (or o^g), we get the equation of such a conic in 
homogeneous coordinates 

(75) QX^ + + 2fyz + 2gzx + 2 hxy = 0 

or 

(75') axl + bxl + ca^g + 2 fx2Xs + 2 gx^xi + 2 kxiX2 = 0 

Note the symmetry in the way (75) is written, namely, the order 
of the terms is x^, y^, 2 ^, yz^ zXy xy. 

Again we note that if we put x = y = oo in (4) we get an 
indeterminate form 

aoo2 + 6oo2-fc + 2/oo + 2gfoo + 2 = 0 

Putting X = x/Zy y = y/z in (4), multiplying by z^ to get (75), 
then putting 2 = 0 in (75), all amount to evaluating this indeter- 
minate form. 


EXERCISES 

1. Explain fully how we get ( 74 ) from (66) and the properties of fractions 
that we used. 

2. How does the fact that y = 0 solved with xy — gives 2^ = 0 show 
that the a;-axis is an asymptote of the hyperbola xy = 1? 

3. Get ( 74 ') from ( 74 ). 

4 . Put all the transformations of variables into homogeneous form. 
Hint: The translation becomes 

px = x' -f- py — y* kz\ pz — z* 

(Why?) Return to the non-homogeneous form to check your results. 

5 . Put into homogeneous coordinates (first using x,y,2 then using xi,X2,X3) 
the normal forms for the equations of ellipses, hyperbolas, and parabolas; the 
general equation of the circle; the general equation of a cubic; the general 
equation of an n-ic; the different type forms for the equation of a straight line; 
the equations 

= a:®, 2/ = j/* = y = x\ y^ = x^{x ± 1), 

= x(x — 1) (x — a) 

6 . Solve simultaneously: 

xi + 3 X2 — X3 =0 and 2 xi — X2 + 5 X3 == 0 
xf + X2 = X3 and xi — X2 = X3 

Next put these equations into non-homogeneous form and solve them simul- 
taneously. 
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7. Put into homogeneous coordinates the following pencils of conics, and 
find and describe their degenerate conics. (Compare §58.) 

+ 2/2 - 1) + + 2/^—2) =0, (2/2 - 4 a;) -1- X(2/2 - 8 x) = 0, 

(a;2 4- 2/2 - 1) + x(a;2 j ^ 2 x — 1 ) = 0 

8. Look through the first part of this book for all the cases where we have 

to interpret an equation like 0 a ;2 -f 0 ^2 1 = 0 or infinite points and lines 

come up in some other way. In each case change to homogeneous coordinates 
and go through the argument again. Hint: Then such an equation as 0 a;2 -j- 
0 2/^ + 1 =0 becomes =0; also an equation like 2 x = 0 (where a degen- 
erate conic is to be expected) becomes 2 xz =0. 

9. Using homogeneous coordinates find the equation of the circle through 
the three points (2,3,1), (1,0,1), (0,1,1); also find the equation of the conic 
through the five points (0,0,1), (0,1,0), 1,0,0), (1,1,1), (1, — 1,2). 

10. Prove that the equation of a line through two points (xi, 2 / 1 , 21 ) and 
{x%y2yZ2) is 

X y z 

xi yi z\ =0 

X2 2/2 22 

Hint: Transform to homogeneous coordinates the determinant form for 
the equation of a line in non-homogeneous coordinates. Or else argue that the 
equation of a line must be homogeneous and linear, hence this is the desired 
equation. 

77. Homogeneous coordinates and non-homogeneous 
coordinates for points on Let us consider the equation 

y = 7nx of a line I through the origin. In homogeneous coordi- 
nates (xijX2yX:i) this line has the equation X2 = mxi. Solving 
X2 = 777X1 simultaneously with 0:3 = 0, we determine the point of 
intersection of I and Hence I and loo intersect in the point 
Pcx>(xij7nx^fi) where 0^1 9^ 0. 

Note that for an ordinary frame of reference m is the slope of 
the line y = tux^ so m is called the direction of the point Poo on 
loo (compare §§49, 71). If we divide the coordinates of Pqo by xi, 
we can write this point as Poo(l,m,0). We may look upon m as a 
7 ion-homogeneous coordinate for the point Pqo, just as (0,6,1) has 6 
as a non-homogeneous coordinate and (a,0,l) has a. 

The line Xi = 0 (i.e., a: = 0) cuts in the point (0,X2,0) for 
whose non-homogeneous coordinate we can write 00 ; the line X2= 0 
(i.e., y = 0 ) cuts ioo in the point (a:i,0,0) with 0 as its non-homo- 
geneous coordinate. (If we divided the homogeneous coordinates 
of all points on by X2 instead of xi then (0:1, 0,0) would be 00 
and (0, 0:2,0) would be zero, but these non-homogeneous coordinates 
would be the reciprocals of the directions of the corresponding 



HOMOGENEOUS COORDINATES AND Zoo 


173 


points on io© and not the directions of these points.) The line 

= ^2 (i-e., X = y) cuts in the unit point (a;i,a;i,0) with 1 as 
its non-homogeneous coordinate. 

By the above discussion, we have assigned to every point 
on Zqo (by using the line joining P^ to the origin) a set of homo- 
geneous coordinates and also a non-homogeneous coordinate. 
Note how this resembles the determination of the coordinates of 
points on the a;- and y-a,xes in §§64, 65 and of points on the sides 
OXao and OY^ of the triangle of reference in §70. 

We remark that the transformation Xi = x^y X 2 = x^, Xs = x'l 
sends a point (xiymxi,0) on into a point (Oyfnx'^yx'^) on the t/-axis. 
We have defined (in §§23, 106) the cross-ratios of four collinear 
points in terms of their abscissas or their ordinates (with no idea 
of lengths of line-segments entering into the definition). If we send 
(by some transformation like the one above) these four finite 
points into four points on l^^y our formula (25) for their cross-ratios 
becomes what we shall call the formula for the cross-ratios of four 
points on Zqq. 

Thus the four points (oJi,— rri,0), (xi,0,0), (a:i,a;i,0), (0,a:2,0) 
with non-homogeneous coordinates — 1,0,1, oo are said to have a 
cross-ratio (1 ~ 0)/( — 1 — 0) • ( — 1 — oo)/(l — oo) = — 1 and, 
therefore, arc defined as a harmonic set on l^. We would get 
the same cross-ratio if we used (73) on the homogeneous coordi- 
nates of these points. Note how this cross-ratio is related to that 
of the four lines y = —Xy y — 0, y = x, x == 0 given in §27. 
Later on, we shall discuss cross-ratio again, more in detail. 

Again let us see how homogeneous coordinates help us interpret 
the intersections of curves with Zoo- Thus y^z = x^ shows that 
y^ = x^ should be interpreted as having a point of inflection at the 
intersection of the i/-axis and l^y with l^ as tangent (because 
2 = 0 gives = 0 when solved with this equation). Also 
yz^ = x^ shows that y = x^ should be looked upon as having a 
cusp at infinity on the ^-axis with l^ as tangent. (Why?) Com- 
pare §44. 

Note that x = x'yy == z'yZ = y' sends yh = x^ into y'z'^ = x '^ ; 
therefore we must consider y — x^ and y^ = x^ as equivalent 
cubics under (74), only that one has a cusp at infinity and an 
inflection at the origin while the other has an inflection at infinity 
and a cusp at the origin. These two cubics are not equivalent 
to each other under (13). 
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EXERCISES 

1. Send + 2/^ = 1 into — 1, using (74) and homogeneous 

coordinates. 

2. Find a cross-ratio of (3,2,0), (1,3,0), ( — 1,1,0), (0,1,0), first using homo- 
geneous coordinates, then using non-homogenerous coordinates. 

3. Find and describe the intersections of the following curves with 

x^/d^ ± 7/^/?)^ = 1, 4- 2/^ = 2/^=4 px, = x^, 

2 /^ = x\ x^y = 1, y = xy{x^ - j/=*) = 1 

Use homogeneous coordinates (a;i,a; 2 ,a ^.3 for some of the curves and x^y^z for 
the rest). Also put the coordinates of the points of intersection of these 
curves with into non-homogeneous form. 

4. Find the intersections of Zqq with the general conic (75), the general 
circle, the general cubic, the general M-ic. For (75) and the general circle put 
the coordinates of these points of intersection with Zq© into the non-homo- 
geneous form. 

78. Homogeneous coordinates and a triangle of reference; 
non-homogeneous coordinates for points on Since (66) 

sends linear equations into linear equations, therefore, even when 
the points of the plane are referred to a triangle of reference, 
y = mx is the equation of a line through 0(0,0) and conversely 
every line through 0 has such an equation. 

We are now in a position to discuss completely the subject of 
homogeneous coordinates and a triangle of reference, giving co- 
ordinates (homogeneous and non-homogeneous) to the points on 
XaoYoo- The discussion is exactly similar to that given in §77 for 
axes of reference and Zoo. We shall merely note here that to a 
point P on where a line y = mx (x 2 = mxi) cuts X^oYao, 

we give the homogeneous coordinates (xiymxi,0) or (l,m,0), 
and to P we give the non-homogeneous coordinate m. 

We wish to emphasize the fact that two lines y = mx + bi and 

y = rnx + ^2 referred to a triangle of reference intersect on 

^ 00 Too and so are not parallel. Also the equation 2 xy = 
shows that 2 xy = 1 is tangent to OX^o and OY^ at Xqo and Too? 
but does not show that this curve is a hyperbola. 

If 2 ; = 0 is the line ax' + ^y' — 1 = 0 referred to axes of refer- 
ence where x = 0 is = 0 and y = Oisy' = 0, the curve 2 xy = 
has the equation (putting x = x'j y = y'y z = ax' + Py' — 1) 

a^x '^ + + 2 (aP - l)x'7j' - 2 ax' - 2 Py' + 1 = 0 

referred to these axes with (1/ (a + — 1), l/(a + p — 1)) as 
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unit point (1,1) for the axes. Therefore this curve is a hyperbola, 
parabola, or ellipse according as 

(ctfi - 1)2 - a 2^2 _ -2 ajS + 1 J 0 

As illustrations of this result we see that 2xy = is a, h 3 rperbola 
for « = jS = ^, a parabola for a = ^ and /3 = 1, an ellipse for 
a — ^ = 1. Note that even the above is a special choice for the 
triangle of reference, since a; = 0 is = 0 and 2 / = 0 is = 0. 


EXERCISES 

1. Show that in the last paragraph of the text the point (l/(a -f /3 — 1), 
1/(01 + ft — 1 )) referred to the triangle of reference is the point (1,1) referred 
to the axes. 

2. Given a triangle of reference, as in the last paragraph of the text, find 

when two lines y == ni[X + Jwid y — m2X + 62 a,re parallel, also when 
7/2 = 4 px (and x'/a^ + g^iyes an ellipse or a parabola or a hyper- 

bola. 

3. Give the full discussion of homogeneous (and non-homogeneous) coordi- 
nates for points on ^ ao- 

4. In the last paragraph of the text is the transformation x = x', p == 2/^ 
z = ax' fty' — 1 looked upon as an alias or as an alibi? 

5. Find the inverse of the transformation in Ex. 4. 

79. Change of homogeneous coordinates from a triangle of 
reference to axes plus Zqo. Suppose we have a triangle of reference 
(x = 0, 2/ = 0, 2 = 0) and we wish to refer the points of the 
plane to a set of oblique or rectangular axes plus ioo- The trans- 
formation (74) will evidently do this for us. 

However, let us see how homogeneous coordinates will simplify 
the discussion in §74. Thus, for the first method of attack given 
in the text there, we see we can put 

px = aix\ py = & 22 /^ = c(ax' + ^y' — z) 

and then proceed with the argument. For the second method of 
attack the lines that determine the coordinates of P referred to 
the triangle of reference have, respectively, the equations x — \z 
= Oy y — pz = 0, Substituting in these equations 

px = cix'y py = C 2 y', pz = c^iax' + Py' — z') 
we have the equations 

x' — (ax' + Py' — z') = 0, 2 /' — p'(ax' + Py' — z') = 0 
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where x' = C3X/C1 = C3/C1 • x/z, /i' = C3/C2 • yjz- Now we can 
proceed as in §74. 

In general, we suppose that we have a triangle of reference 
(a; = 0, 2/ = 0, z = 0) whose three sides have, respectively, the 
equations 

a[x^ + h[y^ + c[z = 0, + 622/' + 4^', 4^' + h'^y^ + Cgz' = 0 

referred to some axes plus l^. We can change from the triangle 
to the axes by putting 

px = a{a[x + h[iy + c(z'), f>y = + h^y^ + 42'), 

pz = 7(4^' + Ky' + 4^') 

where a, P, 7 are to be determined by another pair of corresponding 
points. We prove this by noting that one and only one transfor- 
mation (74) will send this triangle and the point (1,1,1) not on 
the triangle to these axes and the new point (1,1,1). The above, 
which is of the form (74), certainly accomplishes this because 
X = 0 gives a[x' + b[y^ + c[z' = 0, etc., so the above must be the 
unique transformation we are seeking. 

EXERCISES 

1. Determine a,/3,7 in the last paragraph of the text so that P(1,1>1) has 
the same coordinates both for the triangle and for the axes. Hint: Put 
X == y — z = x' = y' = z' — 

2. Change to a set of axes from a triangle of reference {x = 0, ?/ = 0, z =0) 
with sides jo' y' — z' = Oy x' — t/' — z' = 0, 2 x' -f* 2 /' + 2 ' = 0 rovspec- 
tively referred to these axes, and let P(l,l,l) have the same coordinates for 
each frame of reference. 

3. Use the idea of corresponding complete quadrangles (see §71) to explain 
the presence of af,/3,7 in the equations in the last paragraph of the text. 

4. Under the transformation from a triangle of reference (x == 0, 7 / = 0, 
z = 0) to axes: 

px = x' + 2 2 /' - 3 z', py = -x' + y' + 2 ', P2 = 2 x' + 3 2 /' - z' 
what forms do the following equations take? 

t I n t , t n. > f 1 9 I f 9 >9 9 

x+3i/+z=0, X y = z xy = z x^4-2/ =2^, yz^ ^ x* 

What are the primed coordinates of the unprimed unit point (1,1,1)? What 
are the unprimed coordinates of the primed unit point? 

5. Under the transformation of Ex. 4 find the coordinates of (3,0,1), 
( — 1,2,1), (—3,2,1) that are here referred to the axes, when these points are 
referred to the triangle of reference. Where does cut the triangle of 
reference? 
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6. Under Ex. 4 find the coordinates of ( — 1,0,1), ( — 1, — 1,1), (3, —5,1) that 
are here referred to the triangle, when they are referred to the axes. Hint: 
Use the transformation in the form where x\y\z* are solved for in terms of 
x,y,z. 

80. The equations of curves referred to a triangle of reference. 

The transformations (74) between axes and a triangle of reference 
are linear in the variables; so also are their inverses. Therefore 
a line, conic, cubic, n-ic, when referred to a triangle of reference, 
still have, respectively, equations of the first, second, third, nth 
degrees in the variables. (Compare §§4, 18.) Conversely, any 
equations of the first, second, third, nth degrees in the variables 
(referred to a triangle of reference) are of the same degrees when 
referred to axes and so must give, respectively, lines, conics, cubics, 
n-ics. (Compare §40.) 

This gives us an easy proof that 

X y z 

(76) xi yi zi =0 

X2 y2 ^2 

is the equation of the line through the two points Piixi^y^zi) 
and P 2 (^ 2 > 2 / 2 ) 2 ? 2 ) referred to a triangle of reference, because this 
equation is certainly satisfied by the coordinates of Pi and P 2 , 
and being of the first degree it is the equation of a straight 
line. 

We saw in §4 that the transformations from rectangular to 
oblique axes are also linear in their variables. This all shows us 
that x^ + y^ = r^z^ (or x^ + y^ = r^), for instance, gives a 
circle referred to an ordinary frame of reference, an ellipse referred 
to oblique axes, and still some sort of conic when referred to a 
triangle of reference. (Compare in §3 the text and also Ex. 5.) 

It is very difficult to draw a real graph of a curve referred to a 
triangle of reference. However, we can draw sketches of these 
curves that will help us to visualize the situation when z = 0 
gives Zoo instead of the side XoqYoo of the triangle of reference. 
Thus the equations 

xy = z^j y^z = x^j 2 /^ = 4 pxz, yz^ = x^ 

give us the following sketches when referred to a triangle of 
reference : 
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EXERCISES 

1. Justify the sketches in the text. 

2. Draw sketches for the following curves referred to a triangle of reference: 

^ db ^ = Z-, yh = ± z), yh = x(x - z) (x - az) 

3. Show that px = x\ py — y\ pz = ax' + — z' multiplies the dis- 

criminant r of the general conic (75) by a non-vanishing constant. 

4. By means of Ex. 3 and (13) show that for a triangle of reference r — 0 
is still the condition for (75) to be a degenerate conic. 

5. Draw sketches for the following curves referred to a triangle of reference: 

y = 2/^ = y y^ = ^^y = i 

X — 1 

6. What is the equation in homogeneous coordinates of the polar of a point 
P'(x',i/',z') with respect to the general conic (4)? 



CHAPTER XI 

SOME THEOREMS ABOUT THE LINE AT INFINITY 


81. Intersections of curves with?oo; asymptotes. Curves may 
intersect in many different ways, such as in two or more real 
and distinct points, in imaginary points, in pairs of coincident 
points,* in three coincident points, t in four coincident points, etc., 
or in several of these ways at once. 

For example, = 2 ^ cuts Zoo at (0,1,0) and (1,0,0); 
cuts Zqo at (l,i,0) and (l,~-z,0), where i — V— 1; = ^xz 

touches Zoo at (1,0,0); y'^z = x^ has as an inflectional tangent at 
(0,1,0); yz^ = x^ has as the tangent at a cusp (0,1,0); y^z = 
has Zoo as a tangent that cuts the curve in four coincident points 
at (0,1,0). These facts are all obtained by solving 2 = 0 simul- 
taneously with the equations of the curves. Of course the curves 
are supposed to be referred to axes plus and not to a triangle of 
reference. 

The asymptotes of a curve (compare §44) we may now define as 
the tangents to this curve whose points of contact lie on l^; if 
is such a tangent, we do not count as an asymptote. If a bi- 
tangent Z (see §§42, 43) has one of its points of contact on Z^o, 
we take the definition of a tangent as given in §46. 

Asymptotes may be real or imaginary, plain or inflectional, etc. 
The hyperbola xy — z^ has the axes as asymptotes, x^ -- y^ = z^ 
has y = as asymptotes, the ellipse x^/a? + y^/h^ = z^ has 
y = zkiihlax as asymptotes, the parabola ?/^ = 4 pxz has no asymp- 
totes because touches this curve at (1,0,0). 

To find the asymptotes of any n-ic we first put its equation in 
homogeneous form (say with x,yyZ as variables), and solve 2 = 0 
simultaneously with it. By this means we get the slopes (or 
directions) y/x = mi, m 2 , . . mr of the asymptotes. Now we 
solve each of the equations y = mjX + hiZ (z = 1,2, . . .) simul- 

* The line is then a tangent or a line through a double point. 

t The line is then an inflectional tangent, or a tangent at a double point, 
or a line through a triple point. 
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taneously with the equation of the curve, thus getting in each 
case an equation in x and z (if we have eliminated y). Finally, 
we equate to zero the coefficient of the highest power of x that 
appears in this last equation, and so determine bi that we have 
y = niiX + hiZ as the equation of an asymptote. (Compare §44.) 
From the choice of we see that the equation in x and z will not 
have a term of the nth degree in x, because y = m^x is parallel 
to an asymptote. 

Illustrative Example. We consider the conic — i/^ -f 4 x — 2 2/ = 1, 
which in homogeneous form is 

a;2 _ 2 /^ + 4 X2 — 2 2/0 = 2 ^ 

Solving with 0 = 0, we get = 0, so the directions of the asymptotes 

are mi = 1 and m2 = —1. Solving y = x + hiz simultaneously with the 
equation of the curve we get 

0 x2 + (-2 hi + 2) X0 - {hi + 2 61 + 1) 02 = 0 

hence 61 = 1 gives us one asymptote y = x -h 0. Now solving y = — x -j- 620 
with the curve we get 

0 x2 + (2 52 + 6) X0 - (5l 4- 2 52 4- 1) 2 ^ = 0 

therefore 52 = —3 gives us the other asymptote y — — x ~ 80. 

To study infinite points on curves we can put x = 0', y — y\ 0 = x' and 
bring these points into the finite part of the plane. In non-homogeneous form 
this transformation is x = 1/x', y = y^/x^ (a bilinear transformation). 
Compare §12. The line x = 0 goes to 0' = 0 (i.e., to and so x = 0 is a 
vanishing line of the transformation (compare §71); also comes to x' =0. 
This discussion is from the viewpoint of an alibi. 

EXERCISES 

1. Check the facts (and the algebra) about all the curves discussed in the 
text, and draw these curves. 

2. Find how these curves cut 

7/3 = X®, 2/^(x - y)2 = x^y^ = 1 

3. Find the asymptotes of 

4 . 2/2 — 2 X 4- 4 2 / = 1, xy — + 2 X == 0, x® — 2 /* = 3 X2/ 

of the general conic (4); of the general circle. 

4. Prove that an n-ic has at the most n asymptotes. 

5. Make up a numerical example of a non-degenerate n-ic with n asymp- 
totes, for n = 6 and n = 7. 

82. Use of Zoo to discuss types of conics. We consider the 
general equation (75) of a conic in homogeneous coordinates. The 
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line Zoo cuts (75) in points given by the equation 
ax^ + by^ + 2 hxy = 0 

According as — a6 ~ 0, the two points of intersection of (75) 
with Zoo are real and distinct, real and equal, or imaginary and 
distinct, respectively. 

If 6 5 *^ 0, the two points on are (1, ( — A + Vh^ — a6)/6, 0) 
and (1, { — h — V/i^ — ab)/b, 0). 

If 6 = 0, /i 0, the two points are (1, —a /2 h, 0) and (0,1,0). 

If 6 = = 0, the two points coincide at (0,1,0). (Note how we 
discuss these points on thoroughly for all possible cases, such 
as 6 7 *^ 0, then 5 = 0 and h 9 ^ 0 , then 5 = 5 = 0.) 

According as — ab^ 0, we have in (75) a hyperbola, parab- 
ola, or ellipse if the conic is non-degenerate; but if (75) is de- 
generate, we have, respectively, a pair of real and distinct lines 
(called a real line-pair), a pair of real and coincident lines (called 
a double line), or a pair of conjugate imaginary lines (called a 
conjugate imaginary line-pair). Note how naturally the ex- 
pression — ab arises in connection with l^, and compare its 
discussion in elementary analytic geometry. 


Illustrative Examples. The conic 

3 -f 27 2 /^ + + 6 2/2 + 8 + 18 xy =0 


cuts Zqo in the points given by 

3 x2 + 18 xi/ + 27 2/2 ~ 3(x + 3 y)^ - 0 


Therefore this conic is a parabola, since its discriminant is 


3 9 4 

9 27 3 

4 3 1 


5 ^ 0 . 


EXERCISES 

1. Derive the expression — ah by rotations and translations, as is done 
in elementary analytic geometry. 

2. Taking the polar of P'(x',2/',2') with respect to (75) and putting on it the 
condition that this polar reduce to 2 = 0 (i.e., that P' be the center of the 
conic), find the coordinates of the center of (75). Compare §51. 

3. What sort of conic is 3 x^ — 2 — 4 2^ 8 2/2 + 20 2X — 14 xi/ == 0? 

Find its center and asymptotes. 

83. Circles and their circular points at infinity, minimal lines, 
perpendicular lines. If the conic (75) is a circle, we now show 
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that it passes through two imaginary points on namely (l,i,0) 
and (1, — z,0) called the circular 'points at infinit'ijj no matter 
what the center and radius of this circle may be. (Compare 
§81.) We can put the circle in the form 

(77) x^ + y^ + 2fyz + 2gzx-\- = 0 

referred to an ordinary frame of reference plus Solving this 
equation with 2 : = 0 we get + 2 /^ = 0, i.e., the two points 
(l,i,0) and (1,— ?,0). 

These circular points at infinity are of great importance in 
geometry. Any line (except Zoo) through one of these points is 
called a minimal line. Through every point P' {x' ,y') in the 
plane there pass two minimal lines y — y' = zb?(x ~ x'). For 
y = mx + b to be a minimal line we must have m = dti. (Why?) 

Let us consider two points Pi(xi,^i) and P 2 {^ 2 ,V 2 ) on the 
minimal line y — dbix + 6. If we try to apply the distance 
formula to these two points, we get V (xi — ^ 2 )^ + iVi — 2 / 2 )^ = 
V (xi ~ X 2 )^ (1 + i^) = 0. From this property these lines re- 
ceive the name minimal lines. C'onversely, to have the distance 
between two points on a line vanish, we must have + 1 = 0; 
i.e., this line must be a minimal lino. 

Again, if we try to find the line perpendicular to ^ = zkix + 6, 
we see we must have its slope m — —l/ii = so these 
minimal lines are called self -perpendicular. Conversely, for a 
line y = mx + t to be self-perpendicular, we must have m = — 1 /m 
or m = so the line must be a minimal line. Of course these 
are purely formal applications of the formulas for distance and for 
perpendicularity to entities for which they have in fact no meanmg. 

Now we show that a pair of perpendicular lines cut l^ in a 
pair of points that form a harmonic set with the circular points 
at infinity. The lines y = mx + hz and y = —llmx + h'z are 
perpendicular and cut Zoo in the points (l,m,0) and (1, — l/m,0). 
Taking a cross-ratio of these two points and the circular points, 
we get (using non-homogeneous coordinates for points on l^) 

m — i — 1 /m + i m — i — 1 + mz 
— \lm — i m + ^ —1 — m + i 

__ im + 1 im — 1 ^ ^ 

— • {im + 1) im — 1 

so this is a harmonic set of points. 
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Conversely y we consider the two lines, y = mx + bZj y = m'x 
+ b'z and we suppose they cut Zoo in points that form with the 
circular points a harmonic set. We have then 

m — i m' + i _ ^ 

m' — i m i 

hence mrn' + 1 = 0, m' = — — 

m 

so the two lines are perpendicular to each other. 

EXERCISES 

1. Show that if the general conic (75) passes through one circular point, it 
passes through the other circular point, and the conic is a circle. 

2. Using the formula tan 0 = (mi — m2)/(l -h mim2), find the angle 
between two minimal lines ; also find the angle between any line y — mx + h 
and a minimal line. 

3. Find the distance between a point on a minimal line and a point not on 
a minimal line; also between two points on two distinct minimal lines 
y = dbix + 5; also the distance of any point from such a line. 

4. In the equation ax ^y yz — 0 determine a, 18,7 so that this line shall 
passthrough (l,i,0), through (1,— 1,0). 

5. Prove that if tan 0 = if for the angle between two lines, then one of 
these lines is a minimal line. 

84. Rotations and translations and Putting the trans- 
lation (6) into homogeneous form we get 

px = x' hz'j py = y' + pz = z 

Compare Ex. 4 in §76. This formula shows that the line 
goes into itself by a translation (looked upon as an alibi) and also 
every point (x^yfi) on Z*, goes into (px,py,0), i.e., into itself; so l^o 
is said to be pointwise invariant under a translation. (Compare 
§33.) 

Every line y = kxlh -\-bz through the point (l,fc//?,0) goes into 
the line = kx' /h + bz (i.e., into itself) by a translation. We 
call (l,fc//i,0) the center of the translation. (Compare §97.) 
Also every line y = mx + bz where m 9 ^ k/h goes into a parallel 
line y' = 7nx' + (h + mh — k)z by the translation. This last 
result we can also obtain from the fact that l^ is pointwise invariant 
under a translation. 

On the other hand, a rotation (being affine) keeps l^ invariant 
as to position, but not pointwise invariant. This we see from 
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the fact that a point (x^yfi) on goes into {x cos 6 + y sin d, 
—X sin d + y cos 6, 0) by a rotation (7). The invariant {or fixed 
or double) points on Zoo are given by 

y —sin 6 + (y/x) cos 6 y 

“ = ; — ; > or — = ^ 

X cos 6 + {y/x) sin 0 x 

i.e., these are the circidar points (l,i,0) and (1,— i,0). (Compare 
§83.) 

Conversely, suppose we want to determine the coefficients of 
the general affine transformation (13) so as to keep the circular 
points on fixed. We put the affine transformation into the 
homogeneous form 

(78) px = aix' + a 2 y' + a^z', py = bix' + 62?/' + 

pz = csz' 


We want (1,^,0) to go to (l,i,0), so we have 
p = ai + a2^, pi = fei + 62^ or p == ai + a 2 i = —bii + 62 
so Ul = &2) ^2 = 


Therefore we see that the rotations are only a subgroup of a sub- 
group G of (13), where G is characterized by the fact that all its 
transformations leave the circular points at infinity invariant. 

Next we want to show that the only affine transformation leaving 
Zoo pointwise invariant and also sending every line through a given 
point (hjkfl) into itself is a translation mth center at (hykjO), Since 
every point (x,?/,0) goes into itself , we must have in (78) a2 = 61 = 0, 
aiZ?2 5^ 0, also ai = 62- Since every line y = kx/h + bz goes into 
itself, the transformed equation 

k 

b 2 y' + = 7 («ia^' + + &C32;' 


must be of the form y' = k/hx' + bz'; hence from this equation 
we have 


62 — C3 = ai. 




63 = 0 or 


bs 


h 

k 


(i.e., a3 = chy 63 = cfc, where c 7*^ 0). But the resulting transfor- 
mation 

ax = x' + ch/aiz'y ay — y' + ck/a^z' y az = z' 
where a = p/ui, is a translation with center at (/i,fc,0). 
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One more pair of corresponding points will uniquely determine 
this translation (because of the presence of the single arbitrary 
constant c/ai). Any linear transformation that keeps a line p 
pointwise invariant and sends into itself any line I through a 
fixed point P on p is called an elation with center P and axis p, 
(Compare §97.) A translation is evidently an elation with l^ as 
axis and {h^kfi) as center. 

EXERCISES 

1. Check all the algebra in the text; fill in all the missing details in the 
discussions. 

2. Determine the coefficients of (78) so that (l,i,0) goes into (1,— i,0) and 
(1,— z,0) into (l,t,0). 

3. Prove that a translation sends a minimal line into a minimal line, 
and therefore sends circles into circles. 

4. Why does the subgroup G derived in the text send circles into circles? 
Can we describe it geometrically as the only subgroup that sends circles into 
circles? Compare Ex. 2. 

5. What do the transformations x = ax', 2 / = hy^ do to I to other points 
in the plane? Hint: Consider what happens to a line y — mx. 

6. Prove that a rotation sends <?ircles into circles. 

7. A homology is defined like an elation, except that the center P does 
not lie on the axis p. (Compare §97.) Show that x = ax', 2 / == ay' is a 
homology with center at the origin and /qq as axis; also one more pair of corre- 
sponding points determines uniquely such a transformation. Compare §97. 

8. What does a rotation do to points on the minimal lines y — =tfx? 
Show this analytically. How about points on the other minimal lines 
y = ztfx H- h‘1 

9. Show geometrically that the translations (the rotations around a 
point P) form a group by considering their effect on /qq (on and P). 

10. Show geometrically that the transformations x — ax' y y — hy' form 
a group by considering their effect on and the origin. See Ex. 5. 

11. Determine c/a\ so that the translation in the last paragraph of the 
text (with h = 2, k = 3) sends (1,1,1) into (2,1,4). 

12. Determine a and binx = ax', y = by' so that (1,1) goes into ( — 1, — 1) ; 
so that (1,0) goes to (—2,0) and (0,3) to (0,4). Note that this last condition 
is equivalent to sending (1,3) to (—2,4); show geometrically the reason for 
this fact. 

13. An orthogonal line reflection is defined as a harmonic* homology whose 
center is on ^oo» for example, X = x', 2 / == — y', ^ = z. Prove geometrically that 
a rotation is a product of two orthogonal line reflections. 

85. The general affine linear transformations and Zoo* Let us 

consider briefly the effect on l^ of the general affine linear trans- 
formation (78) in §84. This transformation sends any point 


♦ See §97. 
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P(x,y, 0 ) into 

p/ / h^x - a2y ^ aiV - hx \ 

\ aib2 — ^ 2^1 ■“ ’ / 

To find the fixed {double or invariant) points on 'Zoo of this trans- 
formation, we solve the equation 

y ^ aiy/x - bi 
X 62 — 

getting 

y ^ -- (^1 — b2) dr V (ai --- 62)^ + 4 a2bl 

a; 2 a2 

if a2 9 ^ 0, or y/x = 6i/(ai — ?>2) and y/x = 00 if a2 = 0. 

According as (ai — 62)^ + 4 a2fei ^ 0 , ( 78 ) has two real and 
distinct double points on two real and equal, or two distinct 
and imaginary. From analogy with the way the conics cut Z^o, 
we might call the corresponding affine transformations hyperboliCy 
parabolic, and elliptic respectively. 

For a translation ai = 61 = 1 , a2 = &2 = 0 , so the equation 
for double points on Zoo becomes 0 y^/x^ + 0 2//^ — 0 = 0, which is 
satisfied by every value of y/x and indicates that every point 
on Zoo is invariant under the translation. 

Note that we may look upon the transformation 

( 79 ) px = aix' + a2i/', py = bix^ + 622/' 

obtained by putting 2 = 2' = 0 in ( 78 ), as a transformation 
among the points of l^ induced by the transformation ( 78 ). 
Compare §§102, 73 . This transformation of the line Zoo may be 
studied for its own sake, quite apart from its connection with 
( 78 ). In the three cases mentioned above, this transformation 
on Zoo is called hyperbolic, parabolic, or elliptic. 

Illustrative Example. We note that 

pa; = 2 x' - 2 /' + 3 2 ', p^ = a;' + 2 ?/' - z', pz = 3 z' 

has (ai - 62 )^ + 4 a^hi = (2 - 2 )^ - 4 < 0 and so is elliptic. Also this 
transformation induces on the transformation 

1+2 w' 

pa; = 2 a;' - y', p 2/ = a;' + 2 t/' or (with w = y/x) w = — -7 

From the bilinear form of this transformation on Zqo we see that the double 
points on Zoo are tp “ Compare §§103, 73 (Ex. 1). 
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EXERCISES 

1. Fill in all the algebraic details in the text. 

2. By the method of the text find the double points on Zqo of ^ rotation. 

3. Find the effect on /oo of a; = —ax' + by' -j- c, y — bx' + ay' 4- d. 

4. Make up two examples of affine transformations with the following 
double points on / 00 : (a) ( 1 , 1 , 0 ) and (1,-1, 0); (h) (0,1,0) and (1,0,0). 

5. Make up examples of hyperbolic, parabolic, and elliptic affine transforma- 
tions. 

86. The real plane as part of a complex plane; conjugate 
imaginary points and lines. In previous sections we came upon 
imaginary points and lines, e.g., the circular points at infinity, 
the minimal lines, the imaginary asymptotes of ellipses, etc. 
Compare especially §37. 

We shall now show that the real plane can be looked upon as 
part of a so-called complex plane. First of all we note that the 
real numbers can be considered as part of the complex numbers 
of the form a + i6, where a and h are any real numbers, in the 
following way: 

If 6 = 0, then a -f ib is a real number. 

If a = 0, then a + ib is a pure imaginary number. 

If ab ^ 0, then a + ib is a complex imaginary number. 

Now consider the point P(a + ib, c + id), or P(a + ib, 
c + id, e + if) in homogeneous coordinates. If b — d == 0 (or 
b = d = f = 0), then Pis a real point; otherwise it is an imaginary 
point, except when its homogeneous coordinates have a form 
like (1 + i, 2 + 2i, 3 + 3i), which can be changed to (1,2,3) 
through division by 1 + i^ 

Consider next the line 

(80) (a + bi)x + (c + di)y + {e + fi)z = 0 

If 6 = d! = / = 0 or a -^bi = a{c + di) = P(e + fi)j then we 
have what we call a real line. Otherwise (80) is an imaginary 
line. Such a line as (1 — i)x + (2 — 2i)y + (5 — 5i)z = 0 is 
real, because upon dividing its equation by 1 — i we get x + 2 y 
+ bz = 0. 

Ordinarily we consider only part of a real line, namely, the real 
points on this line. But every real line has imaginary points on 
it. (Compare §36.) Thus x = 0 has on it all the imaginary 
points (0, c + id, e + if) as well as the real points (0,c,^). Simi- 
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larly through (0,0,1) pass the real lines y = mx and the imaginary 
lines y = (\ + ifji)x. 

Again, if we allow the conic (75) to have imaginary coefficients 
and the variables XyijjZ to take on imaginary values, we have the 
conics in this complex plane. Similarly, we can describe the 
complex cubics and the other complex n-ics and other curves. 

We describe the complex plane that contains the real plane as 
consisting of all the points, lines, conics, cubics, n-ics, etc., that 
are noted in the preceding paragraphs. Of special interest to us 
are the imaginary points on any real lines or curves that we are 
studying, and the imaginary lines through any real points or 
tangent to any real curves we are considering. Take, for example, 
the circular points on and the imaginary asymptotes of an 
ellipse. 

(The discussions of points and of lines are plane dual to each 
other. Compare §22. Therefore in the next few sentences we 
enclose in parentheses the words that refer only to lines.) 

Among these imaginary points (lines) on real lines (through 
real points) we find pairs of points (lines) that are called conjugate 
imaginary points (lines) because their coordinates (equations) 
are conjugate imaginary numbers (have conjugate imaginary 
coefficients) ; e.g., 

(a + iby c + idj e + if) and {a — ib, c — id, e — if); 

(a + ib)x + (c + id)y + (c + if)z = 0 
and (a — ib)x + (c — id)y + (e — if)z = 0 

If we multiply together the equations of these two conjugate 
imaginary lines we get 

{ax + Cl/ + ez)^ + {bx + di/ + fz)'^ = 0 

which is a real quadratic expression; hence we can look upon a 
pair of conjugate imaginary lines as being a degenerate case of the 
real conic (75). 

Note that, if 6 = 0 in a + ib, then a — ib is the same as a + ib, 
namely, a. Thus we see that (2,3,4 + i) and (2,3,4 — i) are 
conjugate imaginary points; also x — ^ + (3 + 2i)z = 0 and 
^ — 2/ + (3 — 2i)z = 0 are conjugate imaginary lines. 

In projective geometry we say that a line cuts an n-ic in n points 
that may be finite or infinite, real or imaginary, distinct or coin- 
cident, or a combination of these cases. Thus ioo cuts every circle 
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in the same two imaginary (circular) points. Of course we cannot 
plot these imaginary points and lines. Compare §36. 

EXERCISES 

1. Prove that if the product of the equations of two imaginary lines (in 
homogeneous coordinates) is a real quadratic equation, then I and I' are con- 
jugate imaginary lines. 

2. State and solve the problem concerning imaginary points that is the 
plane dual of Ex. 1. 

3. Prove that the imaginary line (80) always has one real point on it. 

4. State and prove the plane dual of Ex. 3. 

5. Find the equation of the line through the two points (i,2,l) and (3 + f, 
2 — f, 1 + 2 i). Hint: Use (76). 

6. Find in two different ways the equation of the conic through the five 
points (f,0,l), (-f,0,l), (l,t,l), (1,1,0, (1 + f,2i,l). 

7. Find the sides (also the vertices and sides of the diagonal triangle) of 
the complete quadrangle (a) with vertices (i,0,l), (— f,0,l), (3 + 2i,l,0), 
(3 — 2f,l,0); {h) with vertices (i,0,l), (i,l,0), (0,i,l), (l,f + 1,1). See §67. 

8. Solve the plane dual of Ex. 7 where the numbers in the parentheses are 
now the coefficients in the equations of lines; thus one line is fx + 0 2 / + 1 2 = 0. 



CHAPTER XII 


INTRODUCTION TO LINE COORDINATES AND 
PLANE DUALITY 

87. Homogeneous and non-homogeneous line coordinates. Let 

us consider the equation of the straight line in homogeneous 
coordinates 

(81') UiXi -t- U 2 X 2 + UsXs = 0 

or 

(81) ux + vy + wz - 0 

with every term put on the left-hand side of the equation. 

The coefficients Wi,W2,W3 (or u,VfW) taken in the proper order 
determine uniquely the line (8I') or (81) just as the coordinates 
XuX 2 jXs (or XyVjZ) taken in the proper order determine uniquely a 
point. (Compare §§21, 22.) Thus the line 3x + 2y + 4:Z=^0 
is uniquely determined by its coefficients 3,2,4 given in this order. 

Since we can multiply the equation of a line through by any 
constant fc 5*^ 0, we can use —3 ,— 2,— 4 or |^,1,2, or 6,4,8, etc., to 
give the same line. We shall call the coefficients of (81 ') or 
(81) the homogeneous line coordinates of the line, and we write 
them inside brackets as [uiyU 2 yU^] or [UyVyw], 

Note that the equation ux vy wz = 0 when UjVyW are 
considered as constants gives us the condition that any point 
P(XjyyZ) shall lie on the given line l[UyVjw], This same equation, 
when Xyy^z are considered as constants, gives us the condition that 
any line l[UjV,w] shall pass through a given point P(Xyy,z). Hence 
the above equation (81) is either that of a line in point coordinates 
(if UyVyW are constants) or the equation of a point in line coordinates 
(if XyPyZ are constants). 

For example, the equation 2t^-h3t; + 4tc = 0is satisfied by 
every line l[UyVyW] that passes through the point P (2,3,4) as we 
see by substituting 2,3,4 for XyPyZ in (81); therefore this is the 
equation in line coordinates of the point P (2,3,4). The equation 
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of the point of intersection of two lines lilui^vi^wi] and 12 [^ 2 >V 2 )'^ 2 ] is 


(82) 


u 

V 

w 

Ui 


Wi 

U2 

^2 

W2 


because this is a first-degree equation in UyVyW and is satisfied by 
the line coordinates of ii and Z 2 . The point of intersection of 
2x — 3y + 4^z = 0 and x + y — 2z = 0 is 


u V w 
2-3 4 

1 1 -2 


^2u + 8v + 5w = 0 


or in point coordinates (2,8,5). This makes an easy way to find 
such a point of intersection of two lines. 

Similarly, any higher degree equation in Ui,U 2 fUs (or UyV^w) 
gives us a so-called line locuSy i.e., a family of lines whose line 
coordinates satisfy this equation; just as any equation in XiyX 2 fXs 
(or x,yyZ) gives us a point locus, i.e., a family of points whose point 
coordinates satisfy this equation. Thus the line locus uv = 
has on it such lines as [1,1,1] or x + y + z 0, [— 1, — 1,1] or 

—a: — y + z = 0, [2,§,1] or 2x + ^y + z — 0. To find lines of 

this locus we can give w and v arbitrary values and determine u 
by the equation u = w^/v. 

To find the common lines of two line loci we solve their equations 
simultaneously. For example, if we solve simultaneously the 

equations and 2uv = we find these two loci 

have in common the lines 

[± V^,± V2,21 or ± V2 x± V2y + 2z = 0 


Notice how all this discussion is just the plane dual of the discussion 
of point loci. (Compare §§22, 86.) 

The most general equation for a second-degree line locus is 


(83) 
If A 


Au^ + Bv^ 4" Cw^ + 2 Fvw + 2 Gum + 2 Huv == 0 


A H G 
H B F 
G F C 


= 0, we see at once, by a comparison with 


the discriminant F of (4) or (75), that (83) is factorable (and 
then is called degenerate). Also (83) has only five essential con- 
stants, so in general five lines uniquely determine this locus. Com- 
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pare §42. To find the locus (83) that contains the five lines 
[0,0,1], [0,1,0], [1,0,0], [1,1,1], [2, — 1,1], we substitute these line 
coordinates in (83) and get the equations 


C = 0, 5 = 0, A = 0, F + (? + ff = 0, -F + 2G-25 = 0 

Hence the desired locus wu + Z uv = Q, 

We shall also set up what are called non-homogeiieous line 
coordinates for any line not through the origin. Compare the 
exceptional character here of lines through the origin with the 
fact that we must except the points on (or on the side 
of a triangle of reference) when we set up non-homogeneous point 
coordinates. Such a line (not through the origin) can be written 
—x/a — y/h + 1=0, and we take u = —1/a, v = —1/6 as 
non-homogeneous coordinates for this line. 

Such non-homogeneous line coordinates are useful in drawing 
any line (just as non-homogeneous point coordinates are useful in 
plotting a point). Thus the line [5,3,4] in non-homogeneous 
coordinates is [f,f], and its intercepts are a = — 6 = — 

More generally the line [u^v^w] is [u/w,v/w]f and its intercepts are 
a = —wju^ b = —wjv. Note the resemblance to changing from 
homogeneous to non-homogeneous coordinates for finite points 
in the plane (or, if a triangle of reference is used, for points not on 
:^ooi"oo). 

EXERCISES 

1. Check all the algebra in the text. 

2. Use another way to find the locus —4:vw + wu Suv = 0 from that 
given in the text. Hint: Compare §42. 

3. How does comparison with the discriminant of (4) show that (83) is 
degenerate if A = 0? Hint: Replace ahy Aj x by tt, hhy By y by r, etc., in 
(75), then the derivation of the discriminant of (4) is valid here if we use the 
method that consists of solving (4) for y in terms of x (given in §16). Why? 

4. Find in two ways the line locus (83) having on it the lines [i,0,l], [ — i,0,l], 
[0,t,l], [0,— i,l], [l,f,l]. Hint: Dualize the two methods used in finding the 
equation of a conic through five given points. 

5. Find the vertices (also the vertices and sides of the diagonal triangle) 
of the complete quadrilateral: (a) with sides [1,0,1], [0,1,1], [1,1,0], [1,1,1]; 
(b) with sides [f,l,0], [— i,l,0], [l,f,l], [1,— f,l]. 

6. Draw the line loci (in homogeneous coordinates) uv = w^y 

(in non-homogeneous coordinates) w = v®, w = = u. 

7. Solve simultaneously and interpret your solution geometrically: 

3w + 2t; + 4if?=0, u — V w = 0; and u = Zw 
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8. Interpret geometrically — AB = 0 for (83). Compare A* — o6 ^ 0 
for (4). 

9. Find the lines through (0,0,1) that belong to the loci uv = 

1^2 _ y2 _ ^ 2 ^ 

88. Triangle of reference for line coordinates; axes and line 
coordinates. We might now, in a manner dual to the way we 
proceeded with axes (or a triangle of reference) for point coordi- 
nates, set up what we call centers (or a triangle of reference) for 
line coordinates. Instead of the axes x = 0, ?/ = 0 we should have 
as two centers the points u = 0^ v = 0 (for non-homogeneous line 
coordinates). 

To set up a triangle of reference for homogeneous line coor- 
dinates we can take any three non-eollinear points as vertices 
and give them, respectively, the equations u = Oj v = Oy w = 0. 
Then we can take any line through u = 0 (not a side of the tri- 
angle of reference) and call it [ 0 , 1 , 1 ], also a second such line 
through V — 0 and call it [ 1 , 0 , 1 ]; or we can take any line not 
through a vertex of the triangle of reference and call it [1,1,1]. 
Note how this is dual to our discussion of unit points in 
§70. 

The line [1,1,1] cuts the side [1,0,0] of the triangle (see the 
adjoining figure) in the point v = w, and the side [0,1,0] in the 
point u = w. The line joining it = 0 to y = t/; is [0,1,1], and the 
line joining v = 0 to u = w 
is [1,0,1]. To find the lines 
[0,2,1] and [2,0,1] we dual- 
ize the construction given 
in §§64, 65 for obtaining 
the points (0,2) and (2,0); 
namely, we join the point 
of intersection P of the 
lines [0,1,1] and [1,0,1] to 
the point w = 0 hy the 
line p. (Dually we found in §70 the point of intersection Pqo 
of the line joining (0,1) to (1,0) and the line XoqYoo or z = 0.) 
Then the lines joining P' (the point of intersection of p and [1,1,1]) 
to = 0 and 7/ = 0 are the lines [2,0,1] and [0,2,1], respectively. 
(Dually we joined the point (1,1) to Poo and labeled with (2,0) 
and (0,2), respectively, the points of intersection of this line 
with y = 0 and x = 0.) In a similar manner we could dualize 
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all the constructions in §70 and get the lines [3,0,1], [—1,0,1], 
[f,0,l], etc. 

It is more useful to have the same triangle of reference for both 
point and line coordinates. In this case we see that the point 
(0,0,1) is w = 0, (1,0,0) is = 0, (0,1,0) is «; = 0. The line 
[1,1,1] is X + y + z = Oy which cuts [0,1,0] or i/ = 0 in the point 
( — 1,0,1) OTu = w and cuts [1,0,0] or a: = 0 in the point (0, — 1,1) 
or V = w. We see that in the non-homogeneous system of line 
coordinates the point (0,0,1) or ty = 0 plays a role similar to that 
of the line [0,0,1] or 2 ; = 0 in non-homogeneous point coordinates. 

Note that the last paragraph applies without the change of a 
word — except the words triangle of reference to the words 
axes plus Zqo ” — to the case where the plane is referred to axes 
plus Zoo. In this case w = 0 is the origin, u = 0 is the inter- 
section of the x-axis with Zoo, = 0 is the intersection of the 2 /-axis 
with Zoo. 


EXERCISES 

1. Complete the discussion of a triangle of reference for non-homogeneous 
line coordinates (dualizing the discussion for point coordinates in §70) by 
locating the lines [3,0], [0,3], [ — 1,0], [0, -- 1], [f ,0]. 

2. Do the same as in Ex. 1, only for axes plus Zqq. 


89. Cross-ratios of non-homogeneous line coordinates. The 

logical thing to consider next is what we mean by the cross-ratios 
of four concurrent lines. Compare §23. Suppose the four lines 
(in non-homogeneous line coordinates) are [^^ 1 , 2 ^ 1 ], [^^ 2 ,^ 2 ], [ 1 ^ 3 , ^^ 3 ], 
[u4yV4] and they intersect in the point v = mu + 6 . We define 
one of the cross-ratios of these four lines by the fraction 

- U2 ^3 - U4 ^ Vi - V2 Vs - V4: 

Us U2 Ui — U4 Vs — V2 Vi — V4 


By the dual of the argument given in §23 we can show that (84) 
is invariant under transformations of the form 

(85) u = aiu' + a2v' + a 3 , v = + p2^^ “t“ Pz 


where 


9^ 0, which leaves w = 0 invariant as to position 


ai a2 

Pi P2 

(and so are the duals of affine transformations, which leave 2 = 0 
invariant as to position). If we submit (84) to the transformation 
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(85), we get 

ai{u[ - U 2 ) + a2{v[ - vj) cti(u3 - uj) + oiziv^ - t>4) 

aiCwg — U2) + aaCt'a “ *’2) «i(Mi ~ “4) + «2(*’i — *^4) 

But v'i = m'ul + h' , where i = 1,2, 3, 4 and where v' = m'u' + h' 
is the point into which (85) sends v = mu + h. Substituting 
these values for the z;’s into the above fraction, we get 

(q?i exgiW -) {u-^ ^2) (®i “h oL^m^ (1/3 *^^4) 

(t» x + a^w L) (wg — ^ 2 ) («i 4 - o k ^m .) {u[ — u[) 


which shows that (84) is invariant under (85). 

Next we want to show that the four points Pi, P 2 , P 3 , P 4 in 
which the above four lines cut any other line [u^yV^ have the 
same cross-ratios as the above-defined cross-ratios of the four 
given lines. These four points are 


u V \ 

Ui Vi 1 

U 5 Vq 1 


= — 2 ^ 5 )^ + (U5 — U^)v + (UtV5 — Usv^) = 0 


where i = 1, 2,3,4 or Pi ((vi — V 5 )/(utV 5 — u^Vi), — Ui)/ 
{utV^ — Taking the corresponding cross-ratio (a^i — X 2 )/ 

{xz - X 2 ) • (^3 - x^)/{xi - x^) we get 


v\ - V 5 V 2 - ^5 V 3 - ^5 H - V 5 

U1V5 — U5V1 U2V5 — ^5^2 ^3^5 ~ ^5^3 ^4^5 ~~ '^5^4 

V3 — V5 V2 - V5 — ^5 ^4 - V5 

UsVq — U5VS U2V5 — U^V2 UiV^ — U^Vi U4V5 — U5V4, 

If we simplify this complicated fraction, then substitute Vi = mui 
+ b where i = 1, 2,3,4 we find that the resulting expression is 
(ui ~ U 2 )/{u 3 — U 2 ) • (us — U 4 )/{ui — U 4 ). Compare §27. 


EXERCISES 


1. Prove that 


u V 1 

Ui Vi 1 

W6 Vs 1 


0 gives the equation of the point of inter- 


section of the two lines [wi, Vi] and [ws, V 5 ]. Compare §87. 

2. Check all the algebraic work in the text. 

3. Use the method of the text to prove that (13) leaves the cross-ratios of 
points invariant. 

4. Show that if (13) leaves (0,0,1) invariant, this transformation causes on 
the line ux-\-vy-\‘Wz^(^ 2 k transformation (24) that can be put in the form 


( 85 ). 
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5. Find a cross-ratio of the four lines y — m^x + 6, where i = 1,2, 3, 4. 
Find the four points in which these lines cut any line x/a y/^ — 1—0, 
and the corresponding cross-ratio of these four points. 

6. Show that a; = 0, y = 0, 2 / = mx^ y == —mx form a harmonic set of lines. 
(Compare §27.) Find a cross-ratio of the four points in which these lines 
cut /qq. 

7. Make up numerical examples to illustrate the text. 


90. Points of contact of line loci; line coordinates for tangents 
to curves. An ordinary tangent to a curve (i.e., point locus) at a 
point P' can be defined as the limiting position of a secant through 
two points P' and P'^ on the curve as P'' — > P^ along the curve. 
Compare §46. Similarly (and dually) we define : 

Definition. The point of contact of a line l' of a line locus is 
the limiting position of the point of intersection of two lines V 
and l'' of this line locus as l" — ^ V along this locus (i.e., through 
the set of lines that make up the line locus). 

The locus of these points of contact is in reality a point locus, 
and the lines of the line locus are the tangents to the point locus 
(since the line I joining the points of contact P' and P'' of the 
two lines V and l'' described above approaches the same limiting 
position V as l" V, and so P" P'; also I is a secant of the 
point locus formed by the points of contact of the lines of the line 
locus). We can therefore describe a point P^ of a curve as the 
limiting position of the point of intersection of two tangents t' and 
to this curve as t^' — > t\ 

We shall now dualize from §46 the derivation of the equation 
of a tangent to the curve / (x,y) = 0 and obtain the equation (in 
non-homogeneous line coordinates) of a point of contact of the 
line locus <t>{UjV) — 0. Consider any two lines [u'y] and [u' + 
Au, v' + Av] of this locus. The point of intersection of these two 
lines is 


V — V 


u 


u 


yf — + Ay) + Au) 


or V — V 


Av 

Au 


{u — u') 


since this is a first-degree equation that is plainly satisfied by 
the coordinates of the two lines. If we let Au—^0 (so that 
Ay — » 0), we get the equation of the point of contact of [u\v^]y 
namely, 


dv 
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EXERCISES 

1. Find the points of contact of [1,1] on the curves mi = 1. 

2. Find the two points of contact of [1,1] for each of the two curves v?‘ + 

= 1 and uv — —2. Hint: Dualize the method of finding the tangents to a 
given conic from a given point not on this conic. 

3. Dualize and interpret geometrically the discussion in §§47, 48 of points 
of inflection and multiple points. 

4. Do the same as in Ex. 3 for asymptotes to curves; also for poles and 
polars with respect to conics. 

91. The conics and other n-ics in line coordinates; the class 
of an n-ic. Given the equation of an n-ic in point coordinates it 
is possible (though often very diflflcult) to find the equation in 
line coordinates of the line locus composed of the tangents to 
this point locus. We call this latter equation the equation of the 
given curve in line coordinates. 

The degree n of the equation of the above-mentioned curve in 
point coordinates is called the degree of the curve. The degree m 
of the equation of this curve in line coordinates is called the class 
of the curve. 

We showed in §43 that the degree of an n-ic is the same as 
the number of points in which any straight line I cuts the curve, 
counting in imaginary points, counting two coincident points 
twice, etc. The class m of a curve will now be shown to be the 
same as the number of tangents to the curve from any general point 
P not on the curve. This we see by taking P as it; = 0, then 
solving w = 0 simultaneously with the mth degree equation of the 
curve in homogeneous line coordinates. We get thereby an mth 
degree homogeneous equation in u and v to determine the tangents 
passing through the point w = 0. 

The above choice in the proof of tt; = 0 for the general point P 
merely amounts to a change of the triangle (or axes) of reference 
and so does not harm the generality of the proof, because linear 
transformations of coordinates cannot alter the number of tangents 
to a curve through a given point. As an illustration of this 
theorem we see that from w = 0 there are three tangents to the 
curve (u^ — v^) {u + 2v) = ^uvw^ namely, [1,1,0], [1,~1,0], 
and [1,— ^,0]. We shall prove later on (in §124) that the class 
m of an n-ic usually is given by the equation m = n(n— 1) — 25 
— 3 X where 5 is the number of nodes on the n-ic and x the number 
of cusps. 
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If we want to determine the equation of an n-ic in line coordinates, 
we can proceed as follows. Solving ux + vy wz — 0 for 2 , we 
get 2 = —{ux-\-vy)/w. Substituting this value of z in the 
equation of the n-ic, f{x,y,z) = 0, we get an equation in y/x, 
namely, (t>(y/x) = 0 This equation (f>(y/x) = 0 gives us the 
slopes of the lines from (0,0,1) to the points of intersection of the 
n-ic with ux + vy + wz = 0. If this last line is tangent to the 
curve, then at least two of the lines from (0,0,1) must coincide; 
hence <l>{y/x) = 0 must have at least a double root in y/x. 

If we have a general equation of condition for <t>{y/x) = 0 to 
have a multiple root, we can use this condition to get an equation 
in UfVyW as variables, i.e., the equation of the n-ic in line coordi- 
nates. Otherwise we can eliminate y/x between <l>{y/x) = 0 and 
4>'{y/^) = 0 (where means the derivative of <#> with regard to 
y/x) and thus obtain the equation of the n-ic in line coordinates. 

, As examples of the above method of getting the equation of 
an n-ic in line coordinates, let us consider the following curves. 
In the circle x^ + y^ == we put z = — {ux + vy) /w and get 

— r\^) + y^{w^ — — 2 r^uvxy = 0 


The condition that this quadratic equation have a double root is 
— {w^ — r^u^) {w^ — r^v^) ^ = 0 


which is the desired equation in line coordinates. Here w — 0 
is the equation of (0,0,1) and gives us the two asymptotes of the 
circle. We note that we are told by the rest of the last equation 
that any line 

ux + vy :hr 2 : = 0 


where u and v are arbitrary, is a tangent to the circle + 2 /^ = r^z^. 
In the cubic y\ = x^ we put 2 = — {ux vy)/w and get 

wx"^ + uxy^ vy"^ = 0 or H 1- t; = 0 

y y 


From the condition (45) for a cubic in one variable x/y to have 
a double root, we obtain (since here uq == it?, ai = 0, a 2 = u/3, 
as = v) the equation 




4 vm^ 


= 0 


or w{27 v^w + 4 u^) = 0 


27 
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as the equation of this cubic in line coordinates. Note that 
such a line asa; + 2 / — ^2 = 0 , i.e., [ 1 , 1 , is a tangent to 

this cubic. 

Another way to solve this problem of the cubic is to take the 
derivative with respect to xjy of 


wx ux , . , . 

__ -j f- = 0, which IS 

y y 


3 wx^ , ^ 

— w = 0 


We have now 
X /wx^ 


y\y 


,2 + 


\ - 4 _ \ 

u)= —V or Iw- rw)= —v 

) \3w\ 3w / 


hence the equation of the cubic in line coordinates is 4 u^/27 w 
= —v^ (which is obtained by squaring the last equation). 

Next we consider the quartic y^z = We get 

wx"^ + uxy^ + vy"^ = 0 or -f — -f. 2 ; = 0 

y y 


Using the condition (47) for a quartic equation in one variable 
to have a double root, we get (since uq = ai = a 2 = 0 , 03 = w/4, 
== v) the equation 


(w • v)^ = 27 


w 

0 

0 


0 

0 

u/4: 


0 

u/4: 

V 


|2 


or 


= 


27 • 
256 


as the so-called line equation of our quartic curve. By the other 
method we have 4 wx^/y^ + u = 0. Sox/y{wx^/y^ + ^^) + = 0 

gives us ^—u/4w{w' —u/4w + u) = —v; hence (cubing this 
last equation) we have again the equation 27u'*/256 = v^w. 

Finally we shall derive the equation of the general conic (75) 
in line coordinates. We do this by considering the condition that 
a line shall be tangent to this conic. We can write the equation 
(5), when put in homogeneous coordinates, of the tangent to this 
conic at a point P' {x\y\z^) as ux vy + wz — 0. Hence, 
since also P' must lie on this tangent, we have 

— pu + ax' + hy' + gz' = 0 , —pv + hx' -b by' + fz' = 0 , 
—pw + gx' + fy' + cz' = 0, 0 • p + ux' + vy' + wz' = 0 


These equations may be looked upon as four linear homogeneous 
equations in the four unknowns p, x', y' y z' , In order that these 
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equations may have a solution not all zero, we must have 


— w a h g 
-V h b f ^ Q 
-w g f c 
0 u V w 

If we expand this determinant we get the equation of (75) in line 
coordinates, namely (83) where A,BjCy . . . are the cofactors of 
a,fe,c, ... in the discriminant T of (75). 

Note that such a conic as = 0 has no equation in line co- 
ordinates, whereas — 0 has no equation in point coordinates. 
As an illustration the conic = 0 has the line 

equation 



1 0 0 

-V 0 1 0 

—w 0 0 —r^ 

0 u V w 



0 

1 

0 1 

1 

0 

0 

u 

0 

0 

1 

+ 

0 

0 

-r^ 


w 

V 

w 1 

u 

V 

w 


10 0 

—w 0 10 = = 0 

u V w 


CXCRCISCS 

1. Check all the algebra in the text, filling in missing details. 

2. Prove that the general cubic curve (38) ordinarily is of class six. 
Hint: Substitute z = — {ax vy)lw, etc. 

3. Prove that the general quartic curve ordinarily is of class twelve. 

4. Find the equation in point coordinates of the line conic (83) by dualizing 

the discussion in the text. Hint: The coefficients a,6,c, . . . are proportional 
to the cofactors of ... in the discriminant A of (83). Prove this fact, 

or look up its proof in Bocher’s Higher Algebra.” 

5. Find in three ways the equations in line coordinates of: 

2/2=4 px, x^ +2 gx + 2fy + c = 0, ^±^==1, xy = 1 

a o 

Hint: Change to homogeneous point coordinates. 

6. Find in two ways the equations in line coordinates of: 

y = 2/2 = x2(x ± 1), y^ = x{x — 1) (x — a), y = x^ x^y = 1 

7. Find the equations in point coordinates of : 

2 2 

t;2 = 4 pu, ^2 + -f. 2 grw + 2fv + c = 0, ^± 7 ^ = 1, uv = \ 
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8. Find the equations in point coordinates of : 

= 1, V — 7 — — — , + V® = 3 uv 

\u + 1 ) 

9. Give the classes of all the curves in the text and in the above examples. 

10. Prove that if = 0 is to have a double root in y/Xy then <f>(y/x) 

and 0'(2//x) must have a common factor. 

92. Plane duality. In §22 we defined duality in a plane (called 
also plane duality). Since then we have kept pointing out duality 
as it arose and using the principle of plane duality in our discussions. 
Now we shall prove that plane duality is not only a characteristic 
of geometrical definitions and theorems in plane geometry, but 
(when Zoo included in the plane) it gives us also a method 
of proof of many theorems. That is, we shall show: 

Theorem. If we interchange the words point and line {collinear 
and concurrent j etc,) in a7iy projective theorem* in plane analytic 
geometry j where the line at infinity is mcluded in the plane, we shall 
have a new theorem whose validity follows from that of its dual theore7n 
and therefore requires no further proof. 

For all the results that are obtained by purely analytic means, 
the above theorem follows at once from the fact that, in any of 
the equations or formulas we use in plane analytic geometry, the 
homogeneous variables may be replaced by u,v,w; the 

algebraic manipulations will still be valid; and the analytical 
results will be theorems or expressions in line coordinates concern- 
ing line loci, where the dual theorems and expressions were in 
point coordinates and had to do with point loci. 

The line at infinity must be taken as part of the plane in order 
to use duality because, whereas any two distinct points determine 
a line, any two distinct lines determine (i.c., intersect in) a point 
if, and only if, we assume that two parallel lines intersect on l^. 

If x,y,z and UyV,w are referred to a triangle of reference, we 
cannot use duality in our analytic work until we have shown that 
the duals of the purely geometric discussions of §§66, 67, 68, 69 
(that were at the very foundation of the discussion of a triangle of 

* Roughly speaking, such a theorem is one that does not involve lengths of 
line-segments or measures of angles. This is because in this discussion we 
are not differentiating between finite and infinite points and also we are not 
singling out for special treatment the so-called circular points at infinity. 
See §83. 
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reference) are valid. The dual of Desargues^ theorem on two 
perspective triangles was proved in Ex. 3 of §66. The dual of 
the fundamental theorem on quadrangular sets of points is con- 
tained in Ex. 13 of §69. Therefore we can dualize our analytic 
results, even when the point and line coordinates are referred to a 
triangle of reference. 


EXERCISES 

1. Show how the dual of the theorem on quadrangular sets of points enters 
into the discussion of a triangle of reference for line coordinates as given in 
§88. Hint: Dualize parts of §§64, 65, 70. 

2. Dualize the theorem that any two conics intersect in four points, using 
the idea of tangents to point (;oni(;s. 

3. Dualize a bi-tangent. See §42. 

4. Dualize the definition of a tangent at a point of inflection on a curve. 
Hint: Such a tangent is the limiting position of a chord PP'P" as P' P 
if at the same time P" — > P. 

5. State and dualize the theorem illustrated in the following figure. (This 
theorem is called Pascal’s theorem about a hexagon inscribed in a conic.) 



93. Plane duality from the purely geometric (synthetic) stand- 
point. We shall not give the complete proof of the validity of 
plane duality for results that are obtained by purely geometric 
means (called synthetic as opposed to analytic). Note that the 
validity of duality for analytic discussions follows from its validity 
for purely geometric discussions because of the way coordinates 
are assigned to points and lines in this book. However, it is not 
true that conversely the validity of plane duality for purely geo- 
metric discussions follows from its validity for analytic discussions. 

We shall state here that all the geometry in this book could have 
been built upon the foundation of the following assumptions (see 
Veblen and Young, Projective Geometry,” Vol. II, pp. 2, 3): 

{(x) If A and B are distinct points, there is one and only one 
line passing through A and B, 

(0) If AjByC are points not all on the same line, and D and E 
{D 9 ^ E) are points such that ByCyD are on a line and CyAyE are 
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on a line, there is a point F such that A^B^F are on a line and also 
D,E,F. 

(y) There are at least three points on every line. 

(5) There exists at least one line. 

(e) All points are not on the same line. 

(f ) All points are not on the same plane. (For the definitions 
of a plane, and of a three-dimensional space see further on in this 
section. ) 

(rj) If Ss is a three-dimensional space, every point is in 83 . 
(Or we may assume that all points are not in the same 83 ; 
and if 84 is a four-dimensional space, every point is in 84, 
Or we may assume the existence of still higher dimensional 
spaces.) 

(d) In the setting up of the axes plus and of the triangle of 
reference in §§64, 65, 70, the points on the axes and (or on the 
sides of the triangle of reference) that we obtained are such that 
their non-homogeneous coordinates are in one-to-one correspond- 
ence with the real numbers, i.e., we exhaust all the points on 
these lines that are determined as described when we exhaust the 
real numbers as labels. 

Note that ( 0 ) does not preclude the existence of imaginary 
points on these axes and loo (or on the sides of the triangle of 
reference) but merely states that we cannot locate such points 
geometrically by the means at our disposal. 

Also we note that a point is an undefined element in the above 
assumptions. A line is defined as a set of points by the assump- 
tions A plane (and similarly a three-dimensional space, 

etc.) is to be defined in terms of points and lines in the following 
manner: 

Definition. Given a line p determined by two points A and B 
using assumptions (a) and (5), we take a point P (not on p) 
whose existence is guaranteed by assumption (e). The plane t 
(that is said to be determined by P and p) is then defined as 
consisting of all points collinear with P and some point of p. 

We see that we must assume the existence of an infinitely distant 
point on p in order to include in tt the points on the line through 
P that is parallel to p. 

By means of assumptions (a) through (ry) and the above defi- 
nitions we could now establish the necessary theorems about 
points, lines, and planes that would be essential in the proof of 
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such fundamental results as Desargues^ theorem on perspective 
triangles. These theorems are such as the following: 

(а) Every point on a line Z in a plane w lies in tt. 

(б) Any two lines in tt intersect in a point of tt. 

(c) The plane tt is uniquely determined by any three non- 
collinear points of tt (not alone by A,B,P as in the above defini- 
tion). 

(cZ) The plane tt cuts any other plane tt^ in a line (which line 
is Zoo if ^ and tt' are parallel). 

(e) The plane tt cuts any line I not on tt in a single point (which 
point is on if tt and I are parallel). 

(/) Three planes that do not intersect in a line must inter- 
sect in a point (which may lie on Zoo). See Veblen and Young, 
“ Projective Geometry,’’ Vol. I, pp. 15 - 25 . 

The only place in this book so far where we step out of the plane 
in our discussion is in the derivation of Desargues^ theorem on 
perspective triangles in §66. The above-mentioned assumptions 
{a)-{T)) and elementary theorems (a)-(f) are sufiicient to prove 
this theorem. 

The plane duals of the above assumptions a, fiy 7, 6, e, d are as 
follows : 

(a) If Z and m are distinct lines, there is one and only one 
point of intersection of Z and m. 

(fi') If Z,m,n are lines not all through the same point and p and 
/* (p r) are lines such that m,n,p are concurrent and n,Z,r are 
concurrent, there is a line s such that Z,7^i,s and also p,r,s are con- 
current. 

(7') There are at least three lines through every point. 

(5') There exists at least one point. 

(e^) All lines are not through the same point. 

(0O III setting up the centers plus the origin (or triangle of 
reference) for line coordinates in §88 the lines through the centers 
(or^4;hrough the vertices of the triangle of reference) are such that 
their non-homogeneous coordinates are in one-to-one correspond- 
ence with the real numbers. 

We shall prove most of the above duals of the original assump- 
tions but shall refer the student to Veblen and Young, Zoc. ciZ., 
for the derivation of the above-mentioned elementary theorems 
on points, lines, and planes. 

Using these assumptions and their above duals, the elementary 
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theorems mentioned above, Desargues^ theorem and its dual, 
and also the fundamental theorem on quadrangular sets of points 
and its dual, we can then proceed to prove the theorem of plane 
duality by the following statement: 

Proof. Any proposition deducible from the above assumptions 
and from the elementary theorems mentioned above (which 
theorems are in turn deducible from these assumptions) is obtained 
from these assumptions and theorems by a certain sequence of 
formal logical inferences. The same sequence of formal logical 
inferences may be applied to the duals of the above assumptions 
and theorems and the result will be valid. But this last result 
will be merely the original proposition with the words point and 
line, concurrent and collinear, etc., interchanged. Hence we can 
prove either one of two dual theorems, and the other theorem fol- 
lows at once by plane duality. (Compare Veblen and Young, 
loc. cit, Vol. I, pp. 28, 29.) 

We shall now prove most of the duals of the above assumptions. 
We leave the statement and the proof of the duals of the above 
elementary theorems (a)-(f) to the student in the exercises. 

For (oi^) we refer to the theorem (b) that any two lines in a 
plane intersect in a point. See Veblen and Young, p. 18. 

For (jS') we note the adjoining figure. The points P, P, S 
exist, by (a). The given lines p and 
r intersect in P, by (a). The points 
S and T determine the desired line s, 
by (a). 

To prove {y) we take a point P. 

There exists at least one line Z by (5). 

I: If Z does not pass through P it has 
at least three points, P, S, T by ( 7 ). 

The points P and P, P and S, P and T 
determine the three required lines, by {a), II: If Z passes through 
P, it has another point P, by ( 7 ). Also there is a point S not on 
h by (e). Moreover, P and S determine a line m, by (a). On 
m there is another point T, by ( 7 ). The points P and P, P 
and aS, P and T determine the three required lines, by (a). 

The proposition (5') follows from (d) and ( 7 ). 

To prove (e') we take any given point P and a line Z through it. 
The existence of Z is assured by (5), for if Z does not pass through P 
then (e) is proved by the existence of Z. On I we have a point P, 
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by (7). There is, by (c), a point S not on I The line RS, 
given by (a), is the required line not passing through P, because 
if RS passed through P then (a) would be violated. 

Finally we prove (6^) as follows: The two-point form for the 
equation of a line (especially the determinant form, in homogene- 
ous or non-homogeneous coordinates) shows that the coefficients 
(hence the line coordinates) of this line are real if the two points 
are real. Hence (6^) follows from (0). 

EXERCISES 

1. Draw figures for assumptions (/3) and (i3')* 

2. Generalize the definition of a plane tt that is given in the text and obtain 
the definition of an Ss, of an <^ 4 . 

3. State and prove the duals of the elementary theorems (o)-(/) mentioned 
in the text as being at the foundation of a proof of Desargues’ theorem. 

4. To prove ( 7 ') in the text we take a point P. Prove the existence of P 
by earlier assumptions. 

5 . Show how Desargues’ theorem follows from assumptions (a)- (17) and 
the elementary theorems (a)-(J), This fact is merely stated in the text. 

94. Points and lines and plane duality from a strictly analytic 
viewpoint. Another way to approach the subject of plane duality 
is to define a point P as an entity given analytically by a set of 
coordinates x,y,z and a line I as an entity given by an equation 
of the form ux vy wz = 0, where {UyV,w\ are called the 
homogeneous line coordinates of I, Here (kxjkyjkz) for k ^ 0 
is the same point as (x^y^z) and (0,0,0) is no point at all, similarly 
for [kUjkVykw] and [0,0,0]. 

Next we show that the assumptions («)-()?) and Desargues’ 
theorem are valid for the above-defined entities, if we call (Xyy,z,t) 
a point in space and 

ux + vy + wz + rt = 0 

a plane in space. Then we replace (6) by the assumption that 
XjyjZyt and UyVyWyT are real numbers (or complex numbers or some 
other sort of numbers; compare §§86, 136, 138). 

Assumption (a) is satisfied by the above entities, because the 
X y z 

equation xi y\ zi =0 gives us such a line through any 
^2 2/2 ^2 

two points P\{xiyyiyZi) and P2 (^2,2/2,22) • 



DUALITY FROM AN ANALYTIC VIEWPOINT 


207 


We shall leave the validity of (P) for the student to prove in the 
exercises. 

To show (7) is valid we note that any point {xi + Xa;2, yi + X2/2) 

+ \Z2) satisfied the above equation of the line through Pi and 
P2. 

Assumption (3) is satisfied because a; = 0 is such a line. 

To prove (e) valid we note that (^1,2/1,221) is not on the line 
through Pi and P2- 

For (f) we note that (0,0,0, 1) is not on the plane ux + vy + wz 
+ rt = Oiir 9^ 0. 

From this discussion of the assumptions, and a similar strictly 
analytical treatment of the elementary theorems (a)-(f) which 
we leave for the exercises, Desargues^ theorem follows as in the 
book. Or, to keep our ideas more analytical, we could now 
proceed to prove Desargues’ theorem analytically for the above 
entities that we call points and lines. 

EXERCISES 

1. Prove Desargues’ theorem and the fundamental theorem for quad- 
rangular sets of points analytically for the entities called points and lines in the 
text. 

2 . State ( 17 ) for the points and lines in this section. How do we insure the 
validity of (>;) in this case? 

3. Prove the elementary theorems (a)-(f) analytically for the points and 
lines in this section. 



CHAPTER XIII 


INTRODUCTION TO GENERAL ANALYTIC 
PROJECTIVE GEOMETRY 


95. General linear (or projective) transformations in point and 
line coordinates, general analytic projective geometry. In this 
section we come to the most general linear (or projective) trans- 
formation of the homogeneous variables namely (see §76) : 

(88) px = aix' + a2i/ + azz\ py = bix' + &22/' + hz', 
pz = cix' + C2y' + c^z' 


where we introduce p (an arbitrary non-vanishing constant) be- 
cause of the homogeneous character of the variables XjyjZ and 
x',y\z\ The inverse of (88) is 

(88') <rx' = AiX + Biy + CiZj ay' = A2X + B2y + €2^, 
az' = A^x + Bsy + C32J 


where Ai, Ri, etc., are the cofactors of ai, bi, etc., respectively, 
in the following determinant A of the coefficients of (88). 



ai 

a2 

as 

A = 

bi 

62 

h 


Cl 

C2 

C3 


and<r = A/p. 

We do not consider the cases where A = 0, because for these 
cases 


p(AiX + Biy + Ciz) = (aiAi + biBi + CiCi)x' + 
(a2Ai + 62^1 + (^2Ci)y' + (^sAi + b^Bi + caCi)^;' 
= 0 • x' + 0 • 2/' + 0 • 2?' = 0 


This last equation means geometrically that no matter what 
point P'(x',y'jz') we take in the plane, the corresponding point 
P{x^y^z) lies on the one line Aix + Biy + Ciz — 0. In this case 
(88) is called singular, and has no inverse. We shall suppose 
A (the so-called discriminant of the transformation) does not 
vanish. 
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If we follow (88) by a similar transformation with matrix 

a2 ci^ 

M' = b[ 62 63 and discriminant A' 7^ 0, also with p' in 

Cl C2 C3 

place of p, we obtain the product (see §§13, 71) of (88) by this 
new transformation : 

(89) TX = (aia( + + ci3c[)x' + (aia^ + a2?)2 + 

+ (aiUg + a2h^ + a^c^^)z 

ry = (bitti' + 6261' 4- hzc[)x + (6102 + ^2^2 + ^3^2)2/' 

+ (^ 1^3 + ^2^3 + ^3^3)2^ 

T 2 = (citti' + C2&1' + C3c()a;' + (cittg + C262 + C3C2)?/' 

+ (^1^3 + 0263 + CsCg)^^ 

with matrix ikf" = M • M where M is the matrix of (88), with 
discriminant A" ^ A • A' 0, and with t - pp 9^ 0. Here the 
product of two matrices is defined to be like the product of two 
unexpanded determinants. 

If we perform first the transformation with matrix M' and 
then (88), we obtain a new product with matrix = M' • M, 
and discriminant A(' = A' • A 0. Ordinarily Af" 9^ even 
though A^' = A(', so the new transformation is usually not the 
same as (89). Hence we sec that two general linear transfor- 
mations of the form (88) are ordinarily not commutative {per- 
mutable). If we represent (88) by T and the transformation 
with M' by T', we express this fact by TT^ 9^ T'T. (See §9.) 

The identical transformation {identity) in homogeneous co- 
ordinates 

(90) px = x\ py = if, pz = 2' 

belongs to the set of transformations represented by (88), as we 
see by putting ai = 1, a2 = us = 0, 61 = 63 = 0, 62 = 1, 

Cl = C2 = 0, C3 = 1. 

The inverse (88') of (88) has (if we interchange x and x', y and 
?/', z and z') the same form as (88) only with ax replaced by Ax, 
«2 hy Bx, as by Ci, etc. Also the product (89) has the form of 
(88) with axa[ + a2b[ + asc[ instead of ai, Uia^ + a2&2 + ^3^2 
instead of a2, etc. Moreover, the product in the other order of 
(88) and the transformation with matrix Af' has the form of 
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(88) with aia[ + hia^ + instead of ai, a 2 a[ + 620^2 + ^20^3 
instead of a2, etc. 

Hence the general projective (linear) transformations form a 
group (see §31), with the affine linear transformations as a sub- 
group. There is a general projective geometry corresponding to 
this general projective group of transformations (compare §35) 
in which we study the invariants under this group (compare 
§§18, 20). The affine geometry and Euclidean geometry we may 
call sub-geometries under this general projective geometry (com- 
pare §32). 

If we subject the variables x,y,z of the general line ux + vy + 
wz = 0 to the transformation (88), we obtain a new line u'x' 
+ v'y' + w'z' = 0 with the following relations between u\v\w^ 
and UyV,w (compare §21). 


(91') rw' 
or 


aiu + b\v + dWy W = a2U + b2V + C2Wf 
Tw' = a^u + bsv + CstVy r 0 


(91) au = Aiu^ + A 2?^' 4" (TV = B\u^ -1- B2V^ B^w\ 

(TV) = CiU^ + C22^' 4“ (T = A/r 


We may look upon (91) as a transformation of line coordinates 
induced by (88), or simply as (88) in line coordinate form. Or we 
may consider (91) on its own merits, quite apart from any asso- 
ciated transformation in point coordinates. 


Numerical Illustrations. We note the transformation 

T : px = x' + y' - py = x' - 1 / z\ pz = —a;' -h 2/' 4“ 

1 1 -1 

which has A = 1 -- 1 1 = —4 and so is not singular. Also 7^^ 

-1 1 1 

(the inverse of T) has the following form (solving T for x\y\z* in terms of 
XjyyZ then interchanging x and x\ y and y \ z and z') : 

T~^ : ax — —2 x' — 2 y'y ay — —2 a;' — 2 z', az = —2 2 /' — 2 z' 

where a — —4: Ip. Also T in line coordinates is 

Tu' == u 4- V — Wy tv' = u — V Wy TW' = —u V w 
or 

au = -—2 u' — 2 v'y av = —2 a' — 2 w'y aw = —2 v' ^ 2 w' 
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Again we take a transformation 

Ti : p'x -y' - z\ p'y = -x' - 2/' + p'« = -a:' -i- y' - z' 

1 -1 -1 

with Ai= —1 —1 1 =4. From (89) we see that TTi is 

-1 1 -1 

T' :tx = x' -2 y' +z\ ry = x' + y' - 2 t« = -3 a;' + 2/' + z' 
On the other hand the product TiT is 

T":r’x=x’ + y’ -2z', r'y 2x' + y'-\-z', r'z = x' - 2y' + z> 

1-3 1 

The matrix of T' is 1 I —3 whereas the matrix of T" is 
-3 1 1 

1 1 -3 

—3 1 1 . We see at once that TiT 5*^ TTi. 

1 -3 1 

EXERCISES 

1. Given the determinant 


ai 

02 

03 

0 

0 

0 

hi 

b2 

bz 

0 

0 

0 

Cl 

C2 

Cz 

0 

0 

0 

-1 

0 

0 

a'l 

ai 

03 

0 

-1 

0 

K 

b2 

h'z 

0 

0 

-1 

('i 

4 

4 


show that A = A • A'. (Hint: Expand A in terms of the first column.) 
Now multiply the first column by a[ and add it to the fourth column, multiply 
the second by b[ and add to the fourth, multiply the third by cj and add to the 
fourth; treat the fifth and sixth columns in fashion similar to the way the 
fourth was treated. Expand the resulting determinant in terms of the first 
column and we have A" of (89). Note that this method can be generalized 
so as to give the formula for the 'product of two determinants of any order. See 
Fine’s “ College Algebra.” 

2. Check all the algebra in the last two paragraphs of the text. Find the 
inverse and both line coordinate forms for each of the transformations T, T', 
and T". 

3. Derive (88') from (88), (91') from (88), (91) from (91'), also (91) 

from the effect of (88') on u'x' + = 0. 

4. Derive (89). Also find the product T'T spoken of in the text. 

5. Show that if A = 0 in (88), the line A\x Biy Ciz = 0 is the same 
as A^x + B^y 4- (hz = 0 and as Azx + B^^y + Caz = 0. Hint: Multiply 
the equations of (88) respectively by A 2, R2, C2 and add them together. Then 
multiply these equations of (88) by A3, R3, C3, respectively, and add them. 
But there can be only one such line, because to each point P\x\y\z') there 
corresponds only one point P {x,y,z) by (88) . Hence the above three equations 
in x^y^z must all give the same line. 
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6. What does (88) do to Zqq? What line goes by (88) into (This is 
looking upon the transformation as an alibi and the coordinates as referred 
to axes plus /qq. But we might consider the transformation as an alias, also 
we might have the coordinates referred to a triangle of reference. Compare 
§ 11 .) 

7. Prove that if (88) has a matrix that is symmetric with respect to 

the main diagonal (i.e., = Z>i, «3 = ci, 63 = C2), then (88) represents 

commutative (permutable) transformations, i.e., TTi = T\T where T and 
T\ are of this special form for (88). Note that this is only a sufficient 
(not a necessary) condition for such transformations to be commutative. 
See §17. 

8. Find the necessary and sufficient conditions for (88) to give (iommuta- 
tive transformations. Hint: The corresponding coefficients of TT' and T'T 
must be proportional. 

9. Show how the rotations and translations satisfy the (!onditions of 
Ex. 8, but the general Euclidean transformations (35) do not satisfy these 
conditions for commutativity (permutability). Hint: Put rotations and 
translations, etc., into homogeneous (coordinates and add on a third equation 
pz = z' to each transformation. 

10. Make up two commutative transformations (not rotations or transla- 
tions), find their equations in line coordinates, also find their inverses and their 
products (in either order). 

11. Do the same as in Ex. 10 for two non-commutative transformations. 
Note that 

12. If we want to send — 1 into — 2/^ = 1 by (88), we write 

these equations in homogeneous form as — z^ (or z^ — x^ = y^) 

and ac^ — 2/^ = 2:^. Then we see that the transformation z — x\ x = y\ 
y — z' sends the circle into the hyperbola. Now send xy — 1 into y^ = a;, 
x'^ — 2/^ = 1 into 2/^ = (Hint: x^ — y^ = (x — y) (x + y).) Send 
2/2 = ^3 y _ ^3. y^ _ ^4 y _ ^4 to that (13) caonot give these 
results. Why? 

13. Determine (88) so as to send (0,0,1), (0,1,0), (1,0,0), (1,1,1) into 
(0,1,0), (1,0,0), (1,1,1), (0,0,1), respectively. Hint: Use (88), also p = pi, 
P 2 t P 3 i Ph respectively. Compare §100. Note the relation of (88) to bilinear 
transformations (66). 

14. Determine (88) so as to send 0 = 0, y = 0, x — Oy x -{• y z == 0 
into 2/=0, a:=0, a;-[-2/+2 = 0, 2=0, respectively. Do this in two ways, 
first using (88), then using (91')- 

15. Take a transformation T and show algebraically that T and its inverse 
have the same fixed points and lines. 

16. Prove that the discriminant T of (75) is invariant under (88). Com- 
pare §19. 

96. Invariant points and lines under general projectivities. 

To find the invariant (or doubUy or fixed) points and lines under 
any general projective transformation (or projectivity) we solve 
the following equations, obtained from (88) and (89'), for x',y',z' 
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and u',v',w', respectively (compare §33) : 

(92) px' = aix' + a 2 y' + asz', py' = bix' + b^y' + bsz', 

pz' = cix' + C2y' + czz' 

(93) au' = aiu' + biv' + Ciw' , cv' = a 2 u' + b 2 v' + C 2 w', 

aw' = a^u' + bzv' + c^w' 

The condition that (92) have a solution x',y',z' not all zero is 

Cli — p (l2 ^3 

(94) bi 62 — P ^3 “ 0 

Cl C 2 cs — p 

which is a third-degree equation in p with constant term A ^ 0 
(hence p = 0 is not a root of this equation). Thus we see that 
there are in general three invariant 'points under (88). 

The condition that (93) have a solution not all zero is 

ai - a bi Cl 

(95) tt2 b2 — a C2 =0 

(^3 &3 C 3 — <r 

which is the same third-degree equation as (94). Hence there 
are in general three invariant lines under (88). Also, if a pair of 
invariant points are imaginary (due to imaginary roots in p), 
then a pair of invariant lines are imaginary, because equations 

(94) and (95) are in reality the same equation. Similarly, in 
other ways, there is complete (plane) duality between the in- 
variant points and lines of a projectivity (88). 

Note that by invariance we here mean invariance as to position. 
For example, the affine transformations (13) usually leave l^ 
invariant only as to position, but move points along l^, (Com- 
pare §85.) Thus the rotations move all the points on l^ except the 
circular points. (Compare §§84, 83.) 

On the other hand, some invariant lines may have every point 
on them invariant (i.e., the lines be pointwise invariant) just as 
(dually) some invariant points may have every line through them 
invariant as to position (i.e., the points be linewise invariant). 
For example, any translation keeps l^ pointwise invariant (see 
§84) and also keeps its center (on l^) linewise invariant. The 
transformation x = ax', y = ay' keeps the origin linewise in- 
variant because every line y = mx goes into y' = mx'] but 
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x = ax', y = by' keeps the origin invariant only as to position 
because a line y = mx goes into y' = max' /b. 

Let us now find the invariant points and lines of the rotation 
(in homogeneous coordinates) 

(96) px = x' cos B -- y' sin 0, py = x' sin B y' cos B, pz — z' 
or in line coordinates 

(97) Gu' = u cos B + V sin B, gv' = —u sin B + v cos B, 

gw' = w 

The equation (94) in p is here 
cos B — p ■— sin B 0 

sin B cos 0 — p 0 = (1 — p) (p^ — 2 p cos ^ + 1) == 0 

0 0 1 - p 

The value p = 1 gives us 

x'(l — cos B) + y' sin 0 = 0, x' sin B y' {\ — cos B) = 0, 

0 • 2:' = 0 

so (0,0,1) is the double point of (96) corresponding to p = 1, 
and (dually) the line [0,0,1] or is the corresponding invariant 
line. The values p = cos 0 ± ^ sin 0 give us the points (1 ,=fz, 0) 
and the lines [l,qF^0] or ^ = ^ix, i.e., the circular points at 
infinity and the minimal lines through the origin. 

Next let us consider the translation 

(98) px — x' + hz' , py — y' kz', pz = z' 

(99) Gu' = u, Gv' = V, gw' = hu kv + w 

The equation in p is 

1 - p 0 h 

0 1 - p fc = (1 - p)3 = 0 

0 0 1 - p 

The value p = 1 gives us 

Q • x' - hz = 0, 0-y' - kz' = 0, 0 • 2 ;' = 0 

which equations are satisfied by every point {x' ,y' ,0), i.e., every 
point on is invariant as to position. The equation in g is 
(1 — g)^ = 0. The value g = 1 gives the equations 

0-u' = 0, 0-v' = 0, 0-w' + hu' + kv' = 0 
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which show us that every line with jv^ = — /b/A is invariant, 
i.e., the center (l,/i/A;,0) is linewise invariant. (Compare §84.) 

Suppose we want the invariant points and lines of the trans- 
formation T in the next to the last paragraph of §97. The equa- 
tion in p is here 

1 - p 1 -1 

1 -1-p 1 ^ -(p^-p2-4p + 4) =0 

-1 1 1 - p 

with roots p = 1,2, —2. The root p = 1 gives us the point 
(1,1,1); p = 2 gives (-1,0,1); p = -2 gives (1,~2,1). The 
roots of the equation in r (for invariant lines) are r = 1,2, — 2. 
The value r = 1 gives the line [1,1,1] or x + y z — 0 ] t = 2 
gives [—1,0,1] or —x + 2 = 0; r = —2 gives [1, — 2,1] or 
X — 2y + z = 0. 

EXERCISES 

1. Check all the algebraic manipulations in the text. 

2. Find the invariant (double) points and lines in all the transformations 
in the text of §95. 

3. Derive (93) from (92), (97) from (96), (99) from (98). 

4. Put (13) into homogeneous form and find its invariant points and lines 
by the method of this section. 

5. All the discussion in the text of invariant points and lines is from the 
standpoint of a transformation considered as an alibi. Interpret this dis- 
cussion from the standpoint of an alias. 

97. Collineations, homologies, and elations. Since (88) sends 
lines into lines (i.e., collinear points into collinear points), the 
general projectivities given by (88) are sometimes called collinea- 
tions (or projective collineations). Two fundamental types of 
collineations are the homology and the elation. (Compare the 
last paragraph of the text in §84, also Ex. 7.) 

Definition. A homology is a collineation having a line I that 
is pointwise invariant and a point P (not on 1) that is linewise 
invariant. The line I and the point P are called the axis and 
center, respectively, of the homology. 

A simple case of a homology is x = (xx\ y = ay^ whose center 
is the origin and whose axis is I^q. In §96 we said that, since (94) 
is a cubic in p, a collineation has in general only three invariant 
points. The homology, which has a line of invariant (fixed) 
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points, causes us to modify the above statement to read three 
non-collinear invariant points. 

Definition. An elation is a projectivity (collineation) that 
has a pointwise invariant line I (its axis) and a linewise invariant 
point P (its center), where P lies on L 

A simple case of elation is the translation x = x' + h, y = y' 
+ k, whose axis is lea and whose center is at the point on l^o with 
(or in) the direction k/h. 

An important type of homology is the so-called harmonic 
homology, which sends any point P into P' and P' into P, and so 
is of period two (i.e., the square* of this projectivity is the identity, 
since this square sends P to P^ and then back to P). Compare §9. 
A simple case of harmonic homology is a; = —x',y= —y' (with 
the origin as center and Zc» as axis) which sends any point P(a,h) 
into P'{—a,—b) and sends P'(— a, — 5) into P{a,b), Note that 
the points P,P^ the origin, and the point at infinity on the line 
PP^ form a harmonic set, since we have the cross-ratio (a — 0)/ 
(a — oo) • (—a — oo)/(— a — 0) = ~1. Compare§24. 

We see by the following figure that a homology {or elation) is 
uniquely determined in general by its center P and axis I and one 
pair of corresponding points P',P" {where of course P,P',P" 
must be collinear). 



We take any point R' (in the figure R' is not on the line P'P")* 
The corresponding point R" must lie on the line P'P; also the 
line P^R'M must go by the homology (or elation) into the line 
P^'M; hence P" is uniquely determined by the two lines P^^M 
and PR'. 

* See §9. By the product of by T 2 we mean T 1 T 2 in this order. If 
Ti = T 2 i we obtain TiTi or Tf. 





COLLINEATIONS, HOMOLOGIES, AND ELATIONS 217 


On the other hand, if we are dealing with a harmonic homology, 
we see from the adjoining figure that the center and axis determine 
uniquely such a projectivity because of the presence of harmonic 
sets of points in the construction, which sets we shall note. (Hence 
comes the name harmonic 
homology.) 

Proof. If we take the 
center P and axis I of a 
harmonic homology and two 
points P' and and wish 
to find the points P" and 
corresponding to P' and 
R\ respectively, we note that P'R' and P''R'' must intersect in 
M on L But P'^ must go to P' (by the very definition of this 
harmonic homology) and R' to R'\ hence P"R' and R^'P' must 
intersect in a point >S on Z; so P', P, P'\ N must form a har- 
monic set, also R'\ P, R', L must form a harmonic set. But the 
three points P', P, N determine the harmonic set P', P, P'\ N 
(taken in this order), so a harmonic homology is uniquely given 
by its center P and axis 1. 

Note that (for a harmonic homology) to a point T between P 
and I there must correspond a point on the side of P away 
from Z, such that P and Z determine with on the line T^PT 
a harmonic set of points in which P lies between T and T'. The 
facts that a: = a;' + ft, t/ = y' + /b is determined by one pair of 
corresponding points and also that x — ax', y = ay' is determined 
by one such pair of points are analytic examples of the results of 
the above geometric discussion of homologies and elations. 

EXERCISES 

1. In the homology and elation illustrated by figures in the text (given 
P,P',P",Z), suppose P' is on PP'P". Show how to determine P". Hint: 
Take a point T' not on PP'P". 

2. In the various homologies and elations given by figures in the text, 
show that given P, P', P", P', P", I we can determine S" for an S' either 
from P, P', P", I or from P, P', P", I, Why do we get the same S" each 
time? Hint: Look out for quadrangular sets of points. 

3. Check over all the work in the text. 

4. Construct pairs of corresponding points for the following collineations: 
a homology (a) with Z at loo; (^) with P on l^^; an elation (a) with I at 

(6) with P on Zoo; a harmonic homology (o) with Z at Zoo,* (&) with P on Zqo. 
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98. T 3 rpes of collineations. In the following manner we show 
that there are just five possible types of general projectivities 
(collineations), using the possible numbers and arrangements 
of invariant points and lines (ignoring the sub-cases where some 
or all of these points and lines are imaginary). In this classi- 
fication we treat Zoo bke any other line in the plane. Note the 
following figures: 



In the first place, note three non-collinear invariant points 
J?, Sj T, The three invariant lines must be the sides of the 
triangle RST, (Why?) If none of the sides of RST are poinir 
wise invariant, we have a first type of collineation An example 
of this type is x = ax', y = by', a 9 ^ b, where R, S, T are the origin 
and the two points at infinity on the axes. 

If one of the sides of the triangle RST in the above discussion 
is pointwise invariant, we have the case of a homology (which is 
represented by the second of the above five figures). We cannot 
have two of the sides of RST (say RT and TS) pointwise invariant, 
otherwise every point P in the plane (being the intersection of two 
lines, u, v that must be invariant as to position) will be invariant 
and the projectivity will be the identical transformation (or the 
identity). 

Next, we suppose there are just two invariant points P, R and 
two invariant lines I, m; then I must be the line RP (say) and m 
must pass through R (say). If I is pointwise invariant, then 
(dually) R must be linewise invariant, and we have an elation. 
The tidrd figure above represents an elation. 

If I in the last paragraph is not pointwise invariant (and so R 
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is not linewise invariant), we have a fourth type of collineation 
(represented graphically by the fourth of the preceding figures). 
A typical example of this case is x = fix' + Py'j y = ^y' , where 
i is 1 / = 0 and m is 

Finally, we suppose there is only one invariant point R and 
only one invariant line m through /2. An example of this case 
is a; = a:' + a, ?/ = fix^ + 2/^ + 7, where m is l^ and R is the point 
at infinity on the t/-axis. These types of projectivities are dis- 
cussed in Veblcn and Young, Projective Geometry,^^ Vol. I, 
pp. 106-108, 271-276. 


EXERCISES 

1. Check all the algebra in the text, also all the statements made there. 

2. Discuss the cases of collineations where some or all of the invariant 
elements are imaginary. Can we have all these elements imaginary? 

3. T^ook up in Veblen and Young, loc. cit., the complete discussion, analysis, 
and reduction to typical analytical forms for all five cases of collineations. 

4. Make up numerical examples of the five types of collineations. 

5. What sorts of collineations are the following? 

{a) px' = X, pif == 2/, pz' = ay z 

(b) px' = X, py' ax ^yy pz' hx + cy z 

(c) px' = aXy py' = jSj; 4- yy^ pz' = hx -{■ ^y -{■ 

id) px' - aXf py' = /??/, pz' = 72 / 4- ^2 

6. Construct pairs of corresponding points for a collineation of the first 
type (a) with ST at (6) with R on but S and T finite. 

99. The resolution of a collineation into a product of homologies 
and elations; reduction of a collineation to a typical form. It is 

shown in Veblcn and Young, loc, cit., that every projectivity {col- 
lineation) can be resolved into a series of homologies and elations 
(i.e., the collineation can be analyzed as a product of homologies 
and elations); also that by a suitable choice of the invariant 
elements the five types of collineations can be reduced to simple 
analytical forms. 

Use is made (in the discussion referred to above) of a theorem 
(proved in the next section; compare also §71) that four pairs of 
corresponding points PP'j RR\ SS', TT' (where no three of the 
four primed points, or of the four unprimed points, are collinear) 
determine uniquely a collineation. Thus, for the first type of 
collineation with three invariant non-collinear points, it takes 
one pair of corresponding (homologous) points not on a side of the 
triangle RST to determine uniquely such a collineation. (Why?) 
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Compare the fact that, if in the case of x = ax', y = hy^ we say 
that P(oijP) shall go to P'(a',/ 3 '), then we have a = aa, p = bp' 
and afi are uniquely determined. 

In the figure for the first type of collineation we suppose P' and 
P" to correspond in the collineation. We join P' to R and P" 
to S by lines that intersect in the point Now we see that a 
homology with center R and axis ST sending P' to P(, followed by 
a homology with center S and axis RT sending P( to P", will 
give us the transformation desired (since P' goes to P" and R, S, T 
are kept invariant). 

Note that the construction in the last paragraph shows the 
uniqueness of the determination of the collineation by P, S, T 
and P' ,P", even without the theorem in the next section; because 
each homology is uniquely determined by a pair of corresponding 
points (plus the center and axis), therefore the desired collineation 
is uniquely determined by P' and P" (plus P, Sy T), This 
statement means that any other point [/' has a unique correspond- 
ing point U'l with respect to the first homology, whereas has a 
unique corresponding point C/" by the second homology; there- 
fore U' has a unique homologous point U" by the product of 
these two homologies (in the given order). The analysis of the 
other types of collineations we leave for the student to look up in 
Veblen and Young, loc. ciL 

We shall give one reduction of a projectivity to a typical (or 
canonical) analytic form. Let us take the first case with P, S, T 
as the vertices of a triangle of reference. Then in the general 
projectivity (88) the point (0,0,1) must go into itself, so = &3 
= 0, C3 7*^ 0; also (0,1,0) is invariant, so a2 = C2 = 0, 62 0; 

likewise (1,0,0) is invariant, so ai 5*^ 0, 61 = Ci = 0. The cubic 
( 94 ) in p is now 

p — ai 0 0 

0 p — 62 0 =0 

0 0 p — cz 

The roots of this cubic must be distinct, hence we must have 
C3 distinct; and our transformation is 

px = aix', py = 622/', pz = Csz' 

If 2' = 0 is Zoo, we can put this transformation in the well-known 
form X = ax' y y = by' . The reductions of the other cases to 



COMPLETE QUADRANGLES AND PROJECTIVITIES 221 


simpler forms we leave for the student to study in Veblen and 
Young. 

As a numerical illustration let us discuss the transformation 
px = x\ py = x' — y', pz = x' + y' - z' 

The equation in p is 

1 - P 0 0 

1 -1-p 0 ^ (l^p) (l + p)2 = o 

1 1 ~1 - p 

where p = 1 gives the fixed point (4,2,3); p = — 1 gives us 
0 x' = Oy x' — 0 y' = 0, x' + y' — 0 z' = 0 so the point (0,0,1) 
is invariant. The equations of this transformation in line co- 
ordinates are 

au' = u + V + Wy av^ = —V + Wy nw' = w 

The value er = 1 gives the line [1,0,0] or a: = 0, the value a* = — 1 
gives the line [1,— 2,0] or x — 2 y == 0. Taking the inverse of the 
transformation or 

Tx' = Xy ry' = a; — 2/> rz' = 2x — y — z 

we see that a point (O,^/,^) goes into (0,— y,— i/ — z) sox = 0 is not 
pointwise invariant. Also a point {2yyyyz) goes into (22/,?/, Sy — z) 
so X — 2y — 0 is not pointwise invariant. Therefore the above 
transformation belongs to the fourth type pictured and discussed 
above in §98. 

EXERCISES 

1. In the reduction of a collineation to a canonical form that is given in 
the text, determine ai, 62, C3 so that the result will be a typical form for a 
homology. Hint: One side of the triangle RST must be pointwise invariant. 

2. Check all the algebra in the text, also all the statements made there. 

100. Complete quadrangle (quadrilateral) as determining a 
projectivity. We shall now show that if we say a complete quad- 
rangle Ply P2, P3, P4 is to go into another (or the same) complete 
quadrangle P(, P2, P3, P4 by a general project! vity (88), then 
this transformation is completely determined as to the coefficients 
of its equations. (Compare §71.) 

Proof. Suppose the points PiiaiyPiyji) where i = 1, 2,3,4 
are to go into (0,0,1), (0,1,0), (1,0,0), (1,1,1), respectively. 
Substituting the coordinates of the former points for XyyyZ and 
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the coordinates of the latter points for in the equations 

of (88) and using a different p for each pair of corresponding 
points (compare §22), we get 


Piai = asy 

Pl^l = ^3> 

Pl7l = C 3 

P 2 OL 2 = ^ 2 , 

P 2 P 2 ~ 

P272 = C 2 

P3«3 = 

Pdfis — hi. 

P373 = Cl 

P4q:4 = «! + a 2 + ^3> 

P4^4 = hi + 62 + h3. 


P 474 = Cl + C 2 + C 3 


Substituting the values of ai,6i,Ci, «3jh3,C3 from the first 

nine equations into the last three equations, we have 

P4«4 = PsOis + P20'2 + Pl«l, P4^4 = P3^3 + P2^2 + PlPly 
P474 = P373 + P272 + Pl7l 

Dividing each of these last equations through by p4 we have three 
non-homogeneous linear equations in the three unknowns pi/p4, 
P2/P4, P3/P4. These equations have a unique solution not con- 
taining zero, since none of the determinants 


CCi 

aj 





7i 

yj 



where i,j,k = 1,2,3,4; but i 9^ j, j 9^ k, k 9^ i (due to the fact 
that no three of the four points Pi, P2, Psj P4 are collinear). 
Using the solution of these last three equations in the first nine 
equations, we obtain ui, 61, . . ., C3 uniquely except for the common 
factor l/p4 (since we have pi/p4ai = dsIPAt etc.). 

In this proof an invariant point P counts for a pair of correspond- 
ing points. If we look upon the triangle of reference (or the 
axes plus lcx>) as having a fixed povsition in the plane, the above 
discussion shows that the vertices of any complete quadrangle 
can be sent into the vertices of the triangle of reference plus the 
unit point ( 1 , 1 , 1 ) by one and only one collineation ; and, conversely, 
the vertices of the triangle and (1,1,1) can be sent into the vertices 
of any complete quadrilateral by one and only one collineation. 
Now to show that any complete quadrangle Pi, P2, P3, P4 can 
be sent into any other complete quadrangle P(, P2, P3, P4 by 
one and only one collineation, we note from the above proof that 
we can send the first quadrangle into the vertices of the triangle 
of reference plus (1,1,1), then we can send the vertices of this 
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triangle and (1,1,1) into P[, P 2 , P 3 , P 4 ', and the product of these 
two transformations gives us the unique collineation sending 
Pi, P 2 , P 3 , Pi directly into P[, P'^, P 3 , P 4 . 


Illustrative Example. Let us send (1,1,1), (1, — 1,1), ( — 1,1,1), 

( — 1, — 1,1) into (0,0,1), (0,1,0), (1,0,0), (1,1,1), respectively. From (88) 
we get 

PI = «3, PI = ^3, PI = Cs; P2 = a2, — P2 = ^>2, P2 = ^2] 

— P3 = ai, p3 — foi, p3 = ci; — P4 = ai -h fl2 + as, 

~P4 = &1 + ^2 + ^3, P4 = Cl + C2 4* C3 

Substituting ai, 6j, ci, etc., from the first nine equations into the last three, we 
get (dividing through by p 4 ) 


~P3 _j_ ^ ^ 
P4 P4 P4 


P3 

P2 

1 

— 

— 

+ — 

P4 

P4 

P4 


^ ^ ^ 

» I" I 

P4 P4 P4 


1 


Solving these three last equations, we get 


P4 


P2 


P3 



03 

PI 



C3 

— 

= 1> 

— 

= 1, 

. . 

■ — 


= -1, 


— 

P4 


P4 



P4 

P4 


P4 ^ 

C4 


Ct2 


^^2 

C2 


-Oi 

hi 




— 

ssr — 

= 

— 

1, 


_ _ 

— = 1 



P4 


P4 

P4 


P4 

P4 

P4 



Substituting these values in (88) and dividing the resulting equations by 
P4, we get the required transformation 

p'x = -x’ + I/' - 2 ', p'(/ =x’ - - z', p'z = x' + 2/' - z' 

where p' = p/p4. 

Dually to the above discussion, we see that a complete quadrilateral h, h, 
Izt can be sent into any other (or the same) complete quadrilateral I'l, «3, I 4 
by one and only one collineation. We leave this dual discussion to the student 
in the exercises. 


EXERCISES 

1. Dualize the analytic discussion in the text. 

2. In the first paragraph of the text why does the converse of the theorem 
follow at once from the proof given there? 

3. Send (1,1,2), (2,-l,l), (1,-2,1), (1,2,3) to (0,0,1), (1,0,0), (0,1,0), 
(1,1,1), respectively, by a collineation of the form (88). Now send the 
last four points into (1,1,1) (1,2,1), ( — 1, — 1,1), (0,0,1), respectively, by 
another collineation. Finally show that the product of the two transfor- 
mations in the above order sends the first set of four points to the third set 
of four points. 

4. Check the algebra and fill in the details in the text. 

5. Find the projectivity sending (0,0,1), (0,1,0), (1,0,0), (1,1,1) into 
(1,1, -1), (0,0,1), (1,0,0), (0,1,0), respectively; into (0,i,l), (i,l,0), (i,0,l), 
(1,1,1), respectively. 
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6. Discuss fully for invariant points, types of transformations, and equa- 
tions in line coordinates, the collineation worked out in the text and those in 
Exs. 3 and 5. 

7. Show both geometrically and analytically why four invariant points 
(no three of them collinear) determine the identity. 

101. Geometrical construction of collineations. Now let us 

consider a geometrical construction of a collineation that will 
actually send a given real complete quadrangle into another given 
real complete quadrangle. We shall consider only the case where 
the two quadrangles have no common vertices and have the most 
general possible positions in the plane relative to each other. 
We leave the student to look up the other cases in Veblen and 
Young, Zoc. aZ., Vol. I, p. 74 . 



Consider the above figure. With the line P2Pz as axis of a 
homology and the point P of intersection of PiP[ and P4P4 
as center, we send Pi into P(. Then P4 goes into P4', the point 
of intersection of the lines PP4P4 and P[M (where M is the point 
of intersection of P2P3 and P1P4). Why? Now, by means of a 
homology with P^Ps as axis and P as center, we send P4' into 
P4. Then P2 goes into P^y the point of intersection of the lines 
PP2 and P^iV (where N is the point of intersection of P2P[' and 
PfPa). Why? Next, by means of a homology with P(P4 as 
axis and a suitable center (not shown in the figure), we send P^ 
into P2; but P3 goes by this homology into some point Pg'. 

We saw in §99 that a collineation with three given invariant 
non-collinear points is uniquely determined by one pair of corre- 
sponding points. Also we analyzed such a collineation into the 
product of two homologies. Hence we can find such a transfor- 
mation (of the first type) that will keep P[, Pg, P4 fixed and will 
send Pg' into Pg. The product of all these homologies is a col- 
lineation sending Pi, P2, P3, P4 into P(, Pg, P3, P4. 

We shall now dualize the definition and construction of a 
homology (given in § 97 ) and so get a method of constructing a 
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line corresponding to a line V under a homology. A homology 
was defined as having a pointwise invariant line (its axis) and a 
linewise invariant point (its center) ; hence the dual of a homology 
is a homology. 






From the above figure we see that from P,Z, and the pair of 
corresponding points we can determine a pair of correspond- 
ing lines Now, given a line l\ to find its corresponding 

line V' under the homology, we join S' (the point of intersection 
of p' and Z') to P by a line cutting p" at >S"; then the line 
joining S'' to N (the point of intersection of l' and Z) is the 
required line l". Why? 


EXERCISES 

1. By a series of homologies, send a complete quadrangle Pi, P2, P3, P4 
into another one Pj, P 2 , P3, P4. Take a point T and find its corresponding 
point T' under the series of homologies. 

2. Do the same as in Ex. 1 only by a series of elations. 

3 . Do as in Ex. 1: (a) for the two quadrangles Pi, P2, P3, P4 and Pi, P2, 
Pj, Pi; (6) for Pi, P2, P3, Pa and P[ = P2, P^ = P3, Pz = P4, Pi = Pii 
(c) for Pi, P2, P3, P4 and Pi, P2, P'z = Pa, P'a = Ps. 

4. Dualize the definition and construction of an elation and find the con- 
struction of a line P' corresponding to a given line Z' under an elation. 

5. Finish the first figure in the text. 

6. Answer the queries (Why?) in the text. 

7. Dualize the geometric discussion of a collineation given in the first 
paragraph of the text. 

8. Do Ex. 5 in §100 by a series of homologies. 

9. Show how a series of collineations of the first type can be combined so as 
to send Pi, P 2 , P 3 , Pa into Pi, P^, Pj, P[, 


102. Transformations of points on a line and between lines, in 
homogeneous coordinates. In this section we shall study what 
a general projectivity (88) does to the points of a line Z that it 
keeps invariant as to position^ also how it sends the points of a 
line l' that is not kept invariant into those of the line l" that 
corresponds to l' under the collineation. (Compare §73.) 
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First we take the invariant line as z = z' = 0. Since (88) 
must send z = 0 into z' = 0, we have Ci = C2 = 0. Putting 
2 = z' = 0 in (88), we have 


(100) px = aix' + a2y', py = bix' + 622/' 

where 0; or in non-homogeneous form 

y/x by y and y'/x' by y') 


( 101 ) 


ay + b 

y == / _L ^ 

cy + d 


(replacing 


where a — b2y b = bij c = a2, d = ai. 

Note that (101) is the same as (70), which came out of a dis- 
cussion of bilinear transformations in a plane. We can ignore 
the rest of the plane and consider only this one line. 

Note that (100) has just three essential coefficients, since we 
can divide both equations by any non-vanishing coefficient. 
Each pair of corresponding points (Xi.yifi), (x-jy^fi) is in non- 
homogeneous form y^.y'i and gives us from (101) one linear equa- 
tion between these coefficients; hence three pairs of corresponding 
(homologous) points determine such a projectivity between 
points on a line. 

If the invariant line is not z = z' — 0 but is I ^ ax + ^y + yz 
= 0, we can put 

T: x' = x', y' = y, z' = ax + fiy + yz 

which sends I into z^ = 0. Suppose a collineation IT keeps I ^ ax 

+ jSy + 7^ = 0 invariant, then 
= T~^HT has a similar effect 
on 2 = 2^ = 0 to that which II 
has on Z, because sends 

2; = 0 to Z, n keeps Z invariant 
as to position, T sends Z back 
to 2 = 0. Hence we can study 
the effect of n' on 2 = 0, then 
by means of T~^ we can send 
the pairs of corresponding points 
on 2; = 0 under n to the pairs of corresponding points on Z under 
n, as the adjoining schematic figure shows. (In this figure 
correspond under II and P,P' correspond under II. Since 
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sends P io R and T sends R' to P', therefore sends the pair 
P,P' to the pair RjR\) 

Definition. If = T'^^UT, then is called the transform 
of n by P. 

When studying how (100) changes points of V into those of 
another line Z" 9^ V , we first suppose Z' to be 2? = 0 and l" to be 
x' = 0 . Since 2 = 0 must go into a:' = 0 under (88), we have 
C2 = C3 = 0; and, when we put x' = z = 0 m (88), we get: 

(102) px = a2y' + py ~ Z>2Z/^ 4" 


or in non-homogeneous form (replacing x/y by x and y^ jz^ by 2/') 

a\J + h 


( 103 ) 


ci/' + d 


where a = a2j 6 = Ua, c = 62? d = b, 


'3, 


7^ 0. Note that 


( 103 ) is the same as ( 71 ). 

Just as with the case of an invariant line Z so in ( 103 ) three 
pairs of homologous points determine this projectivity between 
the points of the two lines Z' and Z". We see that for c 5*^ 0 , ( 103 ) 
may be written 


_ a be — ad 
c c{ci/ + d) 


Hence we cannot have be — ad ^ — 


= 0; otherwise a 


single point x = a/ e on V corresponds to every point on V' (since 
X = a/ e 0/e{cy' + d) is satisfied by any value of 2/^). If 
c = 0 in ( 103 ), again be — ad 9^ 0; otherwise a = 0 or cZ = 0 
and ( 103 ) x = b or x = 00 . 

If V is not 2 = 2' = 0 but is ax + i82/ + 72 = 0 , and Z" is 
ax + fi^y + yz = 0 and not x = x' = 0, we can put 

T\ x' = ax + p'y + 7'2, 2/' = 2/, z' = ax + 0y + 72 


which transformation sends Z^, l" into J = 0, x' = 0, respectively. 
Now we can argue as we did for the invariant line Z. 

The transformations (100) and (102) were supposed to have 
been caused (induced) by a collineation in the plane. But we can 
study these projectivities on a line or between lines by and for 
themselves, without reference to any collineation in the plane. 
Thus we might look upon (88) as induced by a projectivity in 
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space of three dimensions, but we ordinarily study (88) for its 
own sake and apart from any such reference to space. 

Illustrative Example. Let us now find the transformation (100) of 
points on a line Z (2 = 0) that sends (1,1,0) to (0,1,0), (0,1,0) to (1,0,0), (1,0,0) 
to (1,1,0). 

Ignoring the rest of the plane^ we can write these points each with only two 
coordinates x and y] thus we can write (1,1,0) as (1,1). Since (1,1) goes to 
(0,1), we have p' = 02 , p' = 62; (0,1) goes to (1,0), so 0 = ai, p" = bi; (1,0) 
goes to (1,1), so p'" = ai + 02, 0 — 61 + 62- Hence 

bi — —62 = — p', €tl =0, 02 = p' 

and the desired transformation is (after dividing by p') 
px = y\ py = -x' + y' 

If we wish to use (101) on the above problem we see that 1 goes to « , « to 0, 
0 to 1. (Why?) Hence o/c = 1, d = 0, o -f 6 = 0 in (101). (Why?) 
And the desired transformation is 



Of course, we can get this bilinear form from the homogenous form by dividing 
the second equation by the first, then replacing y/x by y and y' lx’ by y\ 

EXERCISES 

1. Dualize the discussion in the text. 

2. Find the inverses of all the transformations in the text. 

3. Determine (101) to send: (a) 1 to —1, 2 to 3, 4 to —2; (6) 0 to 00, 
00 to 2, 1 to 0. 

4. Solve Ex. 3 using homogeneous coordinates and (100). 

103. Invariant (double) points of projectivities on a line; 
h 3 nperbolic, parabolic, elliptic transformations. To find the in- 
variant (double) points of a projectivity (101) on a line I we put 
y' = y and then we have the equation + (d — a)y — b = 0 to 
solve. (Compare §33.) Hence according as 

{d — a)^ + 4 be ~ 0 

we have, respectively, two real and distinct double points, two 
real and coincident double points, two conjugate imaginary double 
points. See §85, also Ex. 5. 

Examples of these three cases are 

y = y' + i, y = -^ 
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with the respective double points dbl, zki. These three 
types of pro jectivi ties on a line are called, respectively, hyper- 
bolic, parabolic, and elliptic, after analogy with the manner in 
which the three principal types of non-degenerate conics cut l^. 
As an illustration, let us find the double points on l^ in the pro- 
jectivity induced thereon by the rotation (7). Here we have in 
( 101 ) a = cos d,h — sin d, c = —sin 6, d == cos 6, The double 
ooints are given therefore by + 1 = 0 . 

The double points of (100) are given by solving simultaneously 

(p - ai)x - a2y = 0, -bix + (p - 62)2/ = 0 

For these two equations to have a solution not all zero we must 
lave 

= p^ — (^1 ~\r 1^2) p “b (iib 2 — U2&1 = 0 



^Compare §96.) Hence 
(ui + ^2) ± 


'(ai + 62 )^ 
2 


4 (aib2 — a2bi) 


10 the nature of these double points depends on whether (ai — 62 )^ 
■h 4 a2bi ^ 0. 


EXERCISES 


yf \\ 

1. Find the double points of 2^ = — - — ~ ; of px = 3 x' 2 y\ py 

-2y' -\-b 

= -4x' - y', 

2. Make up cases of (100) and of (101) where the transformations are 
yperbolic, parabolic, and elliptic, respectively. 


104. Involutions of points on a line. Definition. A projectiv- 
by on a line that sends each point P into a point P' and also 
ends P^ into P is called an involution, and P, P' are called a pair 
f conjugate points in this involution. 

The involutions are by all odds the most important projec- 
ivities on a line. Let us find what forms ( 100 ) and ( 101 ) must 
ave to be involutions. Suppose P is a and P^ is a (where a 9 ^ a ) 
nd (101) is an involution. We have from (101) 


aa + b 

OL = ; also 

ca' + d 


aa + 6 
ca + d 
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giving us 

caa! da — aa —6 = 0 and caa! + da — aa — 6 = 0 


Subtracting these two equations, we get (a — a) (d + a) = 0. 
Since a a', we have d = —a. Therefore the general equation 
of an involution on a line in non-homogeneous coordinates is 


(104) 

or in homogeneous form 


y = 


ay' + 6 
cy' - a 


(105) px = aix' + a 2 y', py = hx' — aiy' 


Note that we have proved above incidentally that just one pair 
of points P, P' in a transformation (100) or (101) such that P cor-- 
responds to P^ and P' to P snakes this projectivity on I an involution. 

The double points of (104) are given hy cy^ — 2 ay — b = 0. 
The discriminant of this quadratic is 


4(a^ + be) = —4 



0 


(otherwise the projectivity is singular). Therefore we can have 
hyperbolic or elliptic involutions, but not parabolic. Thus y = l/y' 
is hyperbolic and y = —Ijy^ is elliptic. 

We can reduce every hyperbolic involution to the form y = l/t/' 
by choosing the coordinates on the line in the following manner. 
We take the double points for (104) as 1 and —1. Therefore 
we have 

a + 6 

1 = QY c — 2a — 6 = 0, 

c — a 

* 6 

1 == — ^Llt_ Qj. c + 2a — 6 = 0 
— c — a 

so a = 0, c = b] and the involution becomes y = l/y'. This 
also shows that a hyperbolic mvolution is uniquely determined by its 
double points. (The same thing is true of an elliptic involution.) 

Note that, if a pair of conjugate points in this hyperbolic 
involution y = 1/y' is afVja^ we have the cross-ratio 


a — 1 1/a +1 ^ 

a + 1 1/a — 1 

which proves that any pair of conjugate points of a hyperbolic 
involution form with the double points a harmonic set of points 
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mch that the double points separate the conjugate pair, (Compare 
§24.) Here we see a geometric reason why the double points 
uniquely determine such an involution. (We leave for the student 
in the exercises the reduction of any elliptic involution to the form 
y = — 1 /y' and the proof of the exactly similar theorems for 
elliptic involutions.) 

The inverse of an involution (104) is (104) again. Hence an 
involution is said to be of period two, (See §31, Ex. 2.) 

From (104) we see that two pairs of conjugate points determine 
an involution. (Why?) Suppose we want 1,2 and 3,4 to be pairs 
of conjugate points under (104). This gives us 


also 


a + 6 

2 = or 2c — 2a = a + 6 

c — a 

4 — or 12 c — 4a = 3a + 6 

3 c — a 


hence 2 c/b — 3 a/b = 1, 12 c/b — 7 a/b == 1, giving us a/6 = 
— c/b = so the desired involution is 2 / = ( — 5 2 /' + 11)/ 

(-2 2 /' + 5). 


EXEROISE S 

1. Fill in the details of the algebra in the text. 

2. Solve in homogeneous coordinates the problem in the last paragraph 
of the text. 

3. Prove that if (101) is its own inverse, it must be an involution. 

4. Prove that if the square of (101) is the identity, then (101) must be an 
involution. 

5. Work Exs. 3 and 4 for the homogeneous form (100). 

6. Derive (105) from (100). 

7. Derive y — 1/y' in homogeneous form from (105). 

8. Show how to construct the conjugate of P' with respect to a hyperbolic 
involution whose double points are Pi and P 2 , using a complete quadrangle. 
(Compare §26.) Take first the case where Pi, P 2 , p' are all finite; then the 
case where P' is an infinite point; then the case where P 2 is an infinite point. 

9. Prove for the general form (104) of the involution that the double points 
and any pair of conjugate points form a harmonic set. 

10. Find the involution with 1,3 and 2,4 as pairs of conjugate points. 

11. By taking and — i as the double points in an elliptic involution, 
reduce this involution to the type form y = —1/^'. Prove that the double 
points determine uniquely such an involution. Also prove that any pair of 
conjugate points form with the double points a harmonic set. 

12. Find the involution (a) having 0 and «» as double points; (6) having 
1 + f and 1 — 2 as double points. 
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13. Prove that if every pair of homologous points under (101) forms with 
the double points of (101) a harmonic set, then (101) is an involution. 

14. Find the conditions on (101) that it shall be (a) of period three; (b) of 
period four. Hint: Multiply (101) by itself three and four times, respec- 
tively. 

15. Find the product of (101) by y ~ {a'y' -f b')l{c'y' + d') in either 
order. When are these projectivities commutative? 

16. Show that the projectivities (101) form a group. Compare §31. 

17. Find and describe the involution sending 1 to —1 and 0 to<»; the 
involution sending 1 to —1, and 2 to —2; the involution sending a to —a 
and 0 to 2 or; the involution sending a to —a and to — 

18. Show that the concentric circles y"^ = cut any line through 
the origin in pairs of conjugate points of an involution with the origin as one 
double point and the point at infinity as the other double point. 

19. Show that the vertices of each of the confocal conics a:“/(a‘^ + X) + y^/ 
(b^ + X) = 1 are pairs of conjugate points of an involution whose double 
points consist of one of the common foci and the point of intersection of the 
corresponding directrix with the axis. Compare §50. 

20. Show that the circular points at infinity are the double points of an 
elliptic involution wherein the pairs of points where pairs of perpendicular 
lines cross Zoo form pairs of conjugate points. 

21. Taking y ^ a ~ 1 — e (or — 1 — c) in = l/y\ show that as 2 / 1 

(or —1), i.e., 6-^0, so does y' -^1 (or —1). What property of harmonic 
sets does this prove? 

22. Take a = i — € (or —i — €) in y ~ —1/y' and proceed as in Ex. 21. 

23. Show that if a < /3, then the involution y — \/y' gives us a' > /3', 
and the involution y = —\ly^ gives ct > with both cl' and /S' negative 
(if a > 0 and /3 > 0). For y == \/y' show that fi and (i' lie between a and a', 
but for y ~ —lly' show that a' lies between /? and /i'. For the elliptic 
involution the pairs a, a' and /3,i3' are said to separate each other. 


105. Geometric description of projectivities between lines. 

Definition. The points on a line Zare said to be perspective with 
the points on another line V by a center 0 (not on I or V) if pairs of 



corresponding points P,P' 
are collinear with O. (See 
the adjoining figure. Com- 
pare §101.) 

Definition. If we make 
the points = 1,2,3 . . .) 
on I perspective by a center 
0 with the points Pi{i = 
1,2,3 . . .) on then the 


points P' on V perspective by a center O' 9^ 0 with the points 


Py on Z" (we may have Z" = Z), . . ., the points P^^” on a 
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line perspective by a center 0 (»~ 2 ) points 

on a line we say the points on I are 'projective with those 
on 

Thus in the figure on page 232 the points on I are perspective with 
those on Z', but projective with those on Z". 

We shall now show geometrically how the above-defined pro- 
jective correspondence between two lines Z and V can be determined 
by three pairs of corresponding (homologous) points. That is, 
if we say Pi, P2, P3 on Z are to correspond to P{, Pg, P3 on Z', 
we set up a mechanism of centers and auxiliary lines that will 
effect this projectivity and also will send any fourth point P4 on 
Z into a unique point P 4 on Z' (and conversely). If Z^ 9 ^ Z, we can 
set up this projective relation between Z and V by two centers 
0 , 0 '. 

In the following figure we have given Z, Z' 9 ^ Ij Pi, P2, P3, P(, 
^ 2 ) ^ 3 - Through P( we take an arbitrary line Zi 9 ^ on the line 
PiP( we take an arbitrary center O that makes Pi, P2, P3 on I 
perspective with P(, P2', P3' on Zi. We now take O' (the point of 
intersection of the two lines as our second center 

of perspectivity that sends P^', P3', Pi to Pg, P3, P(. By 0 , O', 
and the auxiliary line Zi we have set up a projective relation be- 
tween Z and V su(;h that for any point P on I there is a corresponding 
point P' on Z' (and conversely). 

O 



There is so much arbitrariness in the above construction involved 
in the choice of 0 and of Zi that the question naturally arises as 
to whether other choices of 0 or of Zi (or of both O and h) would 
give different points P' to correspond to P. We cannot prove 
this one way or another; but careful drawings of this figure using 
different choices for 0 and Zi would lead us to believe that we 
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always get the same point P' to correspond to P. Therefore 
we make the following 

Assumption. A projective correspondence between the points of 
two lines I and V {where we may have I = l') is uniquely determined 
by three pairs of homologous points. 

Now we shall show that the projective correspondence between 
the points of two lines I and l' described above geometrically 
is the same as the projectivity given analytically in §102 by (100) 
or (101), and conversely. 

Suppose in the above figure lis x = x' = 0,l' my = y = 0, Pi 
is (0,1,0), P2 is (0,1,1), P3 is (0,a,l), P'l is (1,0,0), Pg is (1,0,1), 
P3 is (a^,0,l), P4 is any fourth point (0,^i,l) on I and its corre- 
sponding point P4 is We wish to find the analytic rela- 

tion between x[ and yi. The line P2P 2 is ^ + 2 / ” ^ 
line PiP( is 2; = 0. We take the line ^ — 2: = 0 as Zi, and 0 as 
(1, — 1,0). The point P2 is 

u V IV 

0 1 — 1 ^0-u — V — %v = 0y or (0,1,1) 

1 1 -1 

The line P3O is 

X y z 

1 —1 0 ^ —X — y + az = 0 

0 a 1 

The point Pg" is (o, - 1 , 1 , 1 ). The line Pg'Pg is P2P2 or x + y 
— z — 0. The line P's'P'z is 

X y z 

a— 1 1 1 = X {a' — a + l)y — a'z = 0 

a' 0 1 

The point O' is 

U V w 

1 1 —1 = m( — a' + a' — a + 1) + p(a' — 1) + 

1 a' — a + 1 —a' w{a' — o+l — 1) = 0 

or (-a + 1 , a' - 1, a' - a). The line P4O is -a; - y + j/i« = 0 , 

so P4' is (j/i - 1 , 1 , 1 ). The line P^'O' is 

X y z 

— a A" 1 ^ — 1 ^ ^ — 0 

3/1-1 1 1 
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which cuts 2/ = 0 in the point 

+ {a' - a) ^ 

But P4 has the coordinates (x(,0,l), hence we have the analytic 
relation between points on I and their corresponding points on l' 
given by 

, 2/(1 “ «') + - d ) 

X = 

1 — a 

or pz' = (1 — a)Zj px' = (1 — a)y + (cl' — 

This analytic relation is exactly of the form induced by collinea- 
tions. See §102. 

Conversely, we wish to show that an analytic transformation of 
coordinates between two lines I, V induced by a collineation in 
the plane is geometrically a projective relation between the 
points of I and V established by two centers 0 and 0^ or a per- 
spective relation from one center. 

We suppose the lines are I ^ x = = 0 and l' = y = y' = 0^ 

that Pi (0,1,0), P2 (0,1,1), P3(0,a,l) are sent to (1,0,0), Pg (1,0,1), 
respectively, by the transformation (103) in the form 

/ ay + 0 

X = 

72/ + 5 


Therefore we use non-homogeneous coordinates so Pi is 00 , P2 is 1, 
P3 is a, P( is 00 , Pg is 1, P3 is a\ Hence we have 


00 


and 


O' 4" jS/ 

7 + 6/ 00 


so 7 


0 ; 1 


a + fi 

7 + 5 


so 8 


aa + jS , . / 

; — SO (a + P)a = aa -+■ jS or 

7a + 5 


= a + P since 7 = 0; 

a 1 — 

P a' -- a 


8 



1 ~ a 
a' — a 


Therefore our desired transformation is x' = {y(l — a') + 
(a' — a)}/(l — a), which we have already shown to be the 
analytic form of a projective relation established by two centers 
0 and 0^ If a' = a, this transformation is x' = y and is geo- 
metrically a perspectivity with center 0. 

If I and Vf Pi, P2, P(, P2 are not in the special positions of the 
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above paragraphs, we can perform a collineation T and get 
them into these special positions. (Note that the choices of Zi 
and 0 are perfectly arbitrary, anyhow, as the assumption shows.) 
Now if we perform we get Z, Z', Pi, P 2 , P(, Pg back to their old 
positions. But sends collinear points and concurrent lines 

into other collinear points and concurrent lines; hence in their 
original positions the points of Z and V were projectively related 
by two centers because they are so related in their new positions. 

Note that if Z = Z' we can suppose Z is 2 = 0. We can make Z 
perspective with Zi = a; = 0 by 

py = y', px = a' 

as we saw above. Then we have the case k 9 ^ l\ But the 
product of this transformation by the one above gives us another 
bilinear transformation. 


EXERCISES 

1. Given two lines Z, V and a projectivity determined by 0, O', Zi where 
Pi, P2, P3 correspond to Pj, P2, P3. Make several other choices of O and h 
and show that each such choice gives us the same point P4 on V to correspond 
to a given point P4 on 1. 

2. Find the coordinates of two centers 0 and O' that will send (0,1,0), (0,1,1), 
(0,a,l) into (1,0,1), (1,0,0), (a',0,1), respectively. If (0,2/i,l) goes to (a;l,0,l) 
find the analytic expression for this projectivity between x — x* = 0 and 
2 / = 2 /' = 0 . 

3. Prove that if Z = /', three centers will set up a projectivity on the points 
ofZ. 

4. Find the coordinates of three centers to send (0,0,1), (0,1,0), (0,1,1) 
into (0,1,0), (0,1,1), (0,0,1), respectively; also find the analytic expression for 
this projectivity in the form (100). 

5. In a;' = 1/2/ find the coordinates of two centers to give this transforma- 
tion geometrically. 

6. In = 2/ + 1 find the coordinates of three centers to give this trans- 
formation geometrically. 

7. Do the same as in Ex. 1 for a projectivity between points of the same line, 
using now three centers, O, O', 0". 

8. Dualize the discussion and the results in the text. 

9. Work the duals of Exs. 1, 7. 

106. Cross-ratio. We have seen that aflSine projectivities (13) 
have an important invariant called cross-ratio (sometimes called 
anharmonic ratio or double ratio). Compare §§23, 77. We 
shall now show that the general 'projectivities (88) have this sa'me 
invariant. 
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We must define cross-ratio in such a way as not to bring in the 
idea of lengths of line-segments and yet so as to reduce to the 
definition given for affine transformations, and to the definition 
in terms of lengths of line-segments that is useful for the ordinary 
frame of reference. Our definition of cross-ratio must be valid for 
infinite 'points as well as for finite points^ for a triangle of reference 
as well as for axes of reference. See §§23, 77. 

Suppose we are given four collinear points Pi{xi,yi,Zi) where 
i = 1, 2,3,4 on a line y = mx + bz, (We leave the cases of a 
line X az and a line 2 = 0 for the exercises.) We define a cross- 
ratio of these four points as the expression 

X\ 3/2 ^3 ^4 

Xz — X 2 Xi — 3:4 

where Xi stands for x^|z^, If we replace y^|zi by yi^ we see that 
we have also 

Vi — y 2 Vs — Ua _ mo?! + b — mx 2 — b mxs + b — mx^ — b 

Vs -“2/2 2/1— 2/4 ^^3 + b — mx 2 ~ b mxi -f- 6 — 771x4 — & 

— ^ ^2 Xs — X4 

Xs — X 2 Xi — X4 

Also, taking Zi for Zi/xi or for z^/y^J we have 

Zj — Z2 Z3 -- ^4 _ Xi — X2 X3 — X4 

2^3 - 2:2 — 24 X3 — X2 Xi — X4 

Again, taking 7// for yt/xi^ we have 

vi - y^vs - yj - ^2 xz - Xj 

2/3 - 2/2 yi - 2/4 *3 - Xz Xi - X 4 

In homogeneous form the above cross-ratios are respectively 

^ i 2!2 — 3:2^1 X3Z4 — X4Z3 ^ yiZ2 — ^22?! 2/32^4 - 2/42?3 

X3Z2 - X2Z3 X1Z4 — X4Z1 7/32:2 — 2/22^3 2/12^4 - 2/42?1 

^ 2/1^2 - 2/2^1 2/33^4 - 2/43:3 
^ 3 X 2 - y2iX^3 2/1^4 - 1 / 4 X 1 

Thus we see that a cross-ratio of four collinear points Pi, P2, P3, 
P4 bn a line y = mx + bz has the same value as that of the four 
points Ri(i = 1, 2,3,4) in which the lines OPi cut « = 0 (in the 
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adjoining figure), or of the four points Si in which the lines Y^^Pi 
cut y = 0, or of the four points Ti in which the lines X^Pi cut 
a: = 0. (This figure may be regarded either as a triangle of 
reference or as a schematic picture of axes plus l^.) 

Note that for the cross- 
ratios in non-homogeneous 
form (compare §§ 23 , 77 ) 
we use x/s as a non-homo- 
geneous coordinate for a 
point on = 0, y/z on 
^ = 0 , y/x or x/y on 
2 = 0. But we might 
equally well use zjx on 
2/ = 0 or zjy on x = 0. 

There are in all six cross-ratios for any four collinear points. 
(Compare § 23 .) Note how the above definition of cross-ratio 
reduces for affine geometry to that given first in § 23 , also to the 
definition in terms of lengths of line-segments for the ordinary 
frame of reference. 

Now we prove that a general projecUvity (88) leaves cross-ratio 
invariant. We first suppose that Pi, P2, P3, P4 lie on 2/ = 0. 
The collineation (88) sends y = 0 into b^x' + 62?/^ + == 0. 

We suppose 62 5*^ 0 (if 62 = 0, then 61 5*^ 0 or 63 5*^ 0 and we can 
take the cross-ratio of the points S^ or instead of the points 
Ri for that of the points P(, Pg, P3, P4 that correspond to Pi, P2, 
Pdj P4 under the collineation). Hence, if we put i/ — { — bix' 
+ bsz')/b2 in (88), we sec that we have the following relations 
between the coordinates of points on 2/ = 0 and the coordinates 
of the corresponding points on bix' + 622/^ + bsz' = 0: 



px = ^ai - 

/ h\ h\ , 

pz = ^Ci - + I C 3 - C 2 — 


hence 


X _ (ai62 -■ a2b\)x' jz' + {a2f)2 — a2&3) 
Z (C162 - C2bi)x^ Iz ' + (C3?)2 - C263) 


ax' + b 
cx' + d 


or more briefly 


X = 
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where x is for x/z and x^ for x^ lz\ also a = aib2 — a2?)i, 
h = 0^362 — ^ ~ ^1^2 — ^2^1 > d = C362 — C2&3. Hence 

iTi = (aa;^ + b)/{cXi + d) for i = 1,2, 3, 4 

Putting these values for Xi in the above cross-ratio, we get 

ax[ + b 0X2 + b ax^ + b ax[ + b 

Xi —‘X2Xs-—X4^ cx[ + d ca^g + d 0X3 + d cx[ d 

Xz — X2 Xi — X4 ax^ + b 0X2 + b ax[ + b ax^ + b 

cx^ + d CX2 + d cx[ + d cx^ + d 

f f 

X\ X2 x^ x^ 

~ 7/ Z' Z' IT' 

a^s a^2 ^1 ^4 

This result proves that ( 88 ) leaves cross-ratio invariant when 
sending y = 0 into any line y = 7 nx + bz (which line in the above 
argument was bix' + b2y' + b^z' = 0). Conversely, when send- 
ing any line Z to 2/ = 0 , ( 88 ) therefore leaves cross-ratio invariant. 
Why? To prove the general case where ( 88 ) sends I to l' we can 
send Ho y = 0 and then send ^ = 0 to l'. Therefore we see that 
in all cases ( 88 ) preserves cross-ratio. (Note this whole argu- 
ment is from the standpoint of a collineation as an alibi so x^y^z 
and x'yy'y refer to exactly the same triangle of reference or axes 
of reference plus 

Illustrative Example. As an illustration of the above theory we see 
that 

x' ^ X -i-ij - Zy y' ^ X - y + z, 2' = -.r + y -h ^ 
sends the points 

(1,0,1), (2,0,1), (3,0,1), (4,0,1) on 2 / = 0 

into the points (0,2,0), (1,3, —1), (2,4,— 2), (3,5,— 3), respectively, on a;' = 2 '. 
Using y't/xi of the points R'i for the cross-ratio of these four points on a;' = 2 ' 
we get 

00 - 3/1 4/2 - 5/3 1 

4/2 - 3/1 00 - 5/3 “ 3 

Using Xi/zi of the points Si for the corresponding cross-ratio of the homologous 
points on y = 0, we get again 

1-23-4 1 

3 


3-21-4 
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EXERCISES 

1. Make up a definite coUineation T and take a definite line I and send it 
to a line /'by T. On I take four definite points. Find a cross-ratio of the 
four points on I and the corresponding cross-ratio of the four homologous 
points on V. Show that these two cross-ratios have the same numerical value. 

2. Put all the cross-ratios of the text into homogeneous form. 

3. Work the illustrative example of the text using homogeneous forms for 
the cross-ratios. 

4. Treat the cases in the theory of the text where Pi, P2, P3, P4 lie on a 
line X = oez and where they lie on 2 = 0. Treat the case where 62 = 0 in the 
proof of the theorem in the text. 

5. By using (101) and (103) show that cross-ratio is an invariant under 

( 88 ). 

6. If 2/ == 0 goes into itself by (88), i.e., if 61 == 63 = 0, show that cross- 
ratio is preserved. 

7. Fill in the algebraic details in the text. 

8. Dualize the discussion and results in the text. 

9. Prove geometrically and analytically that (88) sends tangents into 
tangents, points of inflection into points of inflection, double points into 
double points. Hint: Consider a tangent as the limiting position of a 
secant. Analytically, an ordinary tangent cuts its curve in two coincident 
points P'(a;',2/',2!') and P"(a;",2/",2") where P' = P" and so a;' = 

yf z' = kz'^ where k ^ 0. Now what does (88) do to x', x'\ y\ z', 

z"? 

10. Analyze a rotation into two {imaginary) homologies. Hint: A rotation 
keeps fixed (0,0,1), (l,t,0), (1,— i,0) and therefore is of the first type of 
collineations. Compare §84. 

107. Harmonic sets of points and of lines. In §26 we defined 
a harmonic set of points on a line I by means of a complete quad- 
rangle as consisting of two diagonal points belonging to the 
quadrangle and of the two other points of intersection of I with 
the remaining sides of the quadrangle. 

Dually we defined a harmonic set of lines intersecting in a 
point P as consisting of two diagonal lines of a complete quadri- 
lateral plus the two other lines joining P to the remaining vertices 
of the quadrilateral. 

In §24 we defined analytically for affine geometry a harmonic 
set of points as having the cross-ratios — 1, 2. In §26 we gave 

a geometric construction by means of the complete quadrangle for 
such a harmonic set. In general projective geometry, on the other 
hand, we define a harmonic set of joints geometrically as in §26. 
Now we show analytically that any such set has the cross-ratios 

-i.i 2 . 
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We take a complete quadrangle as in the following figure. The 
three lines in the figure that consist of two sides of the quadrangle 
and a side of the diagonal triangle we take respectively as a: = 0, 
2 = 0, 2/ = 0. We call P4 (0,1,1) and one diagonal point ony = 0 
we call (1,0,1). 



We wish to prove that the other diagonal point P on 1/ = 0 is 
( — 1,0,1), i.e., that the quadrangular set on 2/ = 0 has one cross- 
ratio equal to — 1 and so is a harmonic set according to the analytic 
definition as well as to the geometric. 

Proof. The line P3P4 is a; + — 2? = 0, P1P3 is 2; = 0, P2P4 

is a; = 0. Hence P3 is the point (1, — 1,0). Suppose Pi is (l,a:,0). 
The line P1P2 is then 


X y z 
10 1 
1 a 0 


^ y olz — olX = 0 


Hence P2 is the point (0, — a,l). The line P2P3 is 


X y z 

1 -1 0 

0 —a 1 


^x — az-’y^O 


The line P1P4 is 


X y z 
0 1 1 
1 a 0 


^ y — z — ax 


0 


These last two lines must meet on y = 0 (according to the figure), 
but y = 0 cuts P2P3 in the point ( — a,0,l) whereas y = 0 cuts 
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P1P4 in the point ( — 1 /q!, 0,1). We must have, therefore, — 1 /qj 
= — a, so a = 1 . This shows that the other diagonal point P is 
( — 1 , 0 , 1 ), which forms with ( 1 , 0 , 1 ), ( 0 , 0 , 1 ), ( 1 , 0 , 0 ) a harmonic 
set in the analytic meaning (i.e., with a cross-ratio equal to — 1 ). 

Note that — 1/a = —a gives us also a — —1; this value of a 
(however) is debarred, because then ( — l/a,0,l) would be the 
point ( 1 , 0 , 1 ). Since cross-ratio is invariant under (88), the above 
special choice of the triangle of reference does not affect the 
generality of the discussion. 

We could in the above figure take j/ = 0 as the same line, take 
P1P2 as 2; = 0 , P2P3 as a; = 0 , so the two diagonal points ony — 0 
are now ( 0 , 0 , 1 ) and ( 1 , 0 , 0 ). We could take P4 as ( 1 , 1 , 1 ), then 
the point on y — 0 between the two diagonal points must be 
( 1 , 0 , 1 ). In this case P3 must be ( 0 , 1 , 1 ) and Pi must be ( 1 , 1 , 0 ). 
Hence the line P1P3 (which is now x — y + z = 0) must cut 
y = 0 in the point ( — 1 , 0 , 1 ), which is the fourth point in the 
quadrangular set on y = 0. 

Here again we see that the four points on 2/ = 0 form a harmonic 
set in the analytic sense. Again our special choice of the three 
vertices of the triangle of reference and of P4 as vertices for our 
complete quadrangle does not cause a loss of generality in the 
discussion, because some transformation of (88) sends the four 
vertices of any given complete quadrangle into the four vertices 
of any other given complete quadrangle and also (88) preserves 
cross-ratio. We notice that in the figure and in the first dis- 
cussion ( — 1,0,1) and (1,0,1) are the coordinates of the diagonal 
points on 2/ = 0, whereas in the second discussion (0,0,1) and 
(1,0,0) are the coordinates of these same diagonal points. 

Again let us note that, if in the above figure we join (0,0,1) to 
Pi(l,a, 0 ) and (1,0,0) to P4 ( 0 , 1 , 1 ), these two lines intersect in the 
point >S ( 1 , 1 , 1 ) since a = 1 . Also the point of intersection of 
P1P3 and P2P4 is P ( 0 , 1 , 0 ); hence the line RS is x — 2 = 0 , 
which line must cut y = Oin the point (1,0,1). But the complete 
quadrangle P, Pi, Sj P4 has the same quadrangular set on 2/ = 0 
as Pi, P2, ^3, P4 except that now (0,0,1) and (1,0,0) are diagonal 
points, whereas for Pi, P2, P3, P4 the diagonal points are ( — 1 , 0 , 1 ) 
and ( 1 , 0 , 1 ). This shows up an important fact, namely, that if 
Ti, T2, Ts, P4 are a harmonic set of points on a line I where ^1,^3 
separate P2JT4, then this set of points can be determined by a 
complete quadrangle where either Ti,Ts or T2)T4, form the di- 
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agonal points. Another way to state this result is to say that if 
Ts is the harmonic conjugate of Ti with respect to T2 and T^j then 
T4 is also the harmonic conjugate of T2 with respect to Ti and T^. 

Conversely to the above discussion, we should now prove that 
every harmonic set of points defined analytically is also a harmonic 
set according to the geometric definition. To do this we can take 
the set on y = 0, choosing three of the set (in this order) as 
( — 1,0,1), (0,0,1), (1,0,1), then the fourth point on the right must 
be (1,0,0) because one cross-ratio (in non-homogeneous form) is 


— 1 — 0 1 ~ X 
1 - 0 -1-x 


or X = 00 


if the fourth point is x or in homogeneous coordinates (1,0,0). 
Now we see that the lines a: = 0, 2 = 0, x + y — z = 0, y + z 
—X = 0j x + y + z — 0, X — y + z = 0 form the six sides of a 
complete quadrangle that defines this harmonic set geometrically. 


EXERCISES 

1. Check all the algebra in the text. 

2. Dualize the discussion in the text. 

3. Carry through the details in the last paragraph of the text. Why is 
there no loss of generality in the discussion there? Hint: How many pairs 
of corresponding points determine a transformation between two lines? 

4. Find two other complete quadrangles to give the harmonic set ( — 1,0,1), 

(0,0,1), (1,0,1), (1,0,0): (a) with ( — 1,0,1) and (1,0,1) as diagonal points; 

(6) with (0,0,1) and (1,0,0) as diagonal points. 

108. The absolute involution. A pair of perpendicular lines 
y = mx biZ and y = —xlm + })2Z cut in the two points 
(l,m,0) and (1, — l/7n,0). If we put the points {x^yfS) on in 
the form (l,2/,0) whore y replaces yjx we see that the equation 
y = —lly' connects the pairs of points on in which pairs of 
perpendicular lines cut Compare §83. 

But the equation y = '—lly' gives on an elliptic involution 
with the circular points as double points. This involution is 
called the absolute involution. 

The Euclidean transformations (35) keep the circular points on 
Zoo fixed or interchange them and so send any pair of conjugate 
points of the absolute involution into another pair of conjugate 
points of the same involution. Compare §§34, 35. Hence these 
transformations are said to leave the absolute involution invariant. 
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We note, however, that if in (13) ai = 62 and bi = — a 2 , these 
affine transformations keep the circular points fixed and therefore 
keep the absolute involution invariant. Compare §34. Hence 
the Euclidean transformations are only a subgroup of the larger 
subgroup G of the affine group (13), where G is defined as con- 
sisting of all the affine transformations keeping the absolute 
involution invariant. For the Euclidean transformations we 
must have also af + bf = 

EXERCISES 

1 . Why is it that a transformation keeping the circular points fixed must for 
this reason keep the absolute involution invariant? 

2. Show analytically that the affine transformations with oi = & 2 > = — ^2 

form a group. Compare §31. 

3. Show analyti(;ally that the aflSne transformations with ax = 62 , 2>i = -~ 02 i 

al + bi ~ -\- bl = I form a group. 

4. Show that the Euclidean group is uniquely defined as consisting of all 
the transformations that leave the absolute involution invariant and also leave 
the area of any triangle invariant. Compare §34. 



CHAPTER XIV 


INTRODUCTION TO CORRELATIONS AND POLARITIES 

109. Tangents to curves. In §§46, 50 we discussed tangents 
to curves, also poles and polars with respect to a conic, for affine 
geometry. Before taking up these topics for general projective 
geometry and homogeneous coordinates (referred either to a 
triangle of reference or to axes plus l^)y we must first discuss 
briefly the tangents to curves in general. 

Given any curve in homogeneous coordinates the equation 
of a secant to this curve through the two points P' (x\y' ,z^) and 
P'\x^ + Ax, y^ + Ay, z + Az) on the curve is evidently 


X 

y z 


X 

V 

z 

x' 

y' z' 


x' 

2/' 

z' 

x' + Ax 

y' + Ay a' + Az 

j 

Ax 

Ay 

Az 


since this is a first-degree equation and is satisfied by the co- 
ordinates of P' and P'^ 

If x^y^z are assumed to be functions of a parameter <, we divide 
this equation by A^, let At 0, and we have the equation of the 
tangent at P\x\y\z) 

X y z 

(106) x' y^ z =0 
dx' dy^ dz' 

W dt^ It' 

where t is the parameter and dx' fdt', dy' I dt' , dz' /dt' are the 
derivatives dx/dt, dy/dt^ dz/dt at the point P' {x' ,y' jz')^ for which 
point t has the value t\ 

Let us digress a moment to prove EulePs theorem that, if 
f{x,yjZ) = 0 is an n-ic in the homogeneous coordinates x, 2 /, 2 ;, we 
have 

( 107 ) 
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where d^ldx', dffdy', df/dz' mean df/dx, df/dy, df/dz, respectively, 
for X = x',y = y',z = z' . 

Proof. If we put x = x't, y = y't, z = z't in f{x,y,z), then 
take d/dt [S{x,y^)], we get 


^ J{x,y,z) = j^rfix',y',z') = ^fix',y',z') 

= — X H y + — 2 

dx dy dz 


If now we take ^ = 1, we have dfldx\ df/dy\ dfidz for df/dx, 
df/dy, df/dz and therefore (107) follows. 

Again we note that from co = f{x,y,z) = 0 we have 


(108) 


do) __df dx df dy df ^ 
dt dx dt dy dt dz dt 


where t is any variable (x or 2 / or 2 or a parameter). 

If P\x\y\z^) lies on the n-ic f{x,y,z) == 0, we have the two 
equations 


(109) 


df dx^ 


df dy' 
dy' dt' 


^ I . ^ 0 


df dz' 

W It' 


dx dy dz 


From these last two equations we find that the coefficients of 
x,y,z in (106), which are proportional respectively to 


, dz' , dy' 
^ dt' ^ dt' ’ 


f dx f dz' 

'' dP'~''dt'’ 


, dy' f dx' 


are also proportional to df/dx', df/dy', df/dz'. Hence the tangent 
f(x,y,z) = 0 at P'{x',y',z') may also be written 

df df df 

Subtracting from (110) the .second equation of (109) we get 
still another form for the equation of the tangent, namely the 
homogeneous equation 


( 111 ) 
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EXERCISES 

1. Fill in the details for the derivation of (110) from (106) and (109). 

2. Find the tangent to yh = at (1,1,1) from (106); then from (110); 
then from (111). 

110. Poles and polars with respect to a conic. If we apply 
(110) to the general equation of the conic in homogeneous form 
(75), we get the equation (5) again in homogeneous coordinates. 

Whether or not P' {x\y\z^) is on the conic (75), (5) is called 
the polar of P' with respect to this conic. The properties of 
pole and polar that are given in §50 for affine geometry are valid 
also in general projective geometry, since the proofs given in §50 
carry over and apply to (75) in the general projective geometry. 

Dually the pole of any line I'lujv'yw'] with respect to the general 
line conic (83) is 

(112) (Au' + Hv' + Gw')u + (Hu^ + Bv' + Fw')v 

+ (Gu' + Fv' + Cw')w = 0 

or 

(112) Auu' + Bvv' + Cww' + F(v^w + vw') 

+ G(wu' + w'u) + Il{u'v + uv') = 0 

Definition. We call a triangle self-polar with respect to a 
conic if its vertices are the poles of the opposite sides with respect 
to this conic. (Compare §50, Ex. 4.) 

From §50 and (112) we see that if two vertices of a triangle and 
their opposite sides are poles and polars with respect to a conic, 
then the triangle is self-polar with respect to this conic. 

Let us take for the triangle of reference a triangle self-polar 
with respect to the general conic (75). Then z = 0 must be the 
polar of (0,0,1); hence we must have / = g = Oin (75) and (5). 
Also (0,1,0) and y = 0 are pole and polar so h = f — 0. There- 
fore our conic takes the simple form 

(113) ax^ + by^ + cz^ = 0, abc 0 

Now we prove that any line I through a point P\x\y^ ,z^) cuts 
a conic and the polar V of P^ with respect to this conic in three points 
that form with P' a harmonic set. In §25 we proved this for the 
affine geometry. We can take P' as (0,0,1) and the conic in the 
form (113) without loss of generality, because (88) preserves 
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cross-ratio and also every point P' is a vertex for countless self- 
polar triangles. (Why?) If we take any line y = mx through 
P' and solve its equation simultaneously with that of the conic 
(113), we get the points of intersection (1, m, dbV { — a — 6m^)/c). 
whereas y = mx cuts the polar 2 = 0 of PMn the point (l,m,0) 
and finally P^ is (0,0,1). We put z for zjx and take the cross-ratic 

Z\ — Z 2 — ^4 

23 — - 24 

V ( — a “ hm^)lc — 0 —'%/( — a — hm^)/c — 00 

— V ( — a — 6m^)/c — 0 V { — a — hm^)lc — 

which shows that these four points do form a harmonic set. 


EXERCISES 

1. Why must we have ahc 5*^ 0 for (113)? Answer the question (Why? 
in the text. 

2. Dualizing the derivation of (113) in the text, derive the simple forn 
Au“ + Bv^ -f Cw^ = 0 for a line conic. 

3. Dualize the last theorem in the text, and its proof. 

4. Show how, while deriving (113), we incidentally proved it for genera 
projective geometry. 

5. Prove again for general projective geometry the properties of poles anc 
polars given in §51, especially the method of finding the center of a conic. 

6. How are the coordinate axes and /qo situated with respect to the conicf 

± = dbl? 

7. Show that any two conjugate diameters of a conic are conjugate witl 
respect to this conic, i.e., one diameter passes through the pole of the other 
From this fact derive the properties of conjugate diameters. Hint: Take 
the conics in the type forms, then use homogeneous coordinates. Compare 
§51. 


111. Polarities; their relation to duality. We take a general 
pole and polar with respect to the conic (75) and write them 
respectively in point and line coordinates. Now, if we drop 
the primes from the variables, we get the equations (using the 
condition that the line ux + vy + wz = 0 shall be the polar oi 
P{x,y,z))-. 


( 114 ) 


pu = ax-{-hy + gz, 


pv = hx + by + fz, 


a h g 
h b f 
g f c 


9^ 0 


pw = gx +fy + cz, A = 
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We can look upon (114), quite apart from its connection with 
the general conic (75), as a transformation sending points into 
lines and lines into points. We call (114) a polarity. We can 
find the inverse of (114) very readily from (88'), namely, 

(114') ax = Au + Hv + Gwy ay = Hu + Bv + Fw, 
az Gu A- Fv A- Cw 

where a = A/p and A is the discriminant of the general conic. 

If we try to find the points P\x\y\z^) that lie on their own 
polars under the transformation (114), we see we must have 
ux^ + vy' = wz' = 0. Expanding this equation (since UyVyW 
have primed point coordinates), we get merely the condition that 
P' shall lie on the general conic (75). Hence we call (75) the 
fundamental conic of the polarity (114). 

If we take the conic + 2 ^ = 0, we find that this is the 

fundamental conic of the polarity 

(115) pu — Xy pv = yy pw = z 

If we use this polarity on the algebraic equations, formulas, etc., 
that lead up to a theorem (or other result), we see that we get the 
duals of this theorem and of the algebraic parts of its proof. For 
example, solving simultaneously the equations of the two conics 

x^ + y^ = 16 z^y 2xy = 9 z^ 

we find that these two curves intersect in the four common 
points ((±5 ± V7)/2, (±5 =F V'7)/2, 1) and ((±5 T V7)/2, 
(±5 db V7)/2, 1) where the upper signs in each parentheses go 
together and so also the lower signs. Applying (115) we find 
that the two conics 

u^ + = 16 w^y 2uv — 9 

have the four common tangents [(±5 =fc v'7)/2, (±5 ^^7)72, 1] 

and [(±5 V7)/2, (±5 zh V7)/2, 1]. 

EXERCISES 

1. If A = 0 in (114), what geometrical effect does this vanishing of A 
have on the points and lines that correspond under (114)? Compare A = 0 
for (88). 

2. Prove that (114) keeps cross-ratio invariant. What does this mean 
geometrically? 

3. Show that (114) sends a point P' into a line Z' and Z' into P'. 
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4. Solve (114) for x^y,z and get (114'). 

5. Find the equation in line coordinates (also find the point coordinates) 
of the point into which (114') sends the line ax + -h yz = 0. 

6. Prove that (114) sends all the points on a line into all the lines through 
a ix)int, and conversely. 

7. Make up examples of polarities. 

8. Find the fundamental conic of 

pu X -i- y, pv = X -h y -h z, pw = y + z 

9. Find the polarities that have, respectively, the fundamental conics 

x^ 

2 + 2 oa + 2 2 /z = 0, = = 4 pxz 

a 0 


112. Correlations in general. The polarity (114) is only a 
special case of more general linear point-to-line (and line-to-point) 
transformations, called correlations^ that are given by the equations 


( 116 ) 

pu = aix + a2y 

+ CLsZy 

pv = 

bix ■ 


pw - 

= CiX 

+ 

csV + C3Z 

where 








ai 

a 2 

as 



A = 

bi 

b 2 

bs 

^ 0 



Cl 

C2 

C3 



with the inverse 

(116^) gx = AiU + Biv + C\W, ay = A2U + B2V + €2^^ 
oz = A’^v, -f- “f* C^w 


A polarity is distinguished among the correlations (116) by 
the fact that its determinant {matrix) is symmetric with respect 
to the main diagonal ^ i.e., a2 = f>i, Us = Ci, ^3 = C2. 

It is easy to prove (see the exercises) that a polarity has only one 
fundamental coniCj but a general correlation has two such conics — 
one of them is in point coordinates and one in line coordinates — 
and these two are not the point and line equations of the same conic 
unless the correlation is a polarity. 

Since (116') is linear in both the point and the line coordinates, 
the correlations (and so of course the polarities) send the points 
on a line into lines through a point (for they send the equation of a 
line in point coordinates into the equation of a point in line co- 
ordinates), and conversely. 

Also (116) can be obtained by following (88) by (115). Since 
(88) and also (115), as is evident, keep cross-ratio invariant, there- 
fore (116) keeps cross-ratio invariant 
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EXERCISES 

1 . Does Ex. 1 of §1 1 1 hold true here? 

2. Show that (116) sends a point P' into a line V but does not send V into P'. 

3. Show that if (116) sends one point P' into I' and V into P', then this 
correlation is a polarity, 

4. Derive (116') from (116). 

5. Prove that the two fundamental conics of a general correlation are 
distinct. Hint: Take the correlation first as (116), then as (116'). Find 
the relation between the two fundamental conics of a general correlation. 

6. Find the fundamental conics of 

pu ^ X -]r y Zy pv = X — y — Zy pio y z 

7. Make up examples of correlations and find their fundamental conics. 

8. Using Ex. 5, make up the equations of a point conic and of a line conic 
that can serve as the fundamental conics of a correlation. Find the corre- 
sponding correlation. 

9. Prove geometrically that a correlation sends points to lines and lines to 
points. See Veblen and Young, Vol, I. 
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SOME THEOREMS ON CONICS 

113. Pencils of points and pencils of lines; parametric coor- 
dinates for points and for lines. Definition. Often we wish to 
consider the points on a line instead of the line itself as a whole. 
In this case we call the points of a line a pencil of points. Simi- 
larly, and dually, all the lines through a point we call a pencil of 
lines. The line on which a pencil of points lies is called the axis of 
the pencil. The point through which all the lines of a pencil pass 
is called the center of the pen(ul. 

If we take any two lines through a point with equations 

Uix + v\y + wiz = 0 and U2X + V2y + W2Z = 0 

respectively, we note that any line through this point is given by 
the equation (with a parameter X) 

(ui + \U2)x + {Vi + \U2)y + {wi + \W2)z = 0 

or (with homogeneous parameters Xi and X2) by the equation 

(Xil^i + X2i^2)^ + + ^2V2)y + + 'h2W2)z = 0 

Therefore any line through the point of intersection of li[uiyVijWi] 
and l2[y'2f^2f'^2\ has parametric coordinates given by 

(117) pU = Ui + \U2 j pV = Vi + \V2j pw = Wi + \W2 

or 

(117') pu = \iUi + X 2 W 2 ; pv = + X2y2) = ^ 1^1 + 'h2W2 

where X, Xi, X2 are called the parameters and hluijVijWi] and 
l2[u2fV2yW2] are called the fundamental lines of the pencil of lines. 

Dually, if we take any two points (in line coordinates) on a 
line, with equations 

= 0 and X2U + y2V + Z2W = 0 

respectively, we note that any point on this line has an equation 

252 



PENCILS OF POINTS AND PENCILS OF LINES 253 


of the form 

(o^i + ixX2)u + (^1 + iiy2)v + (^i + yZ2)w = 0 

or (Miaji + ti2X2)u + (fiiyi + ^22/2)2^ + + 112^2)'^ = 0 

Therefore any point on the given line through Piixi^yi^zi) and 
P 2 {x 2 }y 2 )^ 2 ) has parametric coordinates given by 

(118) <TX = Xi + fjLX 2 y cry = yi + m2/2, az = Zi + 1 XZ 2 
or 

(118') GX = iiiXi + 1 x 2 X 2 , ay = /xii/i + At22/2, 

GZ = + tl2Z2 


where Pi{xi^yi^Zi) and P 2 {x 2 ,y 2 )^ 2 ) are called the fundamental 
points of the pencil of points. 

We take the following cross-ratio of four collinear points (ex- 
pressed in parametric coordinates) with parameters /x', /x", /x'", /x^^ 
and we get 


Xx + t^X2 — Xi — 

Xi + /x'"a;2 — — ix'^X2 


n fn 

IX tx 


/// // 
/X — /X 


/ IV 

M - M ^ 


+ fx'^X2 Xx — iu^^X2 
^1 + y>^X2 — Xi — IX^^X2 


We have a similar dual result for four concurrent lines. Hence 
the cross-ratios of four collinear points {or of four concurrent lines) 
are the same as the cross-ratios of their parameters. 

For example, on the line y = 0 with (1,0) and (2,0) as funda- 
mental points, the points 

(3,0), (5,0); (7,0), (9,0) 


can be written, respectively 

(1 + 1 -2,0), (1 + 2*2,0), (1 + 3*2,0), (1 + 4*2,0) 


Take the following cross-ratio, we have 

3-57-9 1-23-4 1 

7-53-9”3-21-4~ 3 


Using parametric coordinates we shall now show that the 
cross-ratios of four points of a pencil of points are the same as the 
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corresponding cross-ratios of the four lines of a pencil of lines that 
pass through the four given poiniSj respectively. 

Proof. Suppose the four points are where z == 1,2, 3, 4 

and the four lines arc li[ui,Vi,w^], Suppose we have 

uiXi + viyi + WiZi = 0 and U 2 X 2 + 2 ^ 22/2 + ^^ 2^2 = 0 

i.e., the lines h and I 2 pass through the points Pi and P 2 , respec- 
tively. Taking this pair of lines and this pair of points as the 
fundamental lines and the fundamental points of the pencil of lines 
and the pencil of points, respec^tively, we have (117) and (116). 
If the line with parameter is to pass through the point with 
parameter we must have 

(til + Xiti2) (^1 + PtX2) + (2^1 + 'hiV2) (2/1 + my2) 

+ (wi + \iW2) {zi + PiZ2) = 0 

From this equation we get 

U1X2 + viy2 + W1Z2 

Xi Pi 

U 2 X 1 + V2yi + W2Zl 

which is of the form Xf = am. But now we see that we have 

X— X X — P ^ P P 

r/77 ^ T7 x/v" “ ~77 77 1 7 ^ 

X ~X h — p — p p — p^'^ 

i.e., the cross-ratios of the four lines have the same values as the 
corresponding cross-ratios of the four points. 

An important result of this theorem is the fact that a harmonic 
set of points on a line I subtends from any point P not on Z a har- 
monic set of lines. Geometrically, a harmonic set of points is 
determined by a complete quadrangle^ but a harmonic set of lines 
is determined by a complete quadrilateral) therefore the above 
result Ls quite astonishing. (Compare, however, §28.) 

The above theorem could have been proved (without the use of 
parametric coordinates) by taking the pencil of lines with for 
its center and the pencil of points with 1 / = 0 as its axis, using a 
triangle of reference. Then the equation of any line through a 
point {xifi) is X = Xi] or in homogeneous line coordinates such a 
line is [1,0,— Taking w for w/u in the coordinates of these 
lines we have 

Wi — W 2 Wz ^ W 4 _^Xi — X 2 Xs — X 4 
— W 2 wi — tC 4 x^ — X 2 Xi X 4 
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This shows again that these lines have the same cross-ratios as 
their points of intersection with a line L 

Any change of the fundamental lines (or points) in the pencil 
of lines (or points) amounts to multiplying h (or Pi) by one 
constant and I 2 (or P2) by another constant and adding the results 
for a new first fundamental line (or point) and similarly for a 
second fundamental line (or point). Hence such changes of funda- 
mental lines {similarly for points) are given by the equations 

(119) tX( = a\i -f- 6X2, TX2 = cXi “h dX2 

or in non-homogeneous form 

(119') X' 

where ^ ^ 

a b 

For points we have equations in y instead of X. Conversely, 
(119) changes the fundamental lines. Note that (119) is of the 
forrn (102) and so keeps cross-ratio invariant. As an illustration, 
suppose in the pencil of points 

(mi7 + M23, mi 2 — M24, Mil + M23) 

we choose (10, — 2,4) and (4,6, — 2) as new fundamental points. 
Then we can write the pencil as 

(mi'IO + m24, -Mi'2 + /* 26 , Mi' 4 - iU22) 

and (119) has the form (with m for X) 

TMi = Ml + M2, tm 2 = Ml — M2 

EXERCISES 

1. Why must we have ^ j 0 for (119')? 

2. Why is no loss of generality incurred in the first proof of the theorem in 
the text by taking the fundamental points and lines as they are taken? 

3. Why is there no loss of generality in the second proof of the theorem in 
the text when Fqo is taken as the center of the pencil of lines and y = 0 is 
taken as the axis of the pencil of points? 

4. Fill in any details omitted in the text. 


c *4” dX 
a -|- b\ 
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5. The pencil of points 

pa; = 3 + 2 py 5 — tif p2 = 6 + 3 p or (3 + 2 p, 6 — p, 6 + 3 p) 
can be written as 

pa; = 8 + 5 p^, pi/ = 9 -+• 4 p^, pz = 15 + 9pf 
or (8 + 5 p', 9 + 4 p', 15 + 9 p') 

Find the coefficients for (119') to accomplish this change of fundamental 
points. Hint: Put in homogeneous parametric form. 

6. How does X' = (3 — X)/(2 + X) change the pencil of lines [3 — X, 
2 + 3X, -1 +X]? 

7. Make up examples like Exs. 5 and 6. 

8. Find the cross-ratios of the lines a; = 0, i/ = 0, a;^ + ay^ * 0. 

9. Show how to get parametric point coordinates for a pencil of points with 
Pii^hyiiZi) and P 2 {x 2 jy 2 i^ 2 ) as fundamental points, from the equation of the 
line PiP 2 i namely, 

X y z 
xi yi zi =0 
X2 y2 Z2 

Hint: Prove that a necessary and sufficient condition for this determinant 
to vanish is that we can multiply the second row by pi and the third row by 
P2, add the results, and, subtracting this sum from the first row, obtain a row 
of zeros at the top of the determinant. 

114. A point (line) conic as determined by two projective pencils 
of lines (points). First of all, we must find out about the effect 
of the general projectivity (88) on the 'parametric point and line 
coordinates. Consider any line 

[ui + \U 2 j Vi + \V 2 j Wi + \W 2 \ 

of a pencil of lines. In point coordinates this line has the equation 
(uiX + Vi'y + Wiz) + \(U2X + V2y + W2Z) = 0 
The general collineation (88) sends this line into 

(u[x' + v['y' + w'lz') + dK{u2x' + V2y' + w^z') = 0 

where cru'i = aiUi + biVi + CiWi, similarly for (tv[ and (rw[; also 
ffU 2 = aiU 2 + biV 2 + Ci'W 2 , similarly for or'vg and also 

a = G /(T, 

That is, if we put this result in line coordinates, (88) sends 
[ui + \U2, vx + \V2j wi +* Xt/;2] into [u[ + ol\u2, v[ + 
w[ + Thus we see that, if we have two projective pencils 

of lines and we take for the fundamental lines in one of the pencils 
li[ui,vi^wi] and while we take for the fundamental lines 
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of the second pencil the lines and i 2 [^ 2 ;^ 2 >^ 2 ] cor- 

respond under (88) to h and hy respectively, then to establish the 
projectivity between the two given pencils [ui + \U 2 , Vi + \V 2 , 
Wi + \W 2 ] and [u[ + v[ + w[ + X'ti;^] we have merely to 
put 

(120) X' = aX 

Note that, if we have any other fundamental lines for the second 
pencil, we must first operate on this pencil with (119^ so as to 
have fundamental lines correspond to fundamental lines under 
the projectivity (88), then put X' = aX, and we have the pro- 
jectivity established. But the product of (119') by (120) has 
the same form as (119') ; hence we can interpret this transformation 
of the parameter as effecting a projective transformation between 
the lines of the same or of different pencils of lines, 

(Remember that we are here looking upon the projectivity as 
an alibi; hence x — x' = Oj y = y' — Oj z = z' = 0 are the sides 
of one and the same triangle of reference or are the same axes 
plus Zoo? according to which frame of reference we are using.) 

Now we have 

^ __ UiX + Viy + WiZ 
U2X + V2y + W 2 Z 

from the first pencil of lines in the above discussion and since we 
have (after replacing x' by x, by y, z' by z in the second pencil 
of lines) 

^ _ u[x + v\y + w[z 

U2X + v^y + W2Z 

The equation (120), or (119') if the fundamental lines do not 
correspond under the projectivity, gives us a quadratic equation 
in x,2/,2 (i.e., a point conic). 

Therefore we can describe a point conic as the locus of the points 
of intersection of the corresponding lines of two projective pencils of 
lines. Dually y a line conic can be described as the locus of the lines 
joining the corresponding points of two projective pencils of points. 

For example, if the pencil of lines 

(x + y - 2 ) + X(2 X + - 2 ;) = 0 

is made projective with the pencil 

{x + 2y - z) + X'(x - 2 2 / - 2 ) = 0 
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by the equation X' = 3 X, we have the point conic given by 

^ x-^2y — z ^ ^ X + y — z 

X — 2y — z 2x y -- z 

or — 8 2/^ + 2 + 6 2/2 — 3 2a: — 8 xi/ = 0 

Conversely, we want to prove that, if we take any two points P 
and on a conic and consider as pairs of corresponding lines 
in the two pencils of lines with centers at P and P\ respectively, 
all the pairs of lines iX that intersect on the conic, then we have 
a projectivity between these two pencils of lines. 

Proof. If we take P as (1,0,0) and P' as (0,1,0) and also 
take (0,0,1) on the conic, then our conic has for its equation 

(121) 2 hxy + 2gxz + 2fyz = 0 

The two pencils of lines with centers at P and P' can be written, 
respectively, 

2/ + X2 = 0 and a: + X'2 = 0, X = — - and X' = — ~ 

2 2 

Putting these values of y/z and xjz in (121), since the corre- 
sponding lines must intersect on the conic, we get 

2 AXX' - 2 ffX' - 2/X = 0, or X' = 

KK — g 

which gives us a projectivity between the two pencils of lines. 
We do not get (120), hence the pairs of fundamental lines do not 
correspond under the projectivity. 

Since three pairs of corresponding lines determine uniquely a 
projectivity between two pencils of lines (by the dual of the 
assumption in §105), therefore the line PP^ cannot correspond to 
itself; otherwise, if I is the line joining the points of intersection of 
two pairs of corresponding lines li^l[ and 12^21 Iwo pencils 

of lines with centers at P and P' are perspective (with I as axis). 
If the transformation is actually a perspectivity, then the conic 
we obtain degenerates into a pair of lines, I and PP\ 

To obtain a non-degenerate conic we must have the transfor- 
mation between the two pencils of lines a projectivity; therefore 
the line PP^ considered as a line in the pencil with center at P 
must correspond to the tangent to the conic at P', and this same 
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line PP' considered as a line in the pencil with center at P^ must 
correspond to the tangent to the conic at P. (If PP' corresponded 
to a line h through P that cut the conic again at P", then li would 
correspond to two lines PP' and P'P", contrary to the fact that a 
projectivity is a one-to-one correspondence.) 

As an illustration of a degenerate conic, we see that \' = 2\ 
makes a: = 0inx + X 2 = 0 correspond to a; = 0 in a; -}- \'y = 0, 
and the resulting conic is xz — 2 xy = 0. Here a; = 0 is the 
common line of the two pencils of lines, whereas z = 2y is the 
axis of the perspectivity set up between the two pencils by 
X' = 2 X. 


EXERCISES 

1. Recast the argument in the first part of the text in terms of line co- 
ordinates. 

2. Dualize the discussion in the text and get a line conic. What is the 
degenerate case of such a line conic? 

3. If a non-degenerate conic is to be a hyperbola, the two projective pencils 
of lines that generate this conic must have two pairs of corresponding lines that 
are pairs of parallel lines. Why? How about these two pencils of lines if the 
conic is to be a parabola, or an ellipse? Why cannot there be three pairs of 
parallel corresponding lines? 

4. Given the two pencils of lines 

[3 + 2 X, 4 + 5 X, 6 - X] and [1 - 2 X', 2 -f X', X'] 
find five points on the conic determined by the projectivity 



between these two pencils, without getting the equation of the conic in point 
coordinates. 

5. Find the equation in point coordinates of the conic in Ex. 4. Check 
the five points found in Ex. 4 by substituting their coordinates in this 
equation. 

6. Find the equation of the conic given by a; + X^ = 0, y X' 2 f = 0, and 
X' = 2X/(X -f- 2). 

7. Find the projectivity (in parameters) between the pencils of lines with 
centers at (0,1,0) and (1,0,0) on the conic xy — on the conic xy — xz 

= 0 . 

8. Do as in Ex. 7 for the pencils of lines with centers at (1,1,1) and 
( — 1,-1, 1) on the conic 

9. Why is there no loss of generality in the text due to taking the pencils 
of lines with centers at (1,0,0) and (0,1,0), and also taking the conic in the 
form (121)? 
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115. The Pascal line (Brianchon point) of a hexagon inscribed 
in (circumscribed about) a conic. Before discussing hexagons 
inscribed in and circumscribed about a conic, we want to abridge 
our notation somewhat. Compare § 42 . 

If we represent a line U = aiX+ piy + yiZ = 0 by the equation 
li = 0 , we see that the equation 

^1^3 “t” ^^2^ ~ 0 

is the equation of a conic (see the adjoining figure) through the 
four points P12, P23, ^*34, Pig for every value of X. We can 

determine X = X' so that this 
conic will also pass through 
the point P45. 

Suppose P56 is also on this 
conic. Now the equation 

hh + yhl = 0 

is the equation (for every value 
of y) of a conic through the four 
points P16, P56, P45; Ps4- We can determine m so that this 
second conic passes through the point P12. Hence these two conics 
hk + = 0 and Uk + jjl'IsI = 0 must be the same conic 

(having five points in common). 

We suppose the above two equations of the same conic are such 
that when expanded they are identical as to coefficients and not 
simply with their coefficients proportional (this we can secure by 
dividing the second equation through by a suitable constant). 
Next we subtract the two equations and get 

Ilk kk kt^'k ^^k) =0 or lik kk — kf^'k ““ ^^k) 

since the two equations are identical. 

The left side of the second of the above identities must be 
factorable, with I as one factor and jji'k '^'k as the other factor. 
But k cuts k on I and k cuts k on I ; hence k must cut k in a 
point P' and k cut k in a point P" such that these two points P' 
and P^^ lie on the line ixk ■“ ^^k = 0 (which line also passes 
through the point of intersection of k and k)- This line is called 
the Pascal line of the inscribed hexagon. By duality we get the 
Brianchon point of a hexagon circumscribed about a conic. 

In the above discussion the conic might be a pair of lines, and 
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the proof would still be valid. Suppose the hexagon is inscribed in 
a pair of lines (as in the following figure), then the three 
points £> 1 , D 2 , £>3 are collinear (by PascaFs theorem). 



In the hexagon Pi, P2, P3, P4, Ps, Pe inscribed in a conic we 
shall call the pairs of sides P1P2 and P 4 JP 5 , P2P3 and P5P6, P4P5 
and PePi, pairs of opposite sides (since a single vertex separates 
the vertices of the sides of each pair; thus P3 separates P2 and 
P4, Pe separates P 5 and Pi, so P1P2 and P4P5 are opposite sides). 
We can now state PascaFs and Brianchon's theorems as follows: 

Theorem. If a hexagon is inscribed in a conic^ the three pairs 
of opposite sides intersect in three collinear points {on the Pascal 
line). 

Theorem. If a hexagon is circumscribed about a coniCy the 
three pairs of opposite vertices lie on three concurrent lines {that 
intersect in the Brianchon point). 

Note that if we change the order in which we join the vertices 
Ply P 2 y Psy P^y P^y Pq wc get a new hexagon with a new Pascal 
line. Thus the hexagon with sides li{P\P^)j l 2 {PsPb)y h{PbP 2 )y 
h{P 2 PA)y h{P^P^)y h{P^Pi) bas a different Pascal line from that 
in the above figure. 


EXERCISES 

1. In the conic a;^/9 + 2/^/16 == 1 show analytically that Pascal's theorem 
is satisfied by the hexagon with vertices (taken in this order) : 

(0,4), (3,0), (0,-4), (-3,0), (3/V2,4/^), (-3/V2,-4/V2) 

Find the Pascal line. 

2. Change the order of joining up the vertices in Ex. 1 and find the new 
Pascal line. 

3. We can reduce the general conic U>xy = 2 ®. (Compare §122.) Take a 
general hexagon {xi, l/xi, 1) inscribed in this conic (where i = 1,2, 3, 4, 5, 6) and 
prove Pascal's theorem analytically for this hexagon, using the actual equa- 
tions of the opposite sides. Does this constitute a general proof of Pascal's 
theorem? Why, or why not? 
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4. Draw illustrations of PascaPs theorem and its dual, using hyperbolas, 
ellipses, and parabolas. 

5. Draw an illustration of PascaPs theorem (and one of its dual theorems), 
then join up the six vertices (take the intersections of the six sides) in different 
orders, show how to get other hexagons and different Pascal lines (Brianchon 
points). 

6. Dualize the discussion in the text and obtain the Brianchon point of a 
circumscribed hexagon. 

7. Describe the case where Pie = P 12 , i e., where is a tangent. Dualize 
this case. 

8. Show how to use the Pascal line to get a sixth point Pe on a conic deter- 
mined by five points Pi, P 2 , P 3 , P 4 , P 5 where Pe is on a given line I through Pi. 
Dualize this discussion. 

9. Show how to get the tangent at P 12 on the conic of Ex. 7. Dualize 
this result. 

10. Discuss the Pascal line for the other cases of coincidence of pairs of the 
six vertices of the hexagon, such as P2 = P3 and P4 = Pe, etc. 

11. Work Ex. 8 for the other cases of Ex. 10. 

12. Dualize Ex. 10. 


116. Projectivities on a conic; center and axis of homology. 

The conic xy = is sent into itself by every projectivity of the 
form px = ax^ j py = l/ay'y pz = as well as by numerous other 
types of projectivities. Compare §20. Each of these projec- 
tivities T sets up a correspondence between the points of the conic 

such that A and A\B and C and 
C', etc. (see the adjoining figure) 
are pairs of homologous points. 

We see that the pencil of lines 
A^A^ A^By A^Cy etc., is projective 
under this collineation T with it- 
self in such a way that A^A cor- 
responds to the tangent at A\ 
A'B to A'P', A'C to A'C'y etc. 



But we saw in §114 that since all these points lie on a conic, 
therefore the pencil of lines with center at A is projective with 
the pencil of lines with center at A' in such a way that 
A a' corresponds to the tangent at A'j AB' to A'B\ AC' to 
A'C', etc. 

Combining these two projectivities, we find that the two pencils 
of lines with centers at A and A' are projective with each other 
in such a way that AA' corresponds to A'A, AB' to A'B, AC' 
toA'C, . . . . But in this last projectivity AA' is self-correspond- 
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ing, so the correspondence must in reality be a perspectivity with 
axis 1{PP') where P is the intersection of A' B and AB' and P' the 
intersection of A'C and AC\ Compare §105. 

We see that I is the Pascal line of the hexagon A, B\ C, A \ B, & \ 
therefore BC^ intersects B'C on Z in a point P", A similar dis- 
cussion shows that any other pair of corresponding points D and D' 
on the conic must be such that AD' and A'D intersect on Z, also 
BD' and B'D, CD' and C'D, 

Definition. The line Z whose existence is proved in the last 
paragraph is called the axis of homology for the projective relation 
between the 'points on the conic. Dual to Z we have a point P 
related similarly to the tangents at corresponding points on the 
conic, and called the center of homology for this projectivity on the 
conic. 


EXERCISES 

1. li T IS px - y\ py — x\ pz - z' and the conic is xy — 0 ^, find the axis 
of homology. 

2. Find the center of homology for Ex. 1. Hint: Put into line coor- 
dinates. 

3. Clive the details of the discussion in the text showing that AD' and 
A'D, BD' and fi'D, CD' and C'D intersect on L Hint: Consider the 
hexagons A, /i', Dj A'y By D' and A, C", D, A C, D'. 

4. Dualize the discussion in the text and get the center of homology P. 

5. Prove that P and / are pole and polar with respect to the conic. Com- 
pare §50. 

6. Prove that a projectivity on a conic is uniquely determined by three 
pairs of corresponding points. Hint: If P and P', P and P', aS and B' are 
these pairs of homologous points, the tangent p at P goes to the tangent p' 
at P'y the tangent r at P goes to r' at P', the point P(p,r) goes to T'(p',r'), 
aSi goes to *S'. Show that this uniquely determines the conic, using Pascal’s 
theorem on a line through B. 

7. Dualize Ex. 6. 

8. Prove that a projectivity on a conic is uniquely determined by its axis 
of homology and one pair of corresponding points. 

9. Dualize Ex. 8. 

10. Prove that every double point of a projectivity on a conic must be a 
point of intersection of the axis of homology wdth the conic. 

11. When is a projectivity on a conic parabolic? 

12. Dualize Ex. 10. 

117. Involutions on a conic. If a projectivity on a conic is an 
involution, then (see the following figure) A must correspond to 
A'y also A' to Ay B to B', and B' to B, Therefore the lines AB' 
and A' By AB and A'B' must intersect on the axis of homology Z. 
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Why? Also A A' and BB' intersect in the center of homology P, 
Why? 

Again, suppose a projectivity H on a conic C sends A to A' 
and A^ to A" . If /i is the involution on C with A' as a double 
point, and A A" as a conjugate pair, then /iH sends A to A' and 



A^ to A. Hence IiU is an involution /2. Why? But ZiH = I2 
gives us IT = /1/2. (How?) Therefore we have the theorem: 

Theorem. Any projectivity H on a conic is the product of two 
involutions I\j I2 either of which has an arbitrary point A' {not a 
double point of U) as a double point, 

EXERCISES 

1. Answer the (How\s?) and (Why^s?) in the text. Hint: Since /ill sends 
A to A' and A' to A, if /? and B' are any other pair of corresponding points, 
AB' cuts A'B on the axis of homology /, also AB cuts A'R' on L (Why?) 
This shows that B corresponds to R' as well as B' to B, (Why?) Hint: 
If /ill = / 2 , then /‘i/iH = IT. (Why?) 

2. If 1 2 has AA " as a conjugate pair and A' as a double point, show that 
n /2 sends A' to A" and A" to A', so II /2 = I'l and TI = /J/^. 

3. For n of the form px = y', py = x'y pz = 2 ' and the conic xy = 
find 1 1 and 1 2 analytically so that II = I il 2 - 

118. One-to-one correspondences between the points on a 
conic and the points on a line. It is often found useful to set up a 



one-to-one correspondence between the points P of a line I and the 
points P' of a conic C. Then we can prove readily some theorems 
about the points P' on C and by this one-to-one correspondence 


ONE-TO-ONE CORRESPONDENCES 


265 


interpret these theorems in terms of theorems about the points P 
on the line 1. In the above figure we see one way of setting 
up this one-to-one correspondence for the conic xy ~ and the 
line i/ = 0, by means of lines through the point T (0,1,0). We 
see that (1,0,0) corresponds to itself and (0,0,1) corresponds to 
0,1,0). 

It is readily seen that the relation between the coordinates of 
the points P{x,yjz) on {y = 0) and P\x^ ,y\z) on C{xy = z^) is 
given by 


z^ 

T: px — x\ py = — ~ 


which is not linear in the variables and so is not a projectivity. 

However, even though T is not a projectivity, we note that T 
makes a projectivity on the line correspond to a projectivity on 
the conic, and so of course an involution to an involution (be- 
cause three pairs of homologous points determine a projectivity 
either for the line or for the conic). 


EXERCISES 

1. Using the one-to-one correspondence given in this section show that any 
projectivity on a line is the product of two involutions. 

2. Dualize the discussion in the text. 



CHAPTER XVI 


SOME THEOREMS ABOUT COMPLETE QUADRANGLES 

119. Two theorems on the complete quadrangle. First we 
wish to prove: 

Theorem. The pairs of opposite sides of any complete quad- 
rangle Pi, P 2 , P 3 , P 4 cut ayiy give7i line I in pairs of conjugate points 
of an involution. 



Proof. We take the quadrangle and line I as in the above 
figure. The line 

X y z 

0 a 1 ^y — az — x = 0 

1 1 0 

cuts y = 0 (i.e., 1) in the point The line 

X y z 

1 b 0 = 6 x + 2 ;--“ 2 / = 0 
0 1 1 

cuts y = 0 in i?i(l,0, — 6). The point P 3 is (—1,0,1). The 
line 

X y z 

1 h 0 ^hx + az — y — Q 
0 a 1 
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cuts y = 0 in jB 4 (— a,0,6). Writing the six points on Z in non- 
homogeneous coordinates, we have the quadrangular set 

(0,0), (cc,0); (-1,0), (-O.0); (-1,0), (- ^.0) 

We wish to show that these points are pairs of conjugate points 
in the same involution on Z. Since 0 and oo are to be a conjugate 
pair, such an involution must have an equation of the form 
X == a/x\ Since (~a,0) must correspond to ( — 1/6,0) in this 
involution, we have —1/6 = —a/a\ so a = a/6, and the in- 
volution must have the equation x = a/(hx'). This involution 
sends (—a/6,0) to ( — 1,0) since — 1 = a/6 ( — a/6). 

Q.E.D. 

Next we wish to prove: 

Theorem. If a complete quadrangle is inscribed in a conicj 
this conic cuts any line I in a pair of conjugate points of the involution 
determined on I by this complete quadrangle, (See the above 
theorem.) 

Proof. Referring to the complete quadrangle of the preceding 
theorem, we see that such a conic has the equation 

xz — X(2/ — az — x) {bx — y + z) = 0 

because this equation is of the second degree and evidently gives 
a curve passing through the four vertices of the above complete 
quadrangle, namely, 

(0,1,1), (1,1,0), (0,a,l), (1,6,0) 

But this conic (for every value of X) cuts y = Oin points given by 
\bx^ d” (Xa6 -b X -b \)xz -b Xa^^ = 0 
i.e., in the two points 

X —\ab — X — 1 it V (Xa6 + X + 1)^ — 4 \^ab 
z 2 X6 

Now the above involution x = a/ (bx') (determined by the com- 
plete quadrangle) sends 

-Xa6 - X - 1 + V(Xa6 + X + 1)^ - 4 \^ab 
2X6 


x 
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into 




( — \(ib — X — 1) “f" ^ (Xci6 -f- X "h 1)^ — 4 X^dh 

—Xab — X — 1 — V (Xab + X + 1)^ — 4 X^ab 
2X6 


Q.E.D. 


Any two points P, P^ are said to be conjugate with respect to a 
conic C if the polar of P with respect to C passes through P^ 
We now prove that on any line I the pairs of conjugate paints with 
respect to C form pairs of an involution of which the double points 
are the pomts of intersection of I with C, 

Taking the triangle of reference self-polar with respect to C, we 
have C in the form 

ax^ + by^ + cz^ = 0 

We suppose that I in z = 0. The polar of any point P{x\y\0) 
with respect to C is axx^ + byy' = 0. This polar cuts 2 = 0 in 
the point P^(l, —ax' /by' fi). The polar of (1,0,0) is x = 0, 
which cuts 2 = 0 in (0,1,0). In non-homogeneous coordinates the 
above pairs of conjugate points are 

0 , ; Vu 

byi 

where yi = y'/x'. 

Evidently the involution y = —a/by' sends 0 to oo and yi to 
— a/biji. Also the double points of this involution are given by 
= —a/6. But 2 = 0 cuts the conic C in these same points. 


EXERCISES 

1. Dualize all the discussion in the text. 

2. Prove the converse of the first theorem; namely, that if six points on a 
line I are pairs of conjugate points of an involution, then these six points form 
a quadrangular set. Hint: Take I as y — 0; the points as (0,0), («>,0), 
( — 1/6,0), (— a,0), ( — 1,0), (—a/byO); and the involution as a; = a/hx\ 
Take any point P not on ^ as (0,1,0). Now show how a complete quadrangle 
can be constructed that will determine this set of points on 1. 

3. Treat the two special cases of the first theorem in the text, namely, 
where R\ — but Rz J? 4 , and where Ri — R^ also Rz = Ri. 

4. Show why the two proofs in the text do not lose generality because of 
the special choice of the triangle of reference that is involved in them. 
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5. Prove that a quadrangular set of points is sent by a collineation into a 
quadrangular set of points and by a correlation into a quadrangular set of 
lines. Hint: What happens to the complete quadrangle? 

6. We have seen (where?) that three pairs of homologous points determine 
a projectivity of points on a line. If in the first theorem of the text we deter- 
mine such a projectivity on Z so as to send /?2i(l|0,0),y?3, into /2i,(0,0,l),/?4, 
how does this show that the given quadrangular set of points can be 
determined by a complete quadrangle for which the role of point triple and 
triangle triple is interchanged from that in the figure? Hint: Consider 
what that collineation that induces the projectivity on I does to the quadrangle 
(1,6,0), (0,a,l), (1,1,0), (0,1,1). 

7. Prove that all the conics of any pencil of conics through four given 
points cut a line I in pairs of conjugate points of an involution. Hint: Use 
the second theorem in the text. 

8. Prove that a (jollineation (or correlation ) sends an involution into an 
involution. Hint: Use the first theorem in the text. 

9. Fill out all the details omitted in the text. 

10. How does the generation of a conic by means of two projective pencils 
of lines show that five points determine a conic? Hint: Take the two 
centers P, P' of these pencils of lines. How^ many pairs of lines determine a 
projectivity between these two pencils? How about P and P'? 

11. If in Ex. 10 we use the line PP' and the tangent at P' as one pair of 
homologous lines in the projectivity between the two pencils of lines with 
centers at P and P', show that two more points determine the conic. Thus, 
to say that a conic is tangent to a given line Z at a given point P is equivalent 
to giving two points on the conic. Note that the centers of the two pencils 
that generate a conic may be any tw’o points on the conic. (Why?) 

12. If in Ex. 10 we use PP' and the tangent at P' as one pair of homologous 
lines, also P'P and the tangent at P as another pair, then one more point 
determines the conic. (Why?) Hence show that to have given the asymptotes 
of a hyperbola leaves one more point to determine uniquely the hyperbola. 

120. A theorem about a complete quadrangle inscribed in a 
conic. We shall prove now 

Theorem. If a com.'plete quadrangle Pi, P 2 , P 3 , P 4 is inscribed 
in a conicj then this complete quadrangle and the complete quadri- 
lateral formed by the tangents to the conic at the vertices of this quad- 
rangle both have the same diagonal triangle. 

We take this quadrangle with its four vertices on the sides 
X = 0 and 21 = 0 of the triangle of reference (as in the figure on 
page 270) and ^ = 0 , passing through the two remaining diagonal 
points. 

Hence Pi, P 3 , (0,1,0), (1,0,0) form a harmonic set (note the 
complete quadrangle Di, D 2 > P 2 » P 4 )] also P 2 , P 4 , ( 0 , 1 , 0 ), ( 0 , 0 , 1 ) 
form a harmonic set (note the quadrangle Di, © 2 ) Pu Ps)- There- 
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fore if we take P\ as (1,1,0), then P3 is ( — 1,1,0); if we take P4 
as (0,1,1), then P2 i*^ (0, — 1,1). Then P1P2 isa; — 2: — ?/ = 0 
and cuts 2/ = 0 in Di = (1,0,1). 



But Di, D2i (0,0,1), (1,0,0) form a harmonic set, so D2 is 
( — 1,0,1). Accordingly the vertices of the diagonal triangle of 
this given complete quadrangle are (0,1,0), ( — 1,0,1), (1,0,1) and 
the sides are 

y = Oj X + z = Oj X — z = 0 

The line P3P4 is x — 2 + ?/ = 0, P1P4 is x + z — y ^ 0, P2P3 is 
y + z + X = 0. 

Any conic through Pi, P2, P3, P4, has an equation of the form 

{x + z — y) {x + y + z) 2 \xz = 0 

or C = - 2/2 + z^ + 2(1 + \)xz = 0 

The tangent to C at any point P\x',y',z^) is 

xx' — yi/ + zz + (1 + X) {xz + xz^^ — 0 

The tangents at (1,1,0), (—1,1,0), (0,1,1), and (0, — 1,1), respec- 
tively, are 

x-y+ il + \)z^0 , x + y+ {I + \)z = 0, 

-y + z + (1 + \)x = 0, 2/ + 2 + (1 + X)a; = 0 

We draw a picture of these lines. (See page 271.) 

The pairs of opposite vertices Pi and P2, P3 and P4, P5 and 
of this complete quadrilateral could now be found. But it is 
easier to note that 7/ = 0 is the line R1R2 (obtained by combining 
suitably each of the pairs of opposite sides of the quadrilateral); 
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X = —2 is the line RqRh] x — z is the line R2R4, Hence the 
complete quadrilateral has the same diagonal triangle as the 
complete quadrangle. 



EXERCISES 

1. Dualize the discussion in the text. 

2. Show wliy the proof in the text does not lose generality from the special 
(jhoice of the triangle of reference. 

3. Find tlie vertices of the complete quadrilateral in the text, and so find 
its diagonal triangle. 

4. Prove that the converse of the theorem in the text is true. 

5. Prove the theorem in the text by first reducing the equation to the form 

2 xy 4i yz 2 zx = 0 

then taking the complete quadrangle as (0,0,1), (0,1,0), (1,0,0), ( — 1,1,1). 
Hint: To reduce C to this form take the triangle of reference on the conic, 
then use a suitable transformation of the form 

X = ax', y == ^y', z == yz' 

Why is there no loss of generality in this proof? 

6. Check all the algebra in the text. 

121. Four theorems on quadrangular sets and on cross-ratio. 

We prove now: 

Theorem. A transformation T between points of the same line 
{or of different lines) that preserves cross-ratio is a projectivity. 

Proof. Suppose that T sends X2, X3, X4 into 7/2, 2/4, re- 

spectively, and preserves cross-ratio. Then any point x must 
go into a point y such that we have 

y - 2/2 2/3 - 2/4 ^ X - X2 x^ - X4 
2/3 - 2/2 2/ - 2/4 X3 - X2 X - X4 
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If we solve the above equation for y in terms of we get an equa- 
tion of the form (103), i.e., a projectivity. 

Note, however, that this projectivity (103) may be induced by 
a transformation that is not a collineation. For example, 

px = aix' + a2y' + py = bix' + 62?/' + 

pz = 

induces on the line z = z^ = 0 a projectivity, but this transfor- 
mation in the plane is not a collineation because of the presence in 
its equations of the terms in z'^, z'^, and z'^ so the transformation 
does not send all straight lines into straight lines. 

Next we consider a quadrangular set of points Pi, P2, P3, P4 
on a line I (as in the following figure) with Pi, P2, P3 as a point 



triple and P4, P5, Pe as a triangle triple. Compare §69. We 
shall now prove: 

Theorem. There exists a complete quadrangle determining the 
same quadrangular set Pi, P2, P3, P4, P5, Pe? but for which the 
former point triple Pi, P2, P3 is now a triangle triple and the former 
triangle triple P4, P5, Pe is now a point triple. 

Proof. Through Pi, P2, P3 draw three arbitrary lines Zi, Z2, 13, 
respectively, intersecting in the three points R(lil2)j R'ihh), 
R^'ihh)- Since Pi and P5, P2 and Pe, P3 and P4 are the pairs 
of the involution cut on I by the first quadrangle, we want to have 
the new quadrangle determine the same involution by its pairs of 
opposite sides. Hence we join R' to Pe by a line Ze and R to P4, 
by a line Z4, then Ze and Z4 intersect in the fourth vertex P''' of the 
required complete quadrangle. Now the line must pass 

through P5 because the two complete quadrangles determine the 
same involution on Z. 
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We next prove : 

Theorem. A necessary and suficient condition for the points 
MjNjAjBona line I to be projective with the points M, AT, A\ B' on 
I {where M 9^ N) is that the points M, A, By N, B\ A' form a 
quadrangular set where M and Ny A and B'y B and A' are the pairs 
of points determined on I by the pairs of opposite sides of a complete 
quadrangle; also MyAyB is a point {or triangle) triple and NyB\A^ 
is a triangle {or point) triple. 

Proof. In the first placey if these are points in a quadrangular 
set as in the following figure, then the two centers Oi and O2 
with the auxihary line n generate the above projectivity. 



In the second place y if the points on I are projective as stated 
above, we take any line n through N and an arbitrary line O1O2 
through M. With any point Oi on O1O2 as center, we send B 
to Py A to Ry N to Ny M to S (the points P, P, S lying on m), by a 
perspectivity. With O2 (determined as the intersection of A'R 
and O1O2) as a new center, we send P to A', S to M, N to Ny by 
a perspectivity. But three pairs of corresponding points determine 
a projectivity, therefore O2P must pass through P', and we have 
the complete quadrangle Oi, O2, P, P that determines the given set 
of points as a quadrangular set as described in the theorem. 

Q.E.D. 

Finally, we note that a necessary and sufficient condition for 
My My Ay B on a line I to be projective with My My A', B' on I is 
that these points form a quadrangular set as in the figure on page 274 . 
The proof is so like the one given above that we leave it for the 
student in the exercises. 


274 SOME THEOREMS ABOUT COMPLETE QUADRANGLES 


Note that these last two theorems give us a way to determine 
geometrically corresponding points in a hyperbolic or a parabolic 
projectivity on a line. Compare the use of harmonic sets to 
determine corresponding points of a hyperbolic involution. (See 
§ 104 .) 



EXERCISES 

1. Carry out the proof in the last paragraph. 

2. Dualize the discussions in the text. 

3. Set up geometrically several pairs of corresponding points in a given 
hyperbolic projectivity on a line Z, in a given parabolic projectivity, in a 
given hyperbolic involution, where in each case the double points (or point) 
are given. 

4. In the first paragraph of the text solve the equation for y in terms of x. 

5. In the proof of the second theorem in the text explain in full why the 

line must pass through Ps. 

6. Interpret the result in the second theorem for the case of a harmonic set. 
Hint: Note the positions of the diagonal points of the two complete quad- 
rangles that enter into the theorem. 
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122. Reduction of a conic and of a cubic to simpler forms. 

To illustrate a use of the properties of general projectivities, we 
shall send the general conic C (75) into a conic with a simpler 
equation. We take a point Pi outside C and the points of contact 
P2 and P3 of the two tangents to C from Pi (see the adjoining 
figure), and we send these three points into the points (0,0,1), 
(1,0,0), (0,1,0), respectively, 
by a collineation. This sends 
C into some conic tangent 
to 1/ = 0 at (1,0,0) and tan- 
gent to oj = 0 at (0,1,0). 

Let us now determine what 
is the form of the equation of 
C\ In regard to the equation 
(75), if this is to be the equa- 
tion of C\ X = 0 must give = 0 when solved simultaneously 
with (75), hence b — f = 0; y = 0 must give = 0, hence 
a = gf = 0. Therefore the equation of C' must have the form 




( 0 , 1 , 0 ) 


cz^ + 2 hxy = 0 

where ch 9^ 0. 

We can suppose (1,1,1) is on C' (this amounts to the choice of a 
fourth pair of corresponding points in the projectivity, and two 
homologous complete quadrangles determine uniquely such a 
projectivity); hence c + 2 A = 0. The conic C' that is desired 
has therefore the equation xy = z^. Another way to make this 
final reduction is to put 

f ^ / / 

X = X , 2 / = —y , z = z 

in cz^ + 2 hxy = 0, and we get x'y' = z'^. 

Next let us take a cubic K with a cusp and an inflection on it. 
(See the figure on page 276.) Suppose Pi is the inflection with a 
tangent P1P3; P2 is the cusp with P2P3 as its tangent. We send 

276 



276 


FURTHER DISCUSSION OF n~ICS 


the cubic K by (88) into a cubic K' with (0,0,1) as a cusp and 
1/ = 0 as its tangent, with (0,1,0) as an inflection and 2 = 0 as its 
tangent. Then Pi, P2, P3 must go into (0,1,0), (0,0,1), (1,0,0), 
respectively, since a projectivity sends a cusp into a cusp, an 
inflection into an inflection, a tangent into a tangent. 




We want to find the form of the equation of K' by considering 
the general cubic (38). In (38) z = 0 must give = 0, hence 6 = 
d == e = 0; y = 0 must give = 0, hence c = / = gf = 0. Every 
line y = mx when solved with (38) must give an equation of the 
form 

x^{ax + j3^) = 0 

since (0,0,1) is a double point, hence j = 0. Now our cubic if' 
has the form 

ax^ + yzQty + kx) = 0 

But (0,0,1) is a cusp with ?/ = 0 as a tangent, hence k — 0 (other- 
wise hy + kx = 0 would be another tangent at this double point). 
We put (since ah 9^ 0) 

x = x, y = y , z ^ --z 

h 

and our desired cubic iC' is 2/^ V = 

EXERCISES 

1. Why do we have ah the cubic in the text? 

2. Show that y = has a cusp at infinity; that has an inflection 

at infinity. 

3. Reduce the cubic with a crunode and an inflection to the form 

^3 _J_ y2^ _ Q 

Hint: Make use of the last three or more sentences in the text. A crunode 
is a double point with real tangents. 
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4. Reduce the cubic with an acnode (i.e., a double point with imaginary 
tangents) and an inflection to the form 

0 ^ 4 - + ^^ 2=0 

Hint: Here (0,0,1) is the acnode with y == zkix as tangents, and (0,1,0) is 
the inflection with 2 = 0 as tangent. If (38) is to have -f = 0 as the 
tangents at (0,0,1), we must have/ = h. Why? 

5. Reduce the general conic to 

^ ^2 ^ 0 

Hint: Take a self-polar triangle as the triangle of reference; then put 
X = ax'f y — ^y't z — yz' and determine a, y so as to get the above equation. 

6. Interpret the discussion in the text as an alias, 

7. Explain in full why / = 0 in the text when reducing the cubic with a 
cusp. 

8. In the three simple forms of cubics given in the examples above and in 
the text, show that every line x = tnz cuts the cubic and the line I (defined 
below) in a harmonic set of points. For the cubic with a cusp, I is the tangent; 
otherwise we determine Z so as to form with a; = 0 and the two tangents at 
the double point a harmonic set of lines. 

9. Find L (of Ex. 8) for the following cubics and apply Ex. 7 to these 
cubics: 

2 / 2 ^ — x^{x zL z), y^z - x{x — z) (x — az) 

10. If the general quartic (39) has three double points, take these at the 
vertices of the triangle of reference. Now what form does the equation of the 
quartic have? If these three double points are cusps with y=XfZ=^Xyy — z 
as tangents (each tangent with quadruple contact), what form does the equa- 
tion of the quartic have? 


123. Polars of points with respect to n-ics. Suppose an n-ic 
has the equation / {x,y,z) = 0. Let us put 

X = + x"ty y = y' + y"ty z = z' + z"t 


infiXyVyZ) and we get 

f{x^ + x"ty y' + y'^ty J 

which is a function of i alone if x* y y' y z^ y x^\ y"y z^* are looked 
upon as constants temporarily. (Compare §48.) Expanding 
this function of t in powers of t by Taylor^ s formula, we get 






2 ! 


n\ 


r 


But we have 

.( 0 ) 



278 


FURTHER DISCUSSION OF n-ICS 


where dffdx^ means df/dx with x, y, z replaced by a:', 2/^ and 
similarly for dffdy', dffdz\ Also we have 




dx 




//2 


+ ^»"' + 2 


dz 


y z 


dy' dz' 


+ 2^,z"x" + 2^~"-'' 


' bJ bx: 


bx' by' 


X y 


\0a;^ dy' dz' } 


where the exponent (2) is symbolic and is defined by the equation. 
Finally, we have in the same symbolic notation 


f.<i) 


( 0 ) 


\6a;' 


by bz 


yt) 


fori = 1,2,3, . . . ?i. 

If we replace x\y' ^z' by Xyy,z and x",y"yz" by x'^y'^z', we 
have from the preceding paragraph Taylor^s formula for three 
variables, namely. 


(122) f(x + x'ty y + y't, z + z't) = /(x^y^z) 


+ t(^x' + 


\bx" 




+ 


tWdf .df .df 

— X H — y H z 

dx dy^ dz 




) {i) 




We note that the last term in the expansion is really t^f{x'jy'jz') 
since f(XjyjZ) is homogeneous; see (107). Compare §109. 

The ith polar curve of P'{x' ,y' yz') with respect to the n-ic 
f{XyyyZ) = 0 is defined from (122) as the curve whose equation is 


(123) 


(bf bf . bf ^ 


Note that for n = 2 and i = 1 (123) becomes the ordinary 
polar of P' with respect to the conic (75). As an example of the 
above discussion, the first polar of (1,1,1) with respect to the cubic 
yh — = 0 is 

-3 x^ + 2yz + y^ = 0 

the second polar is 

— 6 x + 2z + 2y = 0 
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Note that the ith polar of (1,0,0) is d*f/dx' = 0, that of (0,1,0) 
is di/dy* = 0, that of (0,0,1) is d*f/dz^ = 0. Thus the third 
polar of (1,0,0) with respect to y*z + x® — x^y^ = 0 is 60 
- 6 2 /^ = 0 . 


CXCRCISC S 


1. Write out in full 


/df df df \w 


for i = 3,4,5. 

2. Check over all the work in the text; fill in the details. 

3. Prove that 

j = - 1) (« - 2) • • • (n - i + l)J{x',y',z') 

Hint; Put x = x't in f(x,y,z), then take df/dt and we get 

since /(a;, 2 /, 2 f) = ty(x\y'jz'). Put t = 1 and we get the above result for 
i = 1. Now repeat the argument for 


\Vx^ +ry^ +17 ) 


in place of/(x,z/, 2 :). 


124. The class m of an n-ic. Definition. By the class m 
of an n-ic we mean the nuinber m of tangents to an n-ic from any 
general point P in the plane not lying on the n-ic and not on the 
tangent at an inflection or on the tangent at a double point, or in 
other such special position. 

Note that in §43 we saw that the degree n of an ?i-ic is the same 
as the number of points of intersection of a general line with this 
n-ic, besides being the degree of the equation of the curve in 
point coordinates. Dually, we see that the class yn of an n-ic is 
also the degree of the equation of this n-ic in line coordinates. 
See §91. 

In this section we show that the class m of an n-ic is associated 
with the number n(n — 1) of points of intersection of the n-ic 
and the first polar of a general point P with respect to this n-ic. 
First we discuss further the polars of the n-ic. 
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We can write the general equation (39) of an n-ic in homogeneous 
coordinates in the form 

(124) f{x,y,z) = az”' + {boX + hi 2 /)z”"^ 

+ (cqX^ + 2 cixy + C2j/^)z”“^ 

+ (doz^ + 3 dix^y + 3 d2xy^ + dzi^)z''~^ 

+ (eox* + 4 eix% + • • • + e4y*)z’^~* 

+ • • • + {loX”' + • • • + Iny”) = 0 


The first polar of (0,0,1) with respect to (124) is 

(125) naz”'~'- + (n — 1) {box + i>i2/)z"~^ + • • • = 0 
az 

The (n — 2)th polar (or polar conic) of (0,0,1) with respect to 
(124) is 

(126) = -^az^ + (w - 1)! (boa; + bxy)z 
+ (n — 2) ! (cqX^ + 2 Cixy + c^y^) = 0 


The first polar of (1,0,0) with respect to (124) is 

(127) ^ = 6oz"“' + (2 CoX + 2 Cxy)z^-^ + 0 

dx 


Note that, if we put t = 1/r in/(x' + x"t, y' + y'^tj J + 
we get 1 /t^ /(a;" + ?/" + t/'r, 0 " + Expanding this 

last function, omitting 1 /r^, by Taylor^s formula in powers of r, 
then replacing x\y\z by x,y,z and x^^y^fz" by x',y'yz', also 
replacing r by l/<, we get 

(128) f{x + x'ty y + y'ty z + z't) = f{x\y\z) 


+ t 


Vax'"''‘'V^'^az'7'^2!W'' 




+ 


d^f 

dz'^'‘ 


+ 


+ /(a:,l/,2) 


d^f 

— 7 — 7 zx + 2 ^ ^ 
dz dx^ dx 


\ 


Comparing (128) with (122) we see that the polar conic of 
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P'{x',y',z') with respect to f{x,y,z) = 0 is 


(129) 


d^f 

dx'^' 


d^f 


d^f 


dy 

+ 2 


'2 




d^f 


dz 


dy' dz' 


-,yz + 2 


d^S 


dz' dx' 


ZX 


d^f 


dx' dy' 


-,xy = 0 


If P'(a:',2/',z0 liesonthen-ic/(a:,j/,z) = 0, we have/(a;',j/', 2 ') = 0, 
and the tangent to the n-ic at P' is 


(130) 


dx' 


,df df 


0 


Why? Compare §§109, 123. If P' is a double point, i.e., if 
dffdx' = dffdy' = df/dz' = 0, the tangents at P' are 


(131) 


/df df df 


which is also the polar conic of P' with respect to the n-ic S{x,y,z) 

= 0 . 

If P' is a point of inflection on the n-ic, then dffdx'x + df I dy^'y 
+ bfjbJz is a factor of {dfidx' + dfjdy'y + df/dz'z)^^^ (why?), 
and therefore the polar conic of P' is degenerate. If is a double 
point, its polar conic is again degenerate. If P' is a triple point, or 
other multiple point of higher order than the second, its polar 
conic vanishes identically. (Why?) 

If 2 / = 0 is a tangent from (1,0,0) to (124) with (0,0,1) as point 
of contact, then we must have in (124) a = bo = 0. Why? 
But then (127) passes through (0,0,1). Hence we see that the 
first polar of any point P' with respect to an n-ic passes through 
the points of contact of tangents to the n-ic from P'. Therefore, 
in general, the class of an n-ic is m = n(n — 1), or less, since the 
first polar is an (n — l)-ic. Compare §123. 

If (0,0,1) is a node on (124), we have a = 6o = = 0- Then 

(124) starts with a term in z^~^ for its highest power in z. It 
can be shown (compare Hilton’s ‘‘ Plane Algebraic Curves,” pp. 
11, 96) that in this case (124) and (127) intersect at (0,0,1) in 
two coincident points. If (0,0,1) is a cusp on (124) with x = 0 
as tangent, we must have a = 6o = bi = Ci = C 2 = 0, Cq 5^ 0. 
(Why?) In this case x is a factor of the highest terms in z that 
occur both in (124) and in (127). It can be shown that now (124) 
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and (127) intersect in three coincident points at (0,0,1). But 
(1,0,0) was any point in the plane. Therefore we have the fol- 
lowing formula for the class of an n-ic 

(132) m = n{n — 1) — 25--3/C 

where m is the class of the n-ic (the number of tangents to the 
n-ic from a general point), n is the degree of the curve, 5 is the 
number of nodes on the curve, k is the number of cusps on the 
curve. 

Illustrative Example. As an illustration of the above theory suppose 
we want the points of contact of the tangents to the curve 

(:r2 + y^-)z = 2 

from the point (1,1,1). The first polar of (1,1,1) is 
y- ^ -^2 z{x y) =0 

This polar meets the curve in the points given by 

(2/2 _ 2 0^2/ + x^) {}/ 4- 2 X2/ - a;2) =0 

The factor — 2 xy -\- x*^ == 0 gives us the point (1,1,1) twice over, and this 
means that the tangent at (1,1,1) counts for two tangents from (1,1,1). 
The points of contact of the desii-ed tangents from (1,1,1) are therefore 
(1, -1 =t:2i, 1 =h2“i). 


EXERCISES 

1. Find how many of the points (1, —1 =1= 2i, 1 d= 2ri) actually lie on the 
given cubic in the last paragraph of the text. 

2. Check over all the work in the text, filling in algebraic details. 

3. Prove that a double point P' on an n-ic is a double point for every 

polar of P' with respect to this n-ic and has the same tangents for every polar. 
Hint: Take P' as (0,0,1), find from (124). If (0,0,1) is a double 

point on (124), then a = bo = bi = 0 and the tangents at (0,0,1) are given 
by cox^ + 2 cixy + C 2 y^ = 0. Why? Compare §48. 

4. Prove the generalization of Ex. 3 for an r-ple point on the n-ic. 

5. Prove that a point of inflection P' on an n-ic is a point of inflection with 
the same tangent for every polar of P'. Hint: Take P' as (0,0,1) with 
^ = 0 as the tangent. Then a = 6o = cq = 0 in (124). Why? 

6. Generalize Ex. 5 for a point with a tangent of <-ple contact. 

7. Use Ex. 5 to prove that the first polar of a point of inflection P' on a 
cubic degenerates into the tangent at P' and another line. Hint: A non- 
degenerate conic cannot have a point of inflection. 

8. Find the points of contact of the tangents from (1,1,1) to x® + 2/^ = 

from (0,1, — 1) to x^ + =5 xyZy from (11, 16, 9) to x^ + y^ —3 xyz, 

9. Assuming that the dual of a node is a bi-tangent (i.e., a tangent with 
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two points of contact such as ?/ = 0 for the curve y — x^{x ^ 1)^) and also 
that the dual of a cusp is an inflectional tangent, show from (132) that we 
have 

(133) n = m{m — 1) — 2 r — 3 t 

where t is number of bi-tangents to the n-ic and t the number of inflections on 
the n-ic. 

10. Determine the class of each of the curves: 

7/^2 = y^z = zh z), yh = x{x — z) (x — az), 

7/2 ^x^(x-l), yh^ = xHx^ - z^) 

11. Answer all the queries (Why?) in the text. 

125. The Hessian of an n-ic; inflections on an n-ic. If (0,0,1) 
is a point of inflection (or briefly an inflection) on (124) with y = 0 
as tangent, we must have a = 6o = Cq = 0. Why? But then 
the polar conic (126) of (0,0,1) is degenerate and consists of a pair 
of lines 

y{{n — 1)! hiz + 2(n — 2)1 cix + (n — 2 )\c- 2 y) = 0 

one of them {y = 0) being the tangent to the curve at the inflection. 

If (0,0,1) is a node or cusp on the n-ic (124), then a = 6o = 6i = 0 
and the polar conic (126) of (0,0,1) is again degenerate. 

The discriminant of (126) is (if we take (0,0,1) on the n-ic 
and suppose a change of variables has made 6o = 0) : 

(n — 2)! Co (n — 2)! Cl 0 

(n ~ 2)! Cl (n - 2 )!c 2 {n - l)!6i/2 
0 (n-*-l)!5i/2 0 

This discriminant vanishes if 6i = 0 or Cq = 0 (or bi = Cq = 0), 
i.e., if the point (0,0,1) is a node, cusp, or inflection. 

The condition that (129) be a degenerate conic is (after re- 
placing x\y\z by x,y,z) : 


d^f 

d^f 

d^f 

dx^ 

dx dy 

dx dz 

d^f 

ff 

d^f 

dx dy 

dy^ 

dy dz 


d^f 

C»V 

dx dz 

dy dz 

dz^ 


H = 
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The equation (134) gives us a curve called the Hessian of the 
n-ic f(XyyjZ) = 0. Every point on (134) has a degenerate polar 
conic with respect to the n-ic. We see that (134) cuts the n-ic 
in the points of inflection and the nodes or cusps on the n-ic. 
Since (134) is of the degree 3(n — 2), we see that there are in 
general 3 n(n — 2) or less inflections on the n-ic. 

The number of coincident points of intersection of an n-ic and 
its Hessian that occur at a node or a cusp can be determined as 
follows. This number is evidently independent of n, so there are 
two constants A and B such that 

t = 3 n(n — 2) — Ad — Bk 

where t is the number of inflections, n the degree of the curve, 
5 the number of nodes on the n-ic, k the number of cusps on the 
n-ic. (See Hilton, Zoc. ciL, p. 101.) By duality we have 

/c = 3 m{m — 2) — At — Bl 

(See Ex. 9 in §124.) But we have also the two equations (132) 
and (133) from the text in §124 and Ex. 9 in §124. 

Eliminating m, r, t from the above-mentioned four equations 
in n, m, 5, /c, r, t, we have 

(A - 6) {(n2 - 2n - 2 S - 3 k) (n^ - 2 d - 3 k) + 4 S + & k) 
+ (3 A- 2B -2) {-3 n^ + Qn + Ad+iB- 1)k} = 0 

Since this last equation must hold for all values of n, we have 
(equating to zero the coefficients of the powers of n) : 

A~6 = 3A~25-2 = 0, or A == 6, B = 8 

Therefore we have the following equation giving the number of 
inflections on an n-ic, 

(135) t = 3n(n - 2) - 65 - 8/c 

From (135) we see that every cubic has at least one inflection, 
because at the very worst a cubic can have a cusp, so for this case 
t = 3 • 3(3 — 2) — 8 = 1. If the cubic has a node we see that 
t = 3- 3(3 — 2) — 6 = 3. Again we note that a cubic has at 
least one real inflection because a third-degree curve (the cubic) 
and another third-degree curve (its Hessian) have at least one 
real point in common. (See §45.) 
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As an illustration we note that the Hessian of 

x^+ + z^+ 6 mxyz = 0 is m^{x^ + y^ + z^) = (2 + l)xyz 

which meets the cubic where xyz = 0. Hence the inflections of 
this cubic are the points of intersection of the cubic with x = 0, 
2 / = 0, and z = 0. 


EXERCISES 

1. Show how, if we take (0,0,1) on the n-ic (124), we can get 6o =® 0 by a 
suitable transformation of the variables. 

2. Give in detail the reason why a cubic has at least one real inflection. 

3. Find all the inflections on the cubic in the last paragraph of the text, 
and show that they lie by threes on (real or imaginary) straight lines. 

4. Eliminate m, r, t from the four equations referred to in the text and give 
all the details in the derivation of (135). 

5. Show that the dual of (135) is 

(136) K = 3 m{m - 2) - 6 r - 8 t 

6. From (132), (133), (135), (136) obtain the following five equations 
(which with the above four complete the list of so-called Pliicker equations) : 

^ n(n -fS)— 5 — 2 k=^ m(m -|- 3) — r — 2 t 
^ (n — 1) (n — 2) — 5 ~ X = I (m — 1) (m — 2) — t — i 
L — K = 3(m — w) 

2(r — 5) = (m n) (m + n — 9) 
n^— 25 — 3x = m^--2r — 3c 

7. Find the Hessians of the following curves: 

yV = (x + 2 / -f- 2)^ + 6 kxyz = 0 

+ 2 /^ + 2 ^ = hix -jry+ 2)^ = x^y yh = x^ix ± z) 

yh — x(x — z) {x — az), yz^ = x\ yz* = x® 

8. Show that if (0,0,1) lies on the n-ic (124), the polar conic (126) cannot 
be a double line unless (0,0,1) is a cusp. Hint: We have a = 0, hence (126) 
must (to be a double line) have the form (ax + ^y)^ = 0. Why? 

126. Inflections on cubics and their harmonic polars. If (124) 
is a cubic with a point of inflection at (0,0,1) and yz == 0 as the 
polar conic (126) of this inflection, we have a = 6o = cq = Ci = C 2 
= 0. Why? Any line y = inx when solved with this cubic gives 
then 

bimxz^ + (do + 3 dim + 3 d 2 m^ + dsm^)x^ = a;(x^ — az^) = 0 
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Therefore ony = mx we have the four points 

(0,0,1), (l,m,0), (Va,mVa,l), ( — V«, — mVa,!) 

where (l,w,0) is the point of intersection of 2 = 0 and y = mx, 
(0,0,1) is the inflection, the other two points are on the cubic.. 

These four points form a harmonic set, as we see by taking the 
cross-ratios of the associated points on y = 0, namely (in non- 
homogeneous form x/z)j 0, 00, Va, — Va. See §24. Note that 
(0,0,1) and (l,m,0) separate the other two points on y = rnx. 
We call z = 0 the harmonic polar of the point of inflection (0,0,1) 
on the cubic. 

Let us take a harynoyiic homology T (see §97) with a point of 
inflection P on a cubic curve as center and the harmonic polar I 
of P as axis. This transformation T will send the cubic into itself 
(as X = —a;', ^ = —y^ sends y ^ x^ into itself) because every 
line through P cuts the cubic in two other points Pi, P2 and 
cuts the harmonic polar Z of P in a point F' such that P, Pi, P', P2 
form a harmonic set where P, P' separate Pi, P2. 

Also, since a collineation sends a point of inflection into a point 
of inflection, we see that if this cubic has another point of inflection 
R other than P, the cubic must have a third point of inflection 
on the line RP. Why? 

The above theorem can be proved also as follows. Suppose the 
cubic has two points of inflection. We take these inflections on 
z = 0 with a: = 0 and ^ = 0 as tangents. Then our cubic must 
have an equation of the form 

xy{ax + % + cz) = 

(Why?) This equation shows that the line ax + hy cz = () 
must be the tangent at a third point of inflection that lies on 2 = 0 
(i.e., is collinear with the other two points of inflection). 

From the figure on page 287 we shall show that a cubic (even 
though it may have nine points of inflection) can have only three 
real points of inflection (and these three must be collinear, from 
the preceding discussion). See Hilton, “ Plane Algebraic Curves,'' 
page 216. 

Suppose the cubic has a fourth real inflection P4, the line P1P4 
then has another real inflection P5 on it (from the above para- 
graphs). The line P2P4 has another real inflection Pe on it. 
The line P3P4 has another real inflection P7 on it; also the line 



REDUCTION OF A CUBIC TO A NORMAL FORM 287 


P 2 P 5 has a third real inflection Pg on it. If P 7 = Pg, the line 
P3P5 has another real point of inflection Pg on it. If Pb = ^ 6 , 
the line PiPe has another real inflection Pg on it, which inflection 
cannot coincide with a previously determined inflection. (Why?) 
Also P1P7 has a real inflection P9, which must be distinct from the 



other inflections. (Why?) But then PgPg must have a tenth 
(real) inflection on it, which is utterly impossible. This discussion 
does not preclude the possible existence of six imaginary inflec- 
tions. Why? 


EXERCISES 

1. Explain fully why a collineation sends a point of inflection into a point of 
inflection. 

2. Draw a figure to prove that a cubic cannot have more than three real 
inflections, supposing P 7 5 ^ Ps in the figure of the text; next draw a figure 
assuming P 7 == Ps but Pg 5 *^ Pe. 

3. Answer all the queries (Why?) in the text; also fill in all algebraic details. 

4. Find all the points of inflection on the cubic y^z = x^{x dzz). Show 
that a cubic with an acnode has three real inflections, but a cubic with a 
crunode has one real inflection and two imaginary inflections. See Ex. 3 in 
§127. 

5. Solve the Hessian of y^z — x{x zt z) (x — yz) simultaneously with the 
curve. Do the same for y'^z = x(x^ 2 yxz + 2 “). 

6. Prove that if a quartic curve has three collinear points of hyperinflection 
(where the tangent intersects the curve in four coincident points), it has a 
fourth point of hyperinflection collinear with the other three. Hint: Use 
the second method of proof in the text that the points of inflection on a cubic 
lie by threes on straight lines. 

7. Prove that a cubic with three asymptotes (no two of them inflectional 
tangents) meets these asymptotes in three collinear points. (Compare Ex. 6.) 

127. The reduction of a cubic ctnve to a normal form. From 
the theory in §126 we have at hand a method of reducing a cubic 
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with no node or cusp to an equivalent cubic with a simpler equa- 
tion. 

This cubic has at least one real point of inflection (see §125) 
which we take as (0,1,0) with 2 = 0 as tangent and 2/ = 0 as 
harmonic polar. (See the following figure.) 



If the cubic cuts ?/ = 0 at (0,0,1), this must be the point of 
contact of a tangent from (0,1,0). (Why?) If (38) is the cubic 
pictured above, z — 0 must give = 0, so 6 = d = e == 0; 
X — Q must give so c = j = 0. Every line z = 7nx must give 
an equation of the form x{x'^ + ay^) = 0. (Why?) But 
z = mx gives us 

x^{a + fjn + + x^y(kni) + xy^{hm) = 0 

hence ft = 0. Now we have the cubic in the form 
--hy^z = x(gz^ + fxz + ax^) 

If 2 / = 0 cuts the cubic in three real points, we take (1,0,1) 
as one of these points, so our cubic must have the form 

ayh = x(x — z) {x + Pz) 

(Why?) If a/p > 0, we put 



In either case we get an equation of the form 
yh = x{x dz z) (x — yz) 
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A cross-ratio of the points (7,0,1), (±1,0,1), (0,0,1), (1,0,0) 
on the harmonic polar y = 0 of (0,1,0) is 

Oqzl CO — y 1 ±1 

00 =F 1 0 — 7 1 —y 7 

From this we see that the above cubic cannot be sent by a col- 
lineation into another cubic with the same form of equation only 
with 7 replaced by 7' unless we have 

/ 1 . 1 77 — 1 

7 = 7, 1 — 7, , , 

7 j[ — Y 7 — 7 

since cross-ratios are preserved by such a transformation. 

EXERCISES 

1. Answer the queries (Why?) in the text. Fill in the algebraic details. 

2. Why can we take (1,0,1) on the cubic in the text? 

3. Using the method of the text reduce a cubic with a cusp to yh — x^; 
a cubic with a crunode to yh == x^(x ± 2); a cubic with an acnode to y^z 
= x^(a; — 2); a cubic with no double point but with an inflection whose har- 
monic polar cuts the curve in only one real point to the form yh — a;(a;^ ± 
2 yxz + 2^) where 7^ — 1 < 0. 

4. Show by cross-ratios that yh = x(x — z) (x — 72) is not reducible to 
y^z — x(x z) (a: ± y'z) where 7' = 7. 

5. Find a cross-ratio of the four points where y = 0 cuts the cubic 7^2 
= a;(a;^ + 2 yxz + z^) of Ex. 3 and cuts 2=0 (the tangent at the inflection). 

6. Explain in detail the last paragraph of the text. Why are the given 
points on 2/ = 0 intimately connected with the cubic? 

7. If a cubic has three real inflections with concurrent tangents, show 
that the cubic can be put in the form 

y(y + 2) (2/ — 2) = mx^ 

If the tangents are non-concurrent, show that the cubic can be put in the form 
(a; + ^ + 2)^ = mxyz 

8. Solve the Hessian of each cubic in Ex. 7 simultaneously with the cubic. 

9. Can m be determined in either or both of the cubics in Ex. 7 so that the 
cubic shall have an acnode? Why not a crunode? See §122. 

10. If a cubic has a crunode, show that it can be put in the form y(y^ + 2^) 
= mx^f and determine m so as to give the cubic a crunode. 

11. In the net of conics (compare §§60, 135) 

vx^ + 2 tiyz ± \(by^ + C2^ + 2 gzx + 2 kxy) = 0 

determine 6, c, h so that the associated cubic in X, m, ^ shall have the form 
= X®. 

12. Determine 6, c, (7, h in Ex. 11 so that the cubic in X, ju, p shall have 
the (orm ix^p = X^(X ± v). 
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FURTHER DISCUSSION OF LINEAR FAMILIES OF CONICS 

128. Apolarity. Let us take a pencil of conics 

(137) {ax^ + by^ + cz^ + 2fyz + 2 gzx + 2 hxy) + XC = 0 

where C = 0 is like the first conic except that its coefficients are 
primed. Let us set the discriminant F of this pencil equal to 
zero, and we have (see §58) 

d -f- Xa^ h -f- \h^ g -f- \g^ 

F = h \h^ h -f" X6^ / -f- X/ = 0 

g + / + X/' c + xc' 

If we expand F and equate to zero the coefficient of X^ in this 
expansion, we have 

(138) aA' + 5R' + cC' + 2/F' + 2 gG' + 2 AH' = 0 

where A', B/ C', F', G/ H' are the coefficients of the equation 
of the conic C in line coordinates. (See §91.) 

Definition. If a point conic and a line conic (i.c., a conic 
with its equation put into point coordinates and a conic with its 
equation put into line coordinates) have the coefficients of their 
equations connected by the relation (138), they are said to be 
apolar to one another. 

We shall use apolarity to describe geometrically nets and other 
linear families of conics. (See §60.) First we note that F = 0 
is merely multiplied by a constant when the two fundamental 
conics of the pencil are subjected to a collineation. (See §19.) 
Therefore apolarity is an invariant of the general projective group 
( 88 ) 

Now let us consider the geometric meaning of (138). First, if 
C ^ = 0, we have a = 0 in (138). Therefore we see that, 
if C = 0 is a point P, any apolar point conic (i.e., with a = 0) 
passes through P. 

Next, if C ^2uv = Oj we have A = 0 in (138). But it is 
easy to see that the two points, w = 0 and i; = 0, i.e. (1,0,0) and 
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(0,1,0), are conjugate with respect to any point conic apolar to 
C (i.e., with h = Q). (See §50.) 

Third, \i C = = 0, we have a + 6 == 0 in (138). We 

leave for the exercises the proof that in this case the two points 
iu + i; = 0 and iu — v = 0, i.e. (1,— i,0) and (l,i,0), are conju- 
gate with respect to any point conic apolar to C (i.e., with 
a Hh 5 = 0). 

Fourth, if C = 2 uv + 2 vw + 2 wu = 0, we have h + g + f = 0 
in (138). Let us take the complete quadrilateral circumscribed 
to Cy with sides 

x = 0, y = Oy 2 = 0, hgx + fhy + gfz = 0 
and pairs of opposite vertices 

(0,0,1) and (l,-sf//,0), (1,0,0) and (0,-g/A,l), 
(0,1,0) and (— ///i,0,l) 

We leave for the student to show that the pairs of opposite vertices 
of this complete quadrilateral are pairs of conjugate points with 
respect to any point conic that is apolar to C (i.e., with 
h + g + f — 0), 

Fifth, if C ^ — Oy we have a + 6 + c = 0 in 

(138). If we put 

u = 16 ^ + iv'j V = v' + iw'y w = w' + 

we transform C = 0 into 2 u'v' + 2 + 2 == 0. Now we 

can see that, by the preceding ease, there exists a complete quadri- 
lateral tangent to C and such that its pairs of opposite vertices 
are pairs of conjugate points with respect to any point conic that 
is apolar to C. 

Definition. A complete quadrilateral whose pairs of opposite 
vertices are pairs of conjugate points with respect to a point conic 
is said to be self-polar with respect to this conic. 

Any line conic can be reduced to one of the five forms 

= Oy 2uv = Oy = 0, 2 uv + 2 vw + 2 wu = Oy 

= 0 

(See §122.) Therefore the above geometric descriptions take 
care of all possible cases of apolar conics. 

Note that under the fourth and fifth cases there are an infinite 
number of quadrilaterals circumscribed to the line conic and 
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self-polar with respect to a given apolar point conic. We may 
choose as the three sides of any such quadrilateral any three 
tangents to the line conic. 


EXERCISES 

1. Complete the proofs for the five cases of apolar conics discussed in the 
text. 

2. Find another self-polar quadrilateral for the fourth case in the text. 

3. Find a self-polar quadrilateral for v? — Q in the fifth case 

in the text. 

4. Explain fully how the fifth case in the text was reduced to the fourth case. 

5. Dualize the whole discussion in the text. 

6. Reduce the general line conic to the five forms given in the text. 

129. Apolar linear families of conics. Let us consider the 
following equation : 

(139) (XiUi + X2a2 + • • • + Xia^) + • • • + fJLjAj) 

+ (Xi6i -(-•*• + \^b^) (fxiB'i -f- . . . p,jBj) + (XiCi + h X^Ci) 

(mi^i + • • • + fijCj) + 2(Xi/i + • * * + \fi) + • • • + fijFj) 

+ 2(Xigfi -f • . • -f- -f . . . -f fXjGj) + 2(Xi/ii 

+ • • • + \ihi) + fijHj) == 0 

where i, j are to be given various values. We can draw some 
important conclusions from this equation. 

First, if y = 1, we see that if each of the fundamental conics 
of a linear family of point conics is apolar to a line conic C, then 
every conic of this family is apolar to C. 

Second, if j > 1, we see that if the conics of a linear family of 
point conics are apolar to each of the fundamental conics of a 
linear family of line conics, then every conic of the first family is 
apolar to every conic of the second family. 

Again we note that (138) is a single linear relation connecting 
the coefficients of a point conic if the apolar line conic C is given. 
Hence we see that apolar to one line conic we have a four-param- 
eter linear family of point conics. Apolar to a pencil of line conics 
we have a three-parameter linear family of point conics. Apolar 
to a net of line conics we have a net of point conics. 

Also, if we project a family Fi of line conics (calling one conic 
a zero-parameter family) into an equivalent family then the 
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apolar family F 2 of point conics (apolar to Fi) goes into the 
family point conics apolar to F[, (Why?) 

By means of the above theory we can find normal forms to 
which all three- and four-parameter families of point conics can be 
reduced, by taking the families apolar to the normal forms of 
pencils of line conics and the normal forms of line conics respec- 
tively. (Why?) Also we can describe geometrically two-, three-, 
and four-parameter linear families of point conics by means of 
apolarity. (See §63.) 

Thus apolar tou^ — 0 we have the family 

+ 2 pyz + 2 pzx + 2 axy = 0 

where we replace 6 by X, c by /x, f hy v, g by p, h by a, Apolar to 
2uv = Owe have the family 

+ vz^ + 2 pyz + 2 azx = 0 
Apolar to = 0 we have the family 

X(x^ — y^) + pz^ + 2 vyz + 2 pzx + 2 axy = 0 
Apolar to2uv 2vw 2 wu = 0 we have the family 

\x^ + py^ + vz^ + 2 p(yz — zx) + 2 a{zx — xy) = 0 
Apolar to = 0 we have the family 

X(x^ — y^) + p(y^ — z^) + 2 vyz + 2 p^x + 2 axy = 0 

To obtain the last family we have the general conic apolar to 
0 in the form (since a + 6 + c = 0) 

ax^ + by^ + ( — a — b)z^ + 2fyz + 2 gzx + 2 hxy = 0 

Taking a = X, b = p, f = v, g = py h — a, we get the above 
family. 

Note that the above are jive typical forms to which all four- 
parameter linear families can be reduced. From §128 we can obtain 
the geometrical descriptions of these families. We leave this to 
the student in the exercises. 


EXERCISES 

1. Find the family of conics apolar to + 2 vie == 0. 

2. Give the geometric descriptions of the typical four-parameter linear 
families of conics derived in the text. 

3. Fill in the details in the text. 
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130. Apolarity for three-parameter linear families of conics. 

To be able to derive by apolarity typical forms for three-parameter 
linear families of conics we should have at our disposal typical 
forms for pencils of line conics. These are well known* but we 
shall not quote them all here. Rather than this we shall quote 
just a few typical pencils of line conics and find and describe 
geometrically their apolar families of point conics. 

Apolar to the pencil \v? + ixv^ = 0 we have the three-param- 
eter family of point conics 

+ 2 tiyz + 2 vzx -[-2 pxy = 0 

This family consists of all the conics through two given points, 
here = 0 and = 0, i.e. (1,0,0) and (0,1,0). 

Apolar to the pencil + 2 fxuv = 0 we have the family 

2 vyz + 2 pzx — 0 

Here the point = 0 must lie on every conic of the family, also 
uv — 0 must be a pair of conjugate points with respect to every 
conic of the family (in fact, every conic u(\u + 2 pv) =0 must 
be a pair of conjugate points with respect to every point conic of 
the apolar family). This means that the line containing u = 0 
and V = 0 (namely, 2 = 0) must be tangent to every conic of this 
family at the point = 0 or (1,0,0). 

The pencil 2 \uv + 2 puw = 0 gives us the apolar family 

\x^ + py^ + vz^ + 2 pyz = 0 

The points (1,0,0) and (0,1,0), (1,0,0) and (0,0,1) must be pairs 
of conjugate points with respect to the conics of this three-param- 
eter family. But a line joining two points conjugate to a 
given point P must be the polar of P, (Why?) Therefore we 
can describe the above family of point conics geometrically as 
consisting of all the conics that have a given point P and line p 
as pole and polar. 

Apolar to — v^) + p{u^ — w^) = 0 we have the family 

\(x^ + y^ + z^) + 2 pyz 2vzx + 2 pxy = 0 

We can describe this family geometrically as consisting of all the 
conics that have a common self-polar quadrilateral whose pairs of 

* See Veblen and Young, Vol. I, pp. 287-293. 
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opposite vertices are given by = 0, v? — = 0, and 

= 0; i.e., these are the points (1,1,0) and (1, — 1,0), 
(1,0,1) and (-1,0,1), (0,1,1) and (0,-1, 1). 

EXERCISES 

1. Show how to obtain the last family of point conics given in the text. 
Find the sides of the common self-polar quadrilateral. 

2. Check all the geometric descriptions in the text by another means. 
Thus it is evident that z = 0 gives = 0 for every conic in the family and so 
this is the common tangent at (1,0,0). 

3. Find and describe the family apolar to 2\uu + — v^) = 0. 

Hint: This pencil has two imaginary double points. What are they? 

4. Find and describe the family apolar to + 2 uw) = 0. 

Hint: The point = 0 is a point of contact on -f- 2 uw — 0. Why? 

5. Find and describe the family apolar to 2\uv + 2 uw) = 0. 

Hint: The point u = 0 is a point of contact on 2 uw =0, and the point 
V = 0 lies on the tangent at u = 0. Why? 

6. Find and describe the family apolar to + 2 fxvw = 0. 

7. Find and describe the family apolar to 2\uv -f 2 tx(vw -j- wu) — 0. 

Hint: The point y + = 0 is on the line joining v — 0 and u = 0. Why? 

8. Find and describe the family apolar to \(u^ + v^) -f + ^^) = 0. 

9. Find and describe the family apolar to i w^) = 0. 

10. Find and describe the family apolar to 2 \uv ± v^) ~ 0. 

Hint: The point = 0 is on the line joining the two points given by ± w'^ 

= 0 . 

11. Check all the geometric descriptions in the above problems by some 
other method. 

12. Dualize the text. 

131. Apolarity and nets of conics. We cannot derive typical 
forms for nets of conics by means of apolarityy as we did for 
three- and four-parameter linear families of conics. For that 
matter, we could not derive the type forms for conics or for pencils 
of conics by apolarity. We can, however, describe nets of conics 
geometrically by means of apolarity. 

Thus, apolar to the net of line conics + vw^ = 0 

we have the net of point conics 

2 \yz + 2 yzx + 2 vxy = 0 

This net consists of all the point conics circumscribed to a given 
triangle. 

Apolar to 2 \uv + 2 yvw -f- 2 vwu = 0 we have the net 

\x^ + yy^ + = 0 
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This net consists of all the point conics with a given self-polar 
triangle. 

Apolar to + 2 fjLUv + v{u^ — v^) = 0 we have the net 
X(x^ + 2/^) + 2 ixxz 2vyz = 0 

This net consists of all the point conics through three non- 
collinear points (one real point and two conjugate imaginary 
points). If we interpret 2 = 0 as the line at infinity, we see that 
this net consists of all the circles that pass through the origin. 


EXERCISES 

1. Fill in all the details in the text. 

2. Find and describe the net apolar to \u^ + + 2 vuw — 0. 

3. Find and describe the net apolar to \u^ -f 2 ^luv -f- 2 ww = 0. 

4. Find and describe the net apolar to \{u^ v^) +2 txuw + 2 pvw = 0. 

6. Check the descriptions in the text and in these problems by some other 

means. 

6. Dualize the text and these problems. 

132. The derivation of some typical pencils of conics. We 

have shown (where?) that there are only five types of pencils of 
conics, ignoring the differences between real and imaginary (finite 
and infinite) points. We shall derive a few typical pencils of 
conics. 

First, suppose the conics of the pencil intersect in four real 
points Pi, P2, P3, P4, no three of them collinear. We can take 
the triangle of reference as the diagonal triangle of the complete 
quadrilateral with four of its vertices Pi, P2, P3, P4. We can 
take as Pi the point (1,0,1) and as P2 the point (0,1,1). Why? 
Then P3 is ( — 1,0,1) and P4 is (0, — 1,1). Why? Two conics 
through these four points are z^ — = 0 and -- z^ = 0. 

Therefore our pencil can be written 

(x^ - z^) + \{z^ - 2/") = 0 

Next, we suppose the conics of the pencil touch each other at 
two real points Pi and P2. We can take Pi as (1,0,0) and P2 as 
(0,1,0), also the tangent at Pi as 2/ = 0 and the tangent at P2 
as a; = 0. Why? But then each conic has the form axy + fiz^ = 0. 
Why? Therefore our pencil can be written 

z^ + 2 \xy = 0 
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If the conics of the pencil touch each other at a real point Pi 
and intersect at two other real points P 2 and P3, we take Pi as 
(0,0,1) with 2 / = a: as the common tangent, also P 2 as (0,1,0) 
and P3 as (1,0,0). Every conic of the pencil must have an 
equation of the form 2 axy + 2 fixz + 2 yyz = 0. Why? But 
y — X must give x^ = 0. Why? Since y = x gives us 2 ax^ 
+ 2 ffxz + 2 yxz = 0, we must have = —y. Hence, taking 
P/a as X, we have the pencil 

2xy + 2 \(xz — yz) = 0 

Suppose now that the conics of the pencil have three coincident 
points in common at a real point Pi and intersect at a second 
real point P 2 . The only degenerate conic in the pencil is a pair 
of lines I 1 I 2 where li is the tangent at Pi and I 2 is the line P 1 P 2 . 
(See §58.) Taking the pair of lines ^ 1/2 as xy = 0, also Pi as 
(0,0,1) and P 2 as (0,1,0), we have the pencil 

2 xy + \(ax^ + 2fyz + 2 hxy) = 0 

since (0,0,1) and (0,1,0) are on every conic and 2 / == 0 is tangent 
to every conic at (0,0,1). By the bilinear transformation 
X = (l/a)xV(l *“ we can rid the second fundamental conic in 
this pencil of the xy-term. Then the transformation 



reduces the pencil to the form: 

2xy + X(x^ + 2yz) =0 

Finally, we suppose the pencil consists of conics having four 
coincident points in common at a real point P. The pencil then 
has just one degenerate conic, a double line I which is the common 
tangent at P. Why? Taking I as x^ = 0 and P as (0,0,1), also 
transforming X (as we did above) to rid the second fundamental 
conic of the a;^-term, we have the pencil 

x^ + \(by^ + 2fyz + 2gzx + 2 hxy) = 0 
with discriminant 


r = 


1 h\ g\ 
h\ b\ A 
ffX A 0 


^ \H2fgh - bg^) - /V 
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We must have F = a\^. Why? Hence f == Oj bg 9 ^ 0, We now 
put 

X = x', y = y', gz + hy = bz' 

and writing X instead of 6X, we have the pencil 

+ 2zx) = 0 

EXERCISE S 

1. Show why in each of the discussions in the text there is no loss of 
generality. Hint: Two homologous complete quadrangles determine a pro- 
jectivity. See §100. 

2. Answer the queries (Why?) in the text. 

3. Fill in the details in the text. In tlie last paragraph give the bilinear 
transformation in X necessary to rid the second fundamental conic of the 
x^-term. 

4. If in the first case in the text Pi, P% P3, P4 are two pairs of conjugate 
imaginary points, show how to reduce the pencil to the form 

+ 2 / 2 ) = 0 

5. Treat the case where Pi, P3 are real points and P2, P4 are conjugate 
imaginary points. Hint: Take P% P4 as (1,^,0) and (l,~^,0). Then the 
pencil consists of circles (if z — 0 is Zqo), Take Pi, P3 as (0,1,1) and (0, — 1,1). 
One degenerate conic is xz = 0. Why? Take for the second fundamental 
conic the unit circle x^ + 2/^ — = 0. Why is there no loss of generality? 

6. Treat the case where the conics are tangent to each other at two 
conjugate imaginary points. Prove that the pencil is then reducible to 

4- 4. 2,2) ^ 0 

7. Show that if the conics touch one another at a real point and intersect 
again in a pair of conjugate imaginary points P2, P3, we can reduce the pencil 
to 

2 xz -{■ \{x^ + y^) — 0 

Hint: Take x = 0 as the common tangent at (0,0,1) and P2, P3 as (l,i,0) 
and (1, — ^,0). Then z = 0 in the general conic (75) must give + 2/^ = 0, 
so h — 0 and a - h 7 ^ 0, Also x = 0 must give 2/‘^ = 0, so c = / = 0, ^ 0. 
Divide the conic by take X = ajg. 

8. Describe the pencil of conics (x^ + + ^(2^ + 2 xi/) = 0. 

9. Dualize the text and the above examples. 

10. Find and describe the families of point conics that are apolar to the 
typical pencils of line conics dual to the pencils of point conics in the text and 
in the above examples, i.e., apolar to (u^ — — v^) = 0, etc. 

133. The derivation of some typical degenerate pencils of 
conics. By a degenerate pencil of conics we mean a pencil all 
of whose conics are degenerate (hence the discriminant F of the 
pencil vanishes identically). Compare §19. 
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Let us derive some of these typical degenerate pencils. First, 
suppose the pencil has a double line I in it. We take i as = 0 
and put the pencil in the form 

+ \{by^ + cz^ + 2fyz + 2gzx + 2 hxy) = 0 

(If the second fundamental conic has a term in x^y the bilinear 
transformation X = X'/ (1 — dh!) will rid this conic of the x^- 
term.) The discriminant of this pencil is 

1 h\ g\ 

h\ b\ f\ ^\H2fgh-bg^ - ch^) +\^(bc-f) 

g\ /X cX 

Since we must have T = 0, we have be — = 0 and 2fgh — bg^ 

— ch^ = 0. Since be — = 0, we have either 

& = c = / = 0 or by^ -]r cz^ + 2fyz = (ay + fiz)^ 

Why? The first case gives us 

(A) x^ + X(2 gzx + 2 hxy) = 0 
UhT^Oin (A) we put 

X = x\ gz + hy ^ 2/', z = z' 

and get a typical degenerate pencil (dropping the primes from the 
variables) 

x^ + 2 \xy = 0 
If A = 0, g 0 in (A), we put 

X — x\ y = z', z = y' 

and get the case of ft 5*^ 0 all over again. We cannot have 
ft = gf = 0. 

In the second case, where bef 9^ 0 but be — == 0, we put 

(if a 7*^ 0 in ay + ffz) 

X = x', ay + fiz = y\ z = z^ 

and get the pencil (dropping primes from the variables) 

(B) + X(2/^ + 2 g^zx + 2 h'xy) = 0 
1 ft'X gf'X 

with r ^ ft'X X 0 = hence g' = 0. 

g'\ 0 0 
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If = 0 in (B), we have the typical pencil 

+ Xy2 = 0 

If A' 5 »^ 0 in (B), we put 

then drop all the primes, multiply the equation by h'^, and get 

+ Hy^ + 2xy) 0 

If a = 0, 9 ^ 0 in ay + 0z, we put x = x', y = z, z = y* and 

get the above cases again. 

EXERCISES 

1. Find ot and /3 in hy^ + -f 2 jyz ^ {ay Find g' and h* in 

(B) in terms of 6, c, /, g, and h. 

2. Show how to derive the transformation X ~ X'/Cl — aX') to rid the 
second fundamental conic of the a;^-term. 

3. Reduce to typical forms the degenerate pencils containing no double 
lines. Hint: Put the pencil in the form 

2xy + \{ax^ + hy^ + + 2 fyz + 2 gzx) = 0 

whose discriminant T must vanish identically. 

4. Consider the degenerate pencil 

4- y^) + \{by^ + + 2 fyz + 2 fifzo: + 2 hxy) = 0 

which cuts z = 0 in points given by 

x^ 2 \hxy + (1 H- \b)y^ = 0 

We can find some value of X so that — X& — 1 > 0, unless ^=6=0. 
Why? If X = 6 = 0 the pencil has the discriminant 

I 0 \g 

r= 0 1 /X ^c\ + \^{-g^ -f) 

\g pi cX 

But we must have P s 0, so c = ^ = / = 0. (Why?) Hence we cannot 
have h — b - 0. Why? Hence there are conics that cut z = 0 in real 
points. Why? Hence there are always pairs of real lines in a degenerate 
pencil. Why? This shows why we can put the pencil of Ex. 3 into the form 
we took. (How so?) 

134. The derivation of some typical degenerate nets of conics. 
Definition. If every conic in a net of conics is a degenerate 
conic, we call the net a degenerate net 
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The method of derivation of typical degenerate nets of conics 
is somewhat different from that used for non-degenerate nets, so 
we first treat some cases of degenerate nets. 

First, we suppose the degenerate net has two double lines Zi 
and h- We take Zi as = 0 and I 2 as = 0, and put the net 
in the form 

+ v{cz^ + 2 fyz + 2gzx + 2 hxy) = 0 

with discriminant 


r - 


X hv gv 
hv fi fp 
gv fv CP 


= cX/xi^ + v^(2fgh — ch^) — g^/nv^ — f^\v^ 


Since the net is degenerate, we must have F = 0, hence c = g 
= / = 0 and our net becomes 

+ ^^y^ + 2 vxy = 0 


Next we suppose the degenerate net has not two double lines 
but has a pencil reducible to Xx^ + 2 txxy = 0. We can put the 
net into the form 


Xx^ + 2 nxy + v{by^ + cz^ + "2, fyz + 2 gzx) = 0 
with discriminant 


r = 


\ H gv 
M hv fv 
gv fv cv 


^\vHbc-^f)+fiM2fg) 

— Cfi^v + — bg^) 


We must have F = 0; hence c = 0, so 6c — = 0 gives / = 0, 

also bg^ = 0, If c = / = gf = 0, we have a second double line 
(contrary to hypothesis). Therefore we have c = / = 6 = 0, 
g 9 ^ 0, and our net becomes 


Xx^ + 2 yxy + 2 vxz = 0 


EXERCISES 

1. Suppose the degenerate net has no double line, and show this case is 
impossible. Hint: Then the net reduces to 

2 \xy + 2 ijlzx + vC = 0 or X(x^ + 2 /^) + 2 pxy + j/C = 0 

Why? 

2. Show that no degenerate net can have a conic reducible to x^ + y^ - 0. 
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135. The derivation of some typical non-degenerate nets of 
conics. We saw in §61 that associated with every net of conics 
there are cubic curves in the X,ju,j/-plane. Two nets with non- 
equivalent cubic curves in the X,iLt,i/-plane cannot he equivalent. 
We saw that to every double line in a net of conics, there corre- 
sponds a double point on the associated cubic K, 

Let us consider some derivations of typical non-degenerate nets 
of conics where we make use of the associated cubic K. First, 
suppose the net has a double line I to which there corresponds on 
K a cusp. First we reduce K to the form 

= X" 

by transformations on X, /x, v. Then to the cusp (0,0,1) on K 
there corresponds the double line I, We can reduce I io — O 
by transformations on x, z (which transformations, we saw, do 
not affect K at all). If the point of inflection (0,1,0) on K cor- 
responds to a real line-pair, we can put the net in the form 

(A) \(ax^ + hi/ + cz^ + 2 fyz + 2 gzx + 2 hxy) + 2 yyz 

because the pencil X = 0 (with discriminant y^v) must be of the 
form reducible to the second case in §132. 

The discriminant of (A) is 

d\ -f- p K\ (jfX 

h\ b\ f\ + y (abc + 2fgh - af ~ bg^ ~ ch^) 
g\ /X + M ^X 

+ \^p(bc - f) + \^y{2 gh-2 af) - y^p - 2f\yp - a\y^ = 0 
We must have K of the form X'^ — y^v = 0. Hence we have 
a = / = 0, be = 0, gh = Oj abc + 2fgh — af - bg^ — ch^ 

First, vsuppose 6 = 0 and c 0, hence = 0 and h 0, Why? 
Our net is now 

\{cz^ + 2 hxij) + 2 yyz + px^ = 0 

We put 

c ^ lx/ / / 

x=~Xjy = yyZ = z; X=-X,/x = /x,j/ = -2J' 
h c c 

and, dropping all the primes, we get the typical net 

\{z^ + 2xy) +2 yyz + = 0 
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If 6 0 and c = 0, then g 9 ^ 0 and h = 0. Why? But now we 

put X = x',y = z',z = y' and reduce this case to that where 6 = 0, 

C 7*^ 0. 

If the point of inflection (0,1,0) on K corresponds to a pair of 
conjugate imaginary lines, we can put the net in the form 

(/?) \{ax^ + by^ + + 2 fyz + 2 gzx + 2 hxy) + fi{y^ + z®) 

+ = 0 

using Ex. 6 of §132. The discriminant of (B) is 
aX + j/ hX gX 

K ^ hX bX + /JL fX = X^(abc + 2 fgh — af^ — bg^ — ch^) 

gX fX cX + /z 

}>?ix{pb dc — g^ — h^) “h XiJL^{(i) -f- X^v(bc — /^) 

+ XlJLv(b + C) + /JL^V = 0 

But K must be of the form yi^v ~ X^ = 0. Hence we have 

a = 0, <7^ + = 0, 6 + c = 0, be -- = 0, 

2 fgh bg^ — ch^ 9 ^ 0 

Therefore gr = /i = 0. But this makes 2 fgh — bg^ — ch^ = 0. 

Thus we see that (B) cannot give us a net whose cubic K has a 

cusp. 

HXCRCISE S 

1. Find K for the typical net derived in the text. Show how to reduce K 
to — iJ.\ — 0. 

2. Derive a typical net with a double line in it where (o) K = 0 is a cubic 
with a crunode; (6) K = 0 is a cubic with an acnode. Hint: Put = 0 
into the forms ix% = X^(X db i'). Use (yl) and (B) in the text. 

3. Derive a typical net with no double line in it, but where X = 0 has (a) 

a crunode and {h) an acnode. Hint: Put K = 0 into the forms == X^(X d= v). 

Put the net into the forms: 

(A) \(ax^ + + cz^ + 2 fyz -{-2 gzx -{-2 hxy) + 2 ii{xz — yz) 

4- 2 vxy — 0 

{B) X{ax^ + by^ cz^ + 2 fyz + 2 + 2 hxy) 2 fixz 

+ v(x^ + 2/^) = 0 

See the third typical pencil in the text of §132, also Ex. 7 in §132. 

4. In the text and in Ex. 3 why must the pencils given by X = 0 be reducible 

to the forms 2 fxyz + vx^ = 0, = 0, 2 nixz — yz) '\-2vxy = 0, 

and 2 fixz -b + y^) — 0, respectively. Hint: X = 0 must give a pencil 
with discriminant fi^v. Why? Take the discriminant of every typical pencil 
in §132 and the examples there. These are all the types of such pencils that 
exist. Why? 
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— , — rectangular, 8 ftn. 
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Double line, 28, 82 
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— , Pliicker, 285 

Equivalence of conics (under affine 
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Essential constants, 85, 157, 163, 191 
Euclidean transformations, 244 
Euler’s theorem, 245 

Families of conics, three- and four- 
parameter, 136 

Fixed (points, etc.), 31, 65, 66, 186, 
212 

Focus, 92 ex. 6 
Formal, 15, 20 ex. 7 
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Frame of reference, 1 

, ordinary, 1 

Fundamental circle of a pencil, 117 

— curves of a pencil, 1 17, 122, 126 

— lines of a pencil, 117, 252 

— points of a pencil, 253 

— theorem for quadrangular sets, 150 

General linear transformation, 208 
Generator of a cyclic group, 65 
Geometric invariant, 30, 63. 
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— , associated, 69 
— , general projective, 210 
— , projective, 107 
Golden section, 47 

Group (of linear transformations), 
analytic, 62 

— ( ), geometric, 63 

— , cyclic, 65 

— of displacements and symmetries, 

68 

— of infinite order, 63 
— , order of, 63 

— of rigid motions, 68 

Harmonic conjugate, 47, 57 

— homology, 216 

— polars, 285 

— set, 47, 184, 240, 254 

of lines, 54, 240 

, geometric construction 

for, 56 

of points, geometric construc- 
tion for, 51, 241 
Hexagon in (on) a conic, 261 
Hessian of an n-ic, 283 
Homogeneous coordinates, change 
from triangle to axes, 175 

, equations in, 170 

and triangle of reference, 174 

— line coordinates, 190 

— point coordinates, 168 
Homologous, 25 
Homology, 185 ex., 215 

— , center and axis of, 215, 262 
— , harmonic, 216 


Hyperbolic affine transformation, 186 

— transformations on a line, 228, 230 
Hyperinflection, 88 

Identity, 15, 209 
Imaginary curves, 77 

— elements, 71 

— line, 74 
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Induced transformation, 40, 162 
Infinite groups, 63 

— points, 49, 95, 107, 180 
Inflection, 88, 275, 28:1 

— , points of, on rt-ics, 70 ftn., 100 
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79 

Intersections of conics, 116 

— of curves with loot 179 
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— algebraic, 30 

— , geometric, 30, 63, 69 
— , numerical, 30 
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tion, 65, 219, 225 

under general projectiv- 

ity, 212 

on ioo> 186 

— , point^vise, 67, 183 
— , relative, 30 

Inverse transformation, 6, 14, 62, 209 
Inversions with respect to circles, 64 
Involution, 266 

— absolute, 243 

— on a conic, 263 

— of points on a line, 229 

Jacobian of a net, 132 
108, 141 

— and conics, 180 

— and general affine linear transfor- 

mations, 185 

— and homogeneous coordinates, 172 
— , intersection of curves with, 179 
Limiting position, 108, 196 
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for tangents, 196 

— , double, 28 
— , finite, 147 ftn. 

— , imaginary, 74 

— locus, 191 

pairs, 120 ftn., 181 

Linear equation interpreted as a 
conic, 118 

— families of conics, 129, 137 

— transformation, affine, 21 

, matrix of, 22 

Linearly independent, 129 
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— , conjugate, 112 
— , — imaginary, 75, 187 
— , harmonic set of, 54 
— , imaginary, 74 
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— , parallel, 107 
— , perpendicular, 181 
— , vanishing, 135, 157 
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— , point, 191 
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Menelaus^ theorem, 51 
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Multiple points on n-ics, 102, 282 ex. 
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n-ic, 80 

— , class of, 197 
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— , general, 81, 91 
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— , standard form, 81 
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able), 13, 209 
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Non-degenerate nets of conics, 302 
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Non-homogeneous coordinates, 168, 
172, 192 
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Order of a group, 63 
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— metric group, 67, 68 
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Parameter, 54 ftn., 59, 117, 122 
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256 

for collinear points, 58, 252 

Pascal line, 202 ex., 260 
Pencils of circles, transformations on, 
120 

conics, 122, 296 

, degenerate, 298 

, transformations on, 126 

lines and circles, 54 ftn., 117 

points, 58, 252 

Period of an involution, 231 

a transformation, 64 ex. 

Permutable, 13 
Perpendicular lines, 181 
Perspective, 58, 233 

— from a point, 144 

— points, 232 
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Perspective triangles, 144 
Perspectivity, axis of, 144 
— , center of, 144 
Plane, definition of, 203 

— duality, 41, 111, 147, 191, 201, 202, 

213 

— at infinity, 109 ex. 

Pliicker equations, 285 
Point of contact, 196 

imaginary, 71 

— , infinite, 49, 95, 107, 180 

— at infinity on a line, 107 

— locus, 191 

— , multiple, 102 

— triple, 103, 150, 272 
— , unit, 1 

Points, conjugate, 112 
— , — imaginary, 72 

— of contact, 179, 196 

of intersection of n-ics, 87, 92 
with respect to a conic, inside, 
outside, on, 79 
Pointwise invariant, 183, 213 
Polar, tth, 278 
— s, harmonic, 286 

— with respect to a conic, 49, 110, 

123, 247 

an w-ic, 277 

Polarities, their relation to duality, 
248 

Pole with respect to a conic, 49, 110, 
132, 247 

Powers of transformations, 65 
Product of transformations, 13, 62,209 
Projection, 57 

— and section, 57 
Projective, 58, 201 ftn., 233 

— geometry, analytic, 58 
, synthetic, 58 

— pencils determining a conic, 256 

— transformations, 135, 208 
Projectively equivalent, 135 
Projectivities between lines, 232 

— on a conic, 262 

Quadrangle, complete, 51, 145, 266, 
269 

— , — , determining projectivity, 221 


Quadrangular sets, fundamental theo- 
rem on, 150, 272 

of lines, 148 

of points, 148, 271 

Quadric surfaces, 133 ex. 
Quadrilateral, complete, 57, 145, 221, 
269 

— , — , determining projectivity, 221 

— self-polar with respect to a conic, 

201 

Quartic, 80 
— , class of, 200 ex. 

— , tangents to, 99 ex. 

— with double roots, 98 
Quintic, 80 

Radical axis, 118 
Range of points, 58 
Ratio, anhannonic, 44 
— , double, 44 

Reduction (resolution) of a transfor- 
mation, 17, 34, 219, 264 
Reference, frame of, 1 

— , , ordinary, 1 

— , triangle of, 2, 139, 153 
Relative invariant, 30 
Rigid motions, group of, 68 
Rotations, 11 

— and Zoo, 183 

Section, 57 

Segment, midpoint of, 49 
Self-con jugate subgroup, 67 ex. 
Self-perpendicular lines, 182 
Self-polar quadrilateral, 291 

— triangle, 112 ex., 247 
Separate harmonically, 47 
Set, harmonic, 47, 148 

— , quadrangular, 148, 271 

— of transformations, 63 
Sextic, 80 

Similarity transformations, 68 
Slope, 9 ftn., 179 

— of a line, 3 ftn. 

Standard form of an n-ic, 81 
Stretching, transformation of, 17 
Sub-geometry, 69, 210 
Subgroup, 65 

— , self-conjugate, 67 ex., 69 
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Symbolic, 278 
Symmetries, group of, 68 
Synthetic, 58, 202 

Tangents at double points, 104 
— , equations of, 9 

— to curves, 245 

— to n-ics, 96 

— in oblique coordinates, 9 
— , parallel, 100 ex. 

Taylor^s formula, 102 

for three variables, 277 

Terms of a group, 63 
Transcendental curve, 81 
Transform, 227 

Transformation, affine linear, 21 
— , analytically, 63 
— , bilinear (linear fractional), 121, 
134, 156 

— of coordinates, 5 
— , identical, 15, 63 
— , induced, 40 

— , interpretations of, 18 
— , inverse of, 6 

— from rectangular to oblique axes, 5 
— , general projective, 135 

— of points on a line and between 

lines, in homogeneous coordi- 
nates, 225 


Transformation of stretching (con- 
tracting), 17 

Transformations, algebraic notation 
for, 15 

— , Euclidean, 244 
— , general linear, 208 

— with given invariants, 37 
— , linear, 11 

— of nets of conics, 134 
— , product of, 13 

— , similarity, 68 
Translations, 11 

— and Zoo, 183 

Triangle, change from, to axes, 164 

— and homogeneous coordinates, 174 

— of reference, 2, 139, 153 
— , self-polar, 112 ex. 

— triple, 150, 272 
Triangular region, 155 ex. 6 
Triple, point, 103, 150, 272 
— , triangle, 150, 272 

Type (normal) forms, 11, 63, 81, 82, 
115, 116, 123 ex., 125, 218, 275, 
287, 293, 296 
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Vanishing lines, 135, 157 
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